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Introduction

The history of fractional differential calculus has a long time. The birth of
idea of fractional calculus can be seen as a generalization of the ordinary

differentiation and integration to fractional numbrer order, this is the important
idea of fractional calculus. The question of derivatives of non-integer order was first
mentioned in 1695 by Leibniz in a letter to L’Hospital. However, when l’Hospital
asked him what the derivative of order one-half of the function x might be, Leibniz
replied that it led to a paradox from which useful consequences would one day
be drawn. More than 300 years later, we are only just beginning to overcome
these difficulties. Many mathematicians have studied this question, including Euler
(1730), Fourier (1822), Abel (1823), Liouville (1832), Riemann (1847), and others.
Different approaches have been used to generalize the concept of differentiation to
non-integer orders:

- The limit of the difference quotient of a function is generalized in the form of
the Grünwald-Letnikov formula, which is very useful numerically. - Integration,
as the inverse operation, via Liouville’s integral formula, leads to the Riemann-
Liouville and Caputo formulas. - Finally, the Fourier and Laplace transforms
associate fractional differentiation with multiplication by (2iπν)α or pα, where α
is non-integer.

However, for a long time, these different definitions seemed not to always yield
the same results. This apparent inconsistency could only be resolved thanks to the
framework.

In recent years, there has been a significant development in the theory of
fractional differential equations. It is caused by its applications in the modeling
of many phenomena in various fields of science and engineering such as
acoustic, control theory, chaos and fractals, signal processing, porous media,
electrochemistry, viscoelasticity, rheology, polymer physics, optics, economics,
astrophysics, chaotic dynamics, statistical physics, thermodynamics, proteins,
biosciences, bioengineering, etc. Fractional derivatives provide an excellent
instrument for the description of memory and hereditary properties of various
materials and processes, see for example [10, 20, 22].
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Introduction

In the context of this work, we have organized this thesis in tree chapters as
follows:

In Chapter 1, we introduce notations and some basic fundamental concepts
of nonlinear analysis, fractional calculus such as Riemann-Liouville fractional
integrals, Caputo fractional derivative, Hadamard-Caputo fractional calculus.
We end this chapter by providing numerical examples to support the obtained
fractional calculus results.

In Chapter 2, we are concerned to notations and some basic fundamental
concepts of nonlinear analysis,We also recall a number of fixed-point theorems
used to establish the existence results for the proposed problems. Included among
the fixed-point theorems recognized by their names are Banach’s contraction
principal, Sadovskii’s fixed point theorem, Monch’s fixed-point theorem a.

In Chapter 3, we study the existence and uniqueness of solutions for
fractional boundary value problems (FBVP) involving Caputo-Hadamard fractional
derivatives and Anti-Periodic Conditions we will give existence and uniqueness
results for the followings problems of fractional differential equations:

C
HDαx(t) = f (t, x(t)), 0 < α < 1, 1 < t < T, (1)

ax(1) + bx(T) = λIσx(s)ds, 0 < σ < 1, λ ∈ R, (2)

where C
HDα denote the Caputo-Hadamard fractional derivative of order α},

0 < α < 1 and f : I × E → E is a given continuous functions. Here, E is a Banach
space with norm ∥ · ∥ and I = [1, T] , a,b ,λ are real constants and 1 < s < T .

More exactly, we prove the existence of solutions for the above problem using
Schauder’s fixed point theorem nonlinear alternative for single valued maps, and
Scheafer’s fixed point theorem are given. Also, we preve the uniqueness results by
means of Boyd and Wong’s and Banach’s fixed point theorems. The obtained result
is illustrated by an example.

2



1Basic Properties of Fractional

Derivatives

Abstract. This chapter contains a brief visit to the origin of Fractional
Calculus, notations, definitions of functional spaces, fractional integrals
and fractional derivatives.There for explores the diverse fractional
derivatives, presenting their definitions, key characteristics, and domains
of applicability. From the well-known Caputo and Riemann-Liouville
formulations to more specialized operators like the Hadamard, derivatives,
each variant offers distinct advantages for modeling complex phenomena
such as: Memory-dependent systems,Non-local dynamics,Anomalous
diffusion Fractal processes Then we give Somme applications of Fractional
calculus.

1.1 The Birth and Development of Fractional Calculus

The French mathematician L’Hôpital wrote to Leibniz in 1695 regarding the
extension of derivatives: Can the concept of integer-order derivatives be
generalized to remain valid for non-integer orders?

Following this unprecedented discussion, the subject of fractional calculus
caught the attention of other great mathematicians, many of whom directly or
indirectly contributed to its development.

Following this groundbreaking discussion, the subject of fractional calculus
captured the attention of many great mathematicians, each contributing directly
or indirectly to its evolution.

September 30, 1695, marks the birth of fractional calculus—a field originating
from the correspondence between Leibniz and L’Hôpital. Over the centuries, it was
advanced by the works of: Euler (1730), and Lagrange (1772). Over the years, Laplace
(1812), Fourier (1822), Abel (1823), Liouville (1832), Riemann (1847), Grünwald (1867),
Letnikov (1868), Hadamard (1892), Riesz (1922), Kober (1940), Zygmund (1945), Kuttner
(1953), and Liverman (1964)...

Leonhard Euler in 1783 made his first significant remarks on fractional-order
derivatives. His work on numerical progressions led to the groundbreaking
generalization of factorials through the **Gamma function**, providing essential
mathematical tools for fractional calculus.

Building on these foundations, Joseph-Louis Lagrange in 1772 - just over fifty
years after Leibniz’s death - made indirect but crucial contributions. He extended

3



Chapter 1. Basic Properties of Fractional Derivatives

the law of exponents for integer-order differential operators, establishing principles
that would later be adapted to fractional orders under specific conditions.

The field took a major step forward in 1812 when Pierre-Simon Laplace
formulated the first rigorous definition of fractional derivatives. Laplace
demonstrated that such derivatives could be defined for functions representable
by integrals, which in modern notation we would express as:∫

y(t)t−xdt

Shortly thereafter, Sylvestre François Lacroix advanced the theory by
generalizing the derivative of power functions. He extended the integer-order
derivative of y(t) = tm (where m ∈ N) to fractional orders, creating an important
bridge between classical and fractional calculus.

1.2 Useful mathematical functions

Before looking at the definition of Fractional Derivative or Integral, we will first
discuss some useful mathematical definitions that are inherently tied to fractional
calculus and will commonly be encountered. These include the Gamma function,
the Beta function, the Error function, the Mittag-Leffler function, and the Mellin-
Ross function.

1.2.1 Gamma Function

The fractional calculation is based on Euler’s gamma function. It generalizes the
factorial n! and allows n to take real or even complex values. Let z ∈ R, we have:

Γ(z) =
∫ +∞

0
tz−1e−tdt.

The function g : t → tze−t is continuous and positive over ]0,+∞[. For any
natural number n ≥ 2, we have:

Γ(n) = (n − 1)Γ(n − 1).

Also,

Γ(1) =
∫ +∞

0
e−tdt = [−e−t]+∞

0 = 1.

Thus, we obtain:

∀n ∈ N∗, Γ(n) = (n − 1)!.

For Γ
(

1
2

)
, let u =

√
t and dt = 2udu, which implies:

Γ
(

1
2

)
=
∫ +∞

0

e−t
√

t
dt =

∫ +∞

0

e−u2

u
2udu = 2

∫ +∞

0
e−u2

du =
√

π.

4



Chapter 1. Basic Properties of Fractional Derivatives

1.2.2 Beta Function

The fractional calculation is also based on the Beta function, which plays an
important role in certain combinations with the Gamma function.

Definition 1.1 (see [10])
The Beta function is defined by:

B(z, w) =
∫ +∞

0
tz−1(1 − t)w−1dt, ℜ(z) > 0, ℜ(w) > 0.

The relation between the Gamma function and the Beta function is:

B(z, w) =
Γ(z)Γ(w)

Γ(z + w)
.

1.2.3 Mittag-Leffler Function

Integer-order differential equations are also based on a function called the Mittag-
Leffler function, which plays a very important role in theory. It facilitates the study
of the existence of solutions for fractional differential equations.

Definition 1.2 (see [?]). For x ∈ C such that ℜ(x) > 0, the Mittag-Leffler function is
defined as:

Mα(x) =
∞

∑
k=0

xk

Γ(αk + 1)
,

If α = 1, we obtain the exponential function:

M1(x) = ex.

The Mittag-Leffler function can be generalized for two parameters:

Mα,β(x) =
∞

∑
k=0

xk

Γ(αk + β)
, α > 0, β > 0.

1.3 Fractional Integral of Riemann-Liouville

Definition 1.3 Let Ω = [a, b] ⊂ R be finite and g ∈ Lp(Ω). The fractional integrals of
Riemann-Liouville, Iα

a+g and Iα
b−g, of real order α > 0 are defined as:

Iα
a+g(t) =

1
Γ(α)

∫ t

a
(t − s)α−1g(s)ds, (t > a, α > 0).

Iα
b−g(t) =

1
Γ(α)

∫ b

t
(s − t)α−1g(s)ds, (t < b, α > 0).

Where Γ(α) is the Gamma function. The formula Iα
a+ is called the left-sided fractional

integral of order α, and Iα
b− is called the right-sided fractional integral of order α.

5



Chapter 1. Basic Properties of Fractional Derivatives

If α = n ∈ N, the fractional integral of Riemann-Liouville takes the form:

In
a+g(t) =

1
(n − 1)!

∫ t

a
(t − s)n−1g(s)ds, (n ∈ N).

In
b−g(t) =

1
(n − 1)!

∫ b

t
(s − t)n−1g(s)ds, (n ∈ N).

1.4 Fractional Derivative in the Sense of Riemann-
Liouville

Definition 1.4 see [20] Riemann-Liouville Fractional Derivative
The Riemann-Liouville (RL) fractional derivative is a generalization of the standard

derivative to non-integer (fractional) orders. It is defined using an integral transform.
For a function g(t) defined on [a, t], the Riemann-Liouville fractional derivative of order

α (where n − 1 < α < n, and n ∈ N) is given by:

Dα
a+g(t) =

1
Γ(n − α)

(
d
dt

)n ∫ t

a

g(τ)
(t − τ)α−n+1 dτ,

where: - Γ(·) is the Gamma function, - n = ⌈α⌉ (the smallest integer greater than or
equal to α), - a is the lower limit of integration (often taken as 0 or −∞).

Example 1.1 For f (t) = tβ (β > −1) and a = 0:

Dα
0+tβ =

Γ(β + 1)
Γ(β − α + 1)

tβ−α.

Remark 1.1 The fractional derivative of Riemann-Liouville, Dα
a+g, of real order α ≥ 0 is

defined as:

Dα
a+g(t) =

dn

dtn

(
In−α
a+ g(t)

)
,

=
1

Γ(n − α)

dn

dtn

∫ t

a
(t − s)n−α−1g(s)ds, t > a.

Where n = ⌈α⌉+ 1, and ⌊·⌋ is the integer part of a real number. In particular, if α = n ∈
N, we obtain:

Dn
a+g(t) =

dn

dtn g(t).

D0
a+g(t) = g(t), Dn

a+g(t) = g(n)(t),

where g(n)(t) denotes the usual derivative of order n of g(t). If 0 < α < 1, then:

Dα
a+g(t) =

1
Γ(1 − α)

d
dt

∫ t

a
(t − s)−αg(s)ds, (t > a).

6



Chapter 1. Basic Properties of Fractional Derivatives

1.4.1 Properties

If g is continuous for t > a, then the fractional integration of arbitrary real order
defined by (1.1) has the following property:

Iα
a+(Iβ

a+g(t)) = Iα+β
a+ g(t), (α > 0, β > 0),

obviously, we can interchange α and β as:

Iα
a+(Iβ

a+g(t)) = Iβ
a+(Iα

a+g(t)) = Iα+β
a+ g(t), (α > 0, β > 0).

The most important property of the fractional derivative in the Riemann-
Liouville (R-L) sense, for α > 0, and t > a is:

Dα
a+ Iα

a+g(t) = g(t),

If α > β > 0, and g(t) ∈ Lp(a, b), (1 ≤ p ≤ ∞), then

Dβ
a+ Iα

a+g(t) = Iα−β
a+ g(t),

almost everywhere on [a, b], where

Lp[a, b] =
{

g : [a, b] → R; g is measurable on [a, b] and
∫ b

a
|g(t)|pdt < ∞

}
.

In particular, if β = k ∈ N, and α > k, then:

Dk
a+ Iα

a+g(t) = Iα−k
a+ g(t),

Let α ≥ 0, m ∈ N and D = d
dt . If both fractional derivatives Dα

a+g(t), Dm
a+g(t)

exist, then we have:

Dm
a+Dα

a+g(t) = Dα+m
a+ g(t).

Iα
a+Dα

a+g(t) = g(t)−
n

∑
j=1

[
Dα−j

a+ g(t)
]

t=a

(t − a)α−j

Γ(α − j + 1)
.

Generally, we observe that fractional derivatives and fractional integrals in the
**Riemann-Liouville (R-L) sense** of the same order do not commute.

We also have the following composition formulas for m − 1 ≤ α < m and
n − 1 ≤ β < n:

Dα
a+Dβ

a+g(t) = Dα+β
a+ g(t)−

n

∑
j=1

[
Dβ−j

a+ g(t)
]

t=a

(t − a)α−j

Γ(1 − α − j)
.

And,

Dβ
a+Dα

a+g(t) = Dα+β
a+ g(t)−

n

∑
j=1

[
Dα−j

a+ g(t)
]

t=a

(t − a)β−j

Γ(1 − β − j)
.

7



Chapter 1. Basic Properties of Fractional Derivatives

From equations (1.13) and (1.14), we conclude that fractional derivatives in the
**R-L sense** do not commute.

Example 1.2 We will calculate the fractional integral Iα
a+g(t) in the **R-L sense** for the

power function g(t) = (t − a)β, where β is a real number. We use formula (1.1):

Iα
a+(t − a)β =

1
Γ(α)

∫ t

a
(t − s)α−1(s − a)βds.

We assume β > −1 for the convergence of the integral. From (1.15), using the change
of variable s = a + ε(t − a) and employing the Beta function, we deduce:

Iα
a+(t − a)β =

1
Γ(α)

(t − a)α+β
∫ 1

0
(1 − ε)α−1εβdε.

Where ε = 0 if s = a, ε = 1 if s = t, and ε = s−a
t−a .

Thus,

Iα
a+(t − a)β =

1
Γ(α)

B(β + 1, α)(t − a)α+β.

Using the Beta function formula B(x, w) = Γ(x)Γ(w)
Γ(x+w)

, we obtain:

Iα
a+(t − a)β =

Γ(β + 1)
Γ(β + α + 1)

(t − a)β+α, (α > 0, β > −1).

From [28], we compute the fractional derivative Dα
a+g(t) in the **R-L sense** for the

function g(t) = (t − a)β. Assuming 0 < n − 1 ≤ α < n, recall that the definition of the
**fractional derivative in the R-L sense** is:

Dα
a+g(t) =

dn

dtn (In−α
a+ g(t)), (n − 1 ≤ α < n).

We need to suppose β > n for the convergence of integral (1.1). Thus:

Dα
a+(t − a)β =

dn

dtn

(
In−α
a+ (t − a)β

)
.

Using formulas (1.17) and (1.19), we obtain:

Dα
a+(t − a)β =

Γ(β + 1)
Γ(β + n − α + 1)

dn

dtn (t − a)β+n−α.

We also conclude:

dn

dtn (x − a)β+n−α = (β + n − α)(β + n − α − 1) · · · (β − α + 1)(t − a)β−α.

Thus,

Γ(β + n − α + 1)
Γ(β − α + 1)

(t − a)β−α.

8



Chapter 1. Basic Properties of Fractional Derivatives

Using result (1.22) in (1.20), we find:

Dα
a+(t − a)β =

Γ(β + 1)
Γ(β − α + 1)

(t − a)β−α.

Therefore, the fractional derivative in the sense of **Riemann-Liouville** for the function
g(t) = (t − a)β is:

Dα
a+(t − a)β =

Γ(β + 1)
Γ(β − α + 1)

(t − a)β−α.

where 0 ≤ n − 1 ≤ α < n, β > n.

Corollary 0.1

Let α > 0 and n = ⌊α⌋+ 1. The equation (Dα
a+g)(t) = 0 holds if:

g(t) =
n

∑
j=1

xj(t − a)α−j,

where xj ∈ R (j = 1, . . . , n) are arbitrary constants.
In particular, if 0 < α ≤ 1, the relation (Dα

a+g)(t) = 0 holds if and only if:

g(t) = x(t − a)α−1, ∀x ∈ R.

Example 1.3 Fractional derivative of a constant. If we take β = 0 with α ≥ 0 in equation
(1.24), we conclude that the fractional derivative of a constant in the sense of **Riemann-
Liouville** is nonzero:

Dα
a+(x) =

x
Γ(1 − α)

(t − a)−α, (0 < α < 1).

On the other hand, for j = 1, . . . , ⌊α⌋+ 1, we have:

Dα
a+(t − a)α−j = 0.

Definition 1.5 (see [?]). For x ∈ C such that ℜ(x) > 0, the Mittag-Leffler function is
defined as:

Mα(x) =
∞

∑
k=0

xk

Γ(αk + 1)
,

If α = 1, we obtain the exponential function:

M1(x) = ex.

The Mittag-Leffler function can be generalized for two parameters:

Mα,β(x) =
∞

∑
k=0

xk

Γ(αk + β)
, α > 0, β > 0.

9
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Iα
a+Dα

a+g(t) = g(t)−
n

∑
j=1

[
Dα−j

a+ g(t)
]

t=a

(t − a)α−j

Γ(α − j + 1)
.

Generally, we observe that fractional derivatives and fractional integrals in the
**Riemann-Liouville (R-L) sense** of the same order do not commute.

We also have the following composition formulas for m − 1 ≤ α < m and
n − 1 ≤ β < n:

Dα
a+(x) =

x
Γ(1 − α)

(t − a)−α, (0 < α < 1).

On the other hand, for j = 1, . . . , ⌊α⌋+ 1, we have:

Dα
a+(t − a)α−j = 0.

1.5 Fractional Derivative in the Caputo Sense

The fractional derivative of Caputo type and its properties.

Definition 1.6 (see[10]) The Caputo fractional derivative CDα
a+g(t) of order α ≥ 0 on a

finite interval [a, b] can be defined using the Riemann–Liouville fractional derivative as:

CDα
a+g(t) = Dα

a+

[
g(t)−

n−1

∑
k=0

g(k)(a)
k!

(t − a)k

]
,

and

CDα
b−g(t) = Dα

b−

[
g(t)−

n−1

∑
k=0

g(k)(b)
k!

(b − t)k

]
,

where

n = ⌊α⌋+ 1 for α ̸∈ N, n = α ∈ N.

The two derivatives are respectively called the left and right Caputo derivatives.

CDα
a+g(t) = Dα

a+[g(t)− g(a)],

and

CDα
b−g(t) = Dα

b−[g(t)− g(b)].

Theorem 1.1 (see [32])
. Let α ≥ 0, and n be given by (1.27).
If g ∈ ACm[a, b], the Caputo fractional derivative exists almost everywhere on [a, b],
(a) If α /∈ N, the Caputo derivative Dα

a+g(t) is given by:

cDα
a+g(t) =

1
Γ(n − α)

∫ t

a
(t − s)n−α−1g(n)(s)ds

10
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= (In−α
a+ Dn

a+g)(t).

where

D =
d
dt

, n = ⌊α⌋+ 1, ACm[a, b] = {g : [a, b] → C and Dn−1g ∈ AC[a, b]}.

If 0 < α < 1 and g ∈ AC[a, b], we obtain:

CDα
a+g(t) =

1
Γ(1 − α)

∫ t

a
(t − s)−αg′(s) ds =

(
I1−α
a+ D1

a+g
)
(t).

(b) If α = n ∈ N, we obtain:

CDα
a+g(t) = g(n)(t).

In particular:
CD0

a+g(t) = g(t).

1.5.1 Properties

(See [23], [28]) on fractional derivatives in the sense of Caputo.
If α /∈ N and g(a) = g′(a) = · · · = g(n−1)(a) = 0, with n = ⌊α⌋+ 1, then the

Caputo derivative coincides with the Riemann-Liouville derivative, i.e.:

CDα
a+g(t) = R−LDα

a+g(t).

If α ∈ N and the usual derivative g(n)(t) exists, then the Caputo fractional
derivative of order n coincides with g(n)(t):

CDα
a+g(t) = g(n)(t).

The relation between the Riemann-Liouville fractional integral and the Caputo
fractional derivative is as follows.

Let α > 0 and n be given by (1.27). If g ∈ ACm[a, b], then:

Iα
a+

CDα
a+g(t) = g(t)−

n−1

∑
k=0

g(k)(a)
k!

(t − a)k.

If 0 < α < 1 and g ∈ AC[a, b], we find:

Iα
a+

CDα
a+g(t) = g(t)− g(a).

11
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Example 1.4 Let the function g(t) = (t − a)β. We calculate CDα
a+g(t) in the sense of

Caputo.
To proceed, we assume that 0 ≤ n − 1 ≤ α ≤ n, and recall that the definition of the

Caputo fractional derivative is:

CDα
a+g(t) = In−α

a+ Dn
a+g(t),

such that:

β > n and (n − 1 ≤ α < n).

CDα
a+(t − a)β ≡ In−α

a+ Dn
a+(t − a)β.

Dα
a+(t − a)β =

dn(x − a)β

dtn = β(β − 1) · · · (β − n + 1)(t − a)β−n.

=
Γ(β + 1)

Γ(β − n + 1)
(t − a)β−n.

Substituting the result (1.38) into equation (1.36) and using relation (1.17), we obtain:

CDα
a+(t − a)β =

Γ(β + 1)
Γ(β − n + 1)

(t − a)β−α.

Thus, we conclude:

CDα
a+(t − a)β =

Γ(β + 1)
Γ(β − n + 1)

(t − a)β−α.

Example 1.5 The fractional derivative of a constant (k ∈ R) is zero:

CDα
a+k = 0 for (k ∈ R, α > 0).

Lemma 1.1 (Linearity). Let n − 1 < α < n, n ∈ N, and let f and g be two functions such
that CDα

a+ f (t) and CDα
a+g(t) exist. Then,

Proof. Since:

CDα
a+ f (t) = In−α

a+ Dn f (t),

we obtain:

CDα
a+(λ f (t) + γg(t)) = In−α

a+ Dn[λ f (t) + γg(t)]

= λIn−α
a+ Dn f (t) + γIn−α

a+ Dng(t)

= λCDα
a+ f (t) + γCDα

a+g(t).

12
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Lemma 1.2 (Non-commutativity). Supposen − 1 < α < n, n, m ∈ N,α ∈ R+, and
CDα

a+g(t) exists. Then,

CDα
a+Dm

a+g(t)−C Dm
a+Dα

a+g(t) ̸= 0.

Remark. The fractional derivative in the sense of Riemann-Liouville (R-L) is
also non-commutative.

Lemma 1.3 The Leibniz rule for fractional derivatives. Let f and g be two functions in
C1[a, b], then the Leibniz rule for fractional differentiation is given as:

Dα
+( f (t)g(t)) =

∞

∑
k=0

(
α

k

)
f (k)Dα−k

+ g(t).

1.6 Fractional Derivatives of Some Functions

This section presents examples for the fractional derivative of constant functions,
exponential functions, power functions, and trigonometric functions (sine and
cosine).

1.6.1 The Constant Function

The fractional derivative of a constant is zero in the physical sense, but for R − L
we have:

Dα
a+k =

k
Γ(1 − α)

(t − a)−α, k ̸= 0, k = const.

Lemma 1.4 The fractional derivative of a constant k in the sense of Caputo is zero:

CDα
a+k = 0, k = const.

1.6.2 The Power Function

The Riemann-Liouville fractional derivative of order α > 0 with n − 1 < α < n for
a power function g(t) = tp for p ≥ 0 is given by:

Dα
a+tp =

Γ(p + 1)
Γ(p − α + 1)

tp−α,

CDα
a+tp =


Γ(p + 1)

Γ(p − α + 1)
tp−α, p > n − 1,

0, p ≤ n − 1.

Example 1.6 We compute the fractional derivative of g(t) = t2 for 0 < α < 1 using
formula (1.42) with α ∈ R+ and α /∈ N. The Caputo fractional derivative of the power
function g(t) is:

13
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CDα
a+t2 =

Γ(2 + 1)
Γ(2 − α + 1)

t2−α =
2

Γ(3 − α)
t2−α, n − 1 < α < n < 3

For specific values of α:
- If α = 1

3 :

CD
1
3
a+t2 =

2
Γ(3 − 1

3)
t

5
3 =

2
Γ(8

3)
t

5
3 ≈ 1.33t

5
3

- If α = 1
2 :

CD
1
2
a+t2 =

2
Γ(3 − 1

2)
t

3
2 =

8
3
√

π
t

3
2 ≈ 1.5t

3
2

- If α = 3
4 :

CD
3
4
a+t2 =

2
Γ(3 − 3

4)
t

5
4 =

2
Γ(9

4)
t

5
4 ≈ 1.77t

5
4

Thus, the general formula is:

CDα
a+t2 =

2
Γ(3 − α)

t2−α, t2,α−1
t,α→0

1.6.3 Exponential Function

For the function g(t) = eλt, applying the Caputo operator gives:

CDα
a+eλt =

∞

∑
k=0

λk+ntk+n−α

Γ(k + 1 + n − α)
= λntn−αE1,n−α+1(λt).

1.6.4 Sine and Cosine Functions

The behavior of the fractional Caputo derivatives for sine and cosine functions is
given by:

Theorem 1.2 Let λ ∈ C, α ∈ R+, n ∈ N, n − 1 < α < n. Then,

CDα
a+ sin(λt) = −1

2
(iλ)ntn−α(E1,n−α+1(iλt)− (−1)nE1,n−α+1(−iλt)).

Proof: First, we use the formula:

sin z =
eiz − e−iz

2i
, z ∈ C.

Applying formula (3.4) for the exponential function and the linearity property
of the Caputo fractional derivative, we show that:

14
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CDα
a+ sin λt = CDα

a+
eiλt − e−iλt

2i

=
1
2i

(
CDα

a+eiλt − CDα
a+e−iλt

)
=

1
2i
(
(iλ)n−αE1,n−α+1(iλt)− (−iλ)n−αE1,n−α+1(−iλt)

)
=

−1
2i
(
iλ)n−αE1,n−α+1(iλt) + (−1)nE1,n−α+1(−iλt)

)
.

Theorem 1.3 Letλ ∈ C,α ∈ R+, n ∈ N, and n − 1 < α < n. Then:

CDα
a+ cos λt =

1
2
(
(iλ)n−αE1,n−α+1(iλt) + (−1)nE1,n−α+1(−iλt)

)
.

Proof Using:

cos z =
eiz + e−iz

2
, z ∈ C.

CDα
a+ cos λt = CDα

a+
eiλt + e−iλt

2

=
1
2

(
CDα

a+eiλt + CDα
a+e−iλt

)
=

1
2
(
(iλ)n−αE1,n−α+1(iλt) + (−iλ)n−αE1,n−α+1(−iλt)

)
=

1
2
(
(iλ)n−αE1,n−α+1(iλt) + (−1)nE1,n−α+1(−iλt)

)
.

1.7 Hadamard fractional integral and derivative

Definition 1.7 (Hadamard fractional integral). (see [24])
The Hadamard fractional integral of order α > 0 for a function h : [1,+∞) → R is defined
as

Iα
a+h(t) =

1
Γ(α)

∫ t

a

(
log

t
s

)α−1

h(s)
ds
s

where Γ is the Gamma function.

Definition 1.8 (Hadamard fractional derivative). (see [24])
For a function h given on the interval [1,+∞), and n − 1 < α < n, the Hadamard
derivative of order α is defined by

Dα
a+h(t) =

1
Γ(n − α)

(
t

d
dt

)n ∫ t

a

(
log

t
s

)n−α−1

h(s)
ds
s

= δn In−α
a+ h(t),

15
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where n = ⌊α⌋+ 1, and ⌊α⌋ denotes the integer part of the real number α and δ = t d
dt ,

provided the right integral converges.
There is a recent generalization introduced by Jarad and ali in [22], where the authors

define the generalization of the Hadamard fractional derivatives and present properties of
such derivatives. This new generalization is now known as the Caputo-Hadamard fractional
derivatives and is given by the following definition:

Definition 1.9 (Caputo-Hadamard fractional derivative). (see [22]).
Let a = 0, and n = ⌊α⌋+ 1. If h(t) ∈ ACn

δ [a, b], where 0 < a < b < ∞ and

ACn
δ [a, b] =

{
h : [a, b] → C : δn−1h ∈ ACδ[a, b]

}
.

The left-sided Caputo-type modification of left-Hadamard fractional derivatives of order
α is given by

C
HDα

a+h(t) = Dα
a+

(
h(t)−

n−1

∑
k=0

δkh(a)
k!

(
log

t
s

)k
)

Theorem 1.4 (See [22])
Let α > 0, and n = ⌊α⌋+ 1. If y(t) ∈ ACn

δ [a, b], where 0 < a < b < ∞. Then
C
HDα

a+ f (t) exist everywhere on [a, b] and
(i) if α /∈ N − {0}, C

HDα
a+ f (t) can be represented by

C
HDα

a+h(t) =
1

Γ(n − α)

∫ t

a

(
log

t
s

)n−α−1

δnh(s)
ds
s

= In−α
a+ δnh(t),

(ii) if α ∈ N − {0}, then
C
HDα

a+h(t) = δnh(t)

In particular

C
HD0

a+h(t) = h(t)

Caputo-Hadamard fractional derivatives can also be defined on the positive half axis R+

by replacing a by 0 in formula (2.4) provided that h(t) ∈ ACn
H(R

+). Thus one has

C
HDα

a+h(t) =
1

Γ(n − α)

∫ t

a

(
log

t
s

)n−α−1

snh(n)(s)
ds
s

Proposition 1.1 (see [24]).
Let α > 0, β > 0, n = ⌊α⌋+ 1, anda > 0, then

Iα
a+(log 1

x )
β−1(x) =

Γ(β)

Γ(β + α)
(log 1

x )
β+α−1

C
HDα

a+(log 1
x )

β−1(x) =
Γ(β)

Γ(β − α)
(log 1

x )
β−α−1, β > n,

C
HDα

a+(log 1
x )

k = 0, for k = 0, 1, ..., n − 1.
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Theorem 1.5 (see [20])
Let u(t)∈ ACn

H[a, b] , 0 < a < b < ∞ and α ≥ 0 , β ≥ 0, Then

C
HDα

a+(Iα
a+u)(t) = (Iβ−α

a+ u)(t),

C
HDα

a+

(
C
HDβ

a+u
)
(t) =

(
C
HDα+β

a+ u
)
(t).

Example 1.7 Caputo-Hadamard Derivative of f (t) = ln t Let α = 0.5, n = 1:

CHD0.5 ln t =
1

Γ(0.5)

∫ t

1

(
ln

t
τ

)−0.5(
τ

d
dτ

ln τ

)
dτ

τ
.

Since τ d
dτ ln τ = 1, this simplifies to:

=
1√
π

∫ t

1

(
ln

t
τ

)−0.5 dτ

τ
.

Let u = ln t
τ , then:

=
1√
π

∫ ln t

0
u−0.5 du =

2
√

ln t√
π

.

2. Comparison of Caputo, Hadamard, and Riemann-
Liouville Derivatives

Property Caputo Dα Hadamard Hα R-L Dα Caputo-Hadamard CHDα

Kernel (t − τ)n−α−1 (
ln t

τ

)α−1
(t − τ)n−α−1 (

ln t
τ

)n−α−1

Initial Cond. Uses f (n)(0) Logarithmic scaling Fractional initial cond. Combines Caputo and Hadamard
Example ( f (t) = t) 2

√
t√

π
Complex t−0.5

Γ(0.5) Complex

Example ( f (t) = ln t) Not standard (ln t)−0.5

Γ(0.5) Not standard 2
√

ln t√
π

Applications Physics, engineering Fractal geometry, economics Pure mathematics Anomalous diffusion
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2Some Fixed Point Theorems

2.1 Spaces of integrable, absolutely continuous, and
continuous functions

In this section we present different functional spaces which are used later.
Let I = [a, b], 0 < a < b, be a finite or infinite interval of the real positive interval

[0, ∞) and E be a real Banach space with the norm ∥ · ∥. We denote by L1(I, R) the
space of Lebesgue integrable functions h on I with the norm

∥h∥L1 =
∫ b

a
|h(t)|dt.

A measurable function h : I −→ E is Bochner integrable if and only if ∥h∥
is Lebesgue integrable. Let L1(I, R) be the space of E-valued Bochner integrable
functions on I with the norm

∥h∥L1 =
∫ b

a
||h(t)||dt.

Let the space

ACn
δ ([a, b], E) = {h : [a, b] → E : δn−1h(t) ∈ AC([a, b]), E)}

were δ = t d
dt is the Hadamard derivative (see Definition ?? bellow) and AC([a, b], E)

is the space of absolutely continuous functions on [a, b].

Definition 2.1 Let g be a function from a set E to itself. A fixed point of g is any point
x ∈ E such that:

g(x) = x.

Definition 2.2 A subset A of (E, ∥ · ∥) is said to be relatively compact if its closure is
compact.

Definition 2.3 Let E and G be two Banach spaces, and let g : E → G. The function g is
called completely continuous if it is continuous and maps every bounded subset of E to a
relatively compact subset of G. In this case, g is compact if g(E) is relatively compact in G.
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Definition 2.4 Let A ⊂ (J, R). The set A is said to be equicontinuous if, for every ε > 0,
there exists δ > 0 such that:

|t2 − t1| < δ ⇒ |g(t1)− g(t2)| ≤ ε

for all t1, t2 ∈ J and all g ∈ A.

Definition 2.5 Let (E, ∥ · ∥) be a Banach space. A function g : E → E is said to be
Lipschitz with constant k > 0 if:

∀x, y ∈ E, ∥g(x)− g(y)∥ ≤ k∥x − y∥.

If 0 < k < 1, then g is called a contraction.

2.2 Some Fixed Point Theorems

We are interested in Banach’s fixed-point theorem, which ensures the existence
and uniqueness of a fixed point. We also discuss the fixed-point theorem of
Schaefer, Schauder’s theorem, the nonlinear alternative of Leray-Schauder, and
Krasnoselskii’s fixed-point theorem, which guarantees only the existence of a fixed
point.

2.2.1 Banach Fixed-Point Theorem

Banach’s fixed-point theorem, also known as the contraction mapping theorem, is
a fundamental result that guarantees the existence of a unique fixed point for any
contraction mapping in a metric space.

Theorem 2.1 Let (E, ∥ · ∥) be a Banach space and A : E → E a contraction. Then, the
operator A has a unique fixed point x ∈ E. Moreover, if x0 ∈ E and xn = Axn−1, then:

x = lim
n→∞

xn.

Proof Let k be the contraction constant of A and x0 an element of E. Define the
sequence {xn} in E by:

xn = Axn−1, ∀n ≥ 1.

Since A is a contracting operator, we obtain:

∥xn − xn+1∥ = ∥Axn−1 − Axn∥ ≤ k∥xn−1 − xn∥, ∀n ≥ 1.

Thus,

∥xn − xn−1∥ ≤ kn∥x0 − x1∥, ∀n ≥ 1.

Consequently, for any m > n, we have:

∥xn − xm∥ ≤ (kn + kn+1 + · · ·+ km−1)∥x0 − x1∥ ≤ kn

1 − k
∥x0 − x1∥.
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This shows that {xn} is a Cauchy sequence in E, which is a Banach space, so
xn → x for some x ∈ E. By the continuity of A, we get:

x = lim
n→∞

xn = lim
n→∞

Axn−1 = Ax.

To show the uniqueness of the fixed point in E, suppose that x and y are two
fixed points of A. Then,

∥x − y∥ = ∥A(x)− A(y)∥ ≤ k∥x − y∥ ≤ ∥x − y∥,

which implies x = y.

2.2.2 Fixed Point Theorem of Schaefer

Theorem 2.2 Let X be a Banach space. If A : X → X is a completely continuous operator
and the set

ε = {x ∈ X : λAx = x for some λ ∈ [0, 1]}
is bounded, then A has at least one fixed point.

2.2.3 Schauder Fixed Point Theorem

The Schauder fixed point theorem proves the existence of a fixed point for
continuous functions on a convex compact set in a Banach space and states that
a continuous application admits a fixed point, which is not necessarily unique.

Theorem 2.3 Let (E, d) be a complete metric space, let X be a convex and closed subset of
E, and let A : X → X be a mapping such that the set {Ax : x ∈ X} is relatively compact
in E. Then A has at least one fixed point.

2.2.4 Nonlinear Alternative of Leray-Schauder

Theorem 2.4 Let X be a Banach space, Ω an open bounded subset of X, with 0 ∈ Ω, and
let A : Ω̄ → X be a compact mapping, then:

1. A has a fixed point in Ω̄, or

2. There exists λ ∈ (0, 1) and x ∈ ∂Ω such that: x = λA(x).

2.2.5 Arzelà-Ascoli Theorem

Theorem 2.5 Let A be a subset of C(J, E). A is relatively compact in C(J, E) if and only
if the following conditions are satisfied:

(i) The set A is uniformly bounded, i.e., there exists a constant k > 0 such that
∥ f (x)∥ ≤ k, for all x ∈ J and all f ∈ A.
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(ii) The set A is equicontinuous, i.e., for every ε > 0, there exists δ > 0 such that:

|t1 − t2| < δ ⇒ ∥ f (t1)− f (t2)∥ ≤ ε,

for all t1, t2 ∈ J and all f ∈ A.

2.2.6 Krasnoselskii’s Theorem

Theorem 2.6 Let X be a Banach space and let M be a non-empty, convex, and closed
subset of X. Suppose A and B are two operators from X into X satisfying:

(i) Ax + By ∈ M, for all x, y ∈ M.

(ii) A is a contraction.

(iii) B is completely continuous.

Then there exists x∗ ∈ M such that:

Ax∗ + Bx∗ = x∗.
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3Existence Results for a Nonlinear

Caputo-Hadamard Fractional

Differential Equation with

Hadamard Integral and

Anti-Periodic Conditions

This chapter essentially contains the paper [11] ”Boundary Value
Problem for Nonlinear Caputo-Hadamard Fractional Differential Equation

with Hadamard Fractional Integral and Anti-Periodic Conditions

Abstract. In this chapter, we investigates a class of boundary value
problems for nonlinear fractional differential equations involving the
Caputo-Hadamard derivative and Hadamard fractional integral. We
establish sufficient conditions ensuring the existence and uniqueness of
solutions under anti-periodic boundary conditions. Our analysis combines
tools from fractional calculus and fixed-point theory to derive rigorous
qualitative results.
.

3.1 Introduction and Motivations

The aim of this chapter is to study a class of boundary value problems involving
a fractional-order differential equation with the Caputo-Hadamard fractional
derivative. Sufficient conditions will be established to guarantee the existence and
uniqueness of solutions for this fractional boundary value problem. The boundary
conditions considered in this work are of a very general nature and can be reduced
to many special cases by adjusting the parameters involved.
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B. Ahmad and J. J. Nieto investigated the existence and uniqueness of solutions
for anti-periodic fractional boundary-value problem

cDαx(t) = f (t, x(t)), t ∈ [0, T], T > 0, 1 < α ≤ 2

x(0) = −xT,c Dαx(0) = −cDαx(T), 1 < α < 2

where cDα is the Caputo fractional derivative of order α and f : [0, T]× R → R is
a continuous function.

Some very recent studies on fractional equations with Caputo derivative and
Riemann–Liouville derivatives are [5]. The authors in [12] investigated the
existence and uniqueness of solutions for the BVP

cDνy(t) = f (t, y(t),c Dνy(t)), for each, t ∈ J := [0, T], T > 0, 0 < ν ≤ 1,

ay(0) + by(T) = c,

where cDν is the Caputo fractional derivative, (E, || · ||) is a real Banach space,
f : J × E × E → E is a given function and a, b are real with a + b ̸= 0 and c ∈ E.
and

cDνy(t) = f (t, y(t),c Dνy(t)), for every t ∈ J := [0, T], T > 0, 0 < ν ≤ 1

y(0) + g(y) = y0

where cDν is the Caputo fractional derivative, (E, || · ||) is a real Banach space,
f : J × E × E → E is a given function, g : C(J, E) → E is a continuous function and
y0 ∈ E.

Motivated by aforesaid works, in this chapitre, we introduce and investigate
the following nonlinear multi-term fractional order boundary value problem with
nonlocal integral conditions:

C
HDαx(t) = f (t, x(t)), 0 < α < 1, 1 < t < T, (3.1)

ax(1) + bx(T) = λIσx(s)ds, 0 < σ < 1, λ ∈ R, (3.2)

where C
HDα denote the Caputo-Hadamard fractional derivative of order α ,

0 < α < 1 and f : I × E → E is a given continuous functions. Here, E is a Banach
space with norm ∥ · ∥ and I = [1, T] , a,b ,λ are real constants and 1 < s < T .

More exactly, we prove the existence of solutions for the above problem using
Schauder’s fixed point theorem nonlinear alternative for single valued maps, and
Scheafer’s fixed point theorem are given. Also, we preve the uniqueness results by
means of Boyd and Wong’s and Banach’s fixed point theorems. The obtained result
is illustrated by an example.

3.2 Preliminaries and lemmas

At first, we recall some concepts on fractional calculus and present some additional
properties that will be used later. For more details, we refer to . We present some
basic definitions and results from fractional calculus theory.
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Let E = C([1, T], R) be the Banach space of all continuous functions from [1, T]
into R with the norm

∥u∥ = max
t∈[1,T]

|u(t)|.

Let the space

ACδ([a, b], R) = {h : [a, b] → R : δn−1h(x) ∈ AC([a, b], R)},

where δ = t d
dt is the Hadamard derivative and AC([a, b], R) is the space of

absolutely continuous functions on [a, b].

Lemma 3.1 (see [22]).
Let α ≥ 0, and n = ⌊α⌋+ 1. If u(t) ∈ ACn

δ [a, b], then the Caputo-Hadamard fractional
differential equation

C
HDα

a+u(t) = 0,

has a solution:

u(t) =
n−1

∑
k=0

ck

(
log

t
a

)k
,

and the following formula holds:

Iα
a+

(
C
HDα

a+u
)
(t) = u(t) +

n−1

∑
k=0

ck

(
log

t
a

)k
,

where ck ∈ R, k = 1, 2, ..., n − 1.

3.3 Existence of Solutions Results

First, we prove a preparatory lemma for boundary value problem of linear
fractional differential equations with Caputo-Hadamard derivative.

Definition 3.1 A function x(t) ∈ AC1
δ(J, R) is said to be a solution of (3.1), (3.2) if x

satisfies the equation C
HDαx(t) = f (t, x(t))onJ, and the conditions (3.2).

For the existence of solutions for the problem (1:1); (1:2), we need the following auxiliary
lemma.

Lemma 3.2 Let h : [1,+∞) → R be a continuous function. A function x is a solution of
the fractional integral equation

x(t) = Irh(t) +
1
Λ
{

λIr+qh(η)− βIrh(T) + δ
}

if and only if x is a solution of the fractional BVP

C
h Drx(t) = h(t), t ∈ J, r ∈ (0, 1]
αx(1) + βx(T) = λIqx(η) + δ, q ∈ (0, 1]
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Proof. Assume x satisfies (??). Usuing then Lemma 2.7 implies that

x(t) = Irh(t) + c1.

By applying the boundary conditions (??) in (3.3), we obtain

αc1 + βIrh(T) + βc1 = λIr+qh(η) + c1
λ(log η)q

Γ(q + 1)
+ δ.

Thus,

c1

(
α + β − λ(log η)q

Γ(q + 1)

)
= λIr+qh(η)− βIrh(T) + δ.

Consequently,

c1 =
1
Λ
{

λIr+qh(η)− βIrh(T) + δ
}

,

where

Λ =

(
α + β − λ(log η)q

Γ(q + 1)

)
.

Finally, we obtain the solution (3.2):

x(t) = Irh(t) +
1
Λ
{

λIr+qh(η)− βIrh(T) + δ
}

.

In the following subsections we prove existence, as well as existence and
uniqueness results, for the boundary value problem (1.1), (1.2) by using a variety
of fixed point theorems.

3.4 Existence and uniqueness result via Banach’s fixed
point theorem:

Theorem 3.1 Assume the following hypothesis:
(H1) There exists a constant L > 0 such that

| f (t, x)− f (t, y)| ≤ L|x − y|.

If
LM < 1,

with

M :=
{
(log T)τ

Γ(r + 1)
+

|λ|(log η)r+q

|Λ|Γ(r + q + 1)
+

|β|(log T)τ

|Λ|Γ(r + 1)

}
,

then the problem (1.1) has a unique solution on J.
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Proof. Transform the problem (1.1), (1.2) into a fixed point problem for the
operator F defined by

Fx(t) = Γrh(t) +
1
Λ
{

ΛTr+qh(η)− βΓrh(T) + δ
}

.

Applying the Banach contraction mapping principle, we shall show that F is a
contraction.

Now let x, y ∈ C(J, R). Then, for t ∈ J, we have

∥(Fx)(t)− (Fy)(t)∥∞ ≤ LM∥x − y∥∞.

Thus, we deduce that F is a contraction mapping. As a consequence of the
Banach contraction principle, the problem (1.1)-(1.2) has a unique solution on J.
This completes the proof. □

3.5 Existence result via Schaefer’s fixed point theorem:

Theorem 3.2 Assume the hypotheses:
(H2): The function f : [1, T]× R → R is continuous.
(H3) There exists a constant K > 0, such that

| f (t, 0)| ≤ K, for a.e. t ∈ J.

Then, the problem (1.1)-(1.2) has at least one solution in J.

Proof. We shall use Schaefer’s fixed point theorem to prove that F defined by
(3.6) has a fixed point. The proof will be given in several steps.

Step 1: F is continuous. Let xn be a sequence such that xn → x in C(J, R). Then
for any r > 0 , we take

∥(Fxn)(t)− (Fx)(t)∥ ≤ 1
Γ(r)

∫ t

1

(
log

t
s

)r−1

∥ f (s, xn(s))− f (s, x(s))∥ds
s

+
|λ|

|Λ|Γ(r + q)

∫ η

1

(
log

η

s

)r+q−1
∥ f (s, xn(s))− f (s, x(s))∥ds

s

+
|β|

|Λ|Γ(r)

∫ T

1

(
log

T
s

)r−1

∥ f (s, xn(s))− f (s, x(s))∥ds
s

≤
{
(log T)r

Γ(r + 1)
+

|λ|(log η)r+q

|Λ|Γ(r + q + 1)
+

|β|(log T)r

|Λ|Γ(r + 1)

}
∥ f (s, xn(s))− f (s, x(s))∥.

Since f is continuous, we have ∥(Fxn)(t)− (Fx)(t)∥∞ → 0 as n → ∞.
Step 2: F maps bounded sets into bounded sets in C(J, R)
Indeed, it is enough to show that for any r > 0, we take

u ∈ Br = {x ∈ C(J, R), ∥x∥∞ ≤ r}.
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From (H1) and (H3), we have

| f (s, x(s))| ≤ | f (s, x(s))− f (t, 0)|+ | f (t, 0)| ≤ Lr + K.

For x ∈ Br and for each t ∈ [1, T], we have

|(Fx)(t)| ≤ 1
Γ(r)

∫ t

1

(
log

t
s

)r−1

| f (s, x(s))|ds
s

+
|λ|

|Λ|Γ(r + q)

∫ η

1

(
log

η

s

)r+q−1
| f (s, x(s))|ds

s

+
|β|

|Λ|Γ(r)

∫ T

1

(
log

T
s

)r−1

| f (s, x(s))|ds
s
+

|δ|
|Λ|

≤ Lr + K
Γ(r)

∫ t

1

(
log

t
s

)r−1 ds
s

+
|λ|(Lr + K)
|Λ|Γ(r + q)

∫ η

1

(
log

η

s

)r+q−1 ds
s

+
|β|(Lr + K)
|Λ|Γ(r)

∫ T

1

(
log

T
s

)r−1 ds
s
+

|δ|
|Λ|

≤ (Lr + K)
{
(log T)r

Γ(r + 1)
+

|λ|(log η)r+q

|Λ|Γ(r + q + 1)
+

|β|(log T)r

|Λ|Γ(r + 1)

}
+

|δ|
|Λ|

≤ (Lr + K)M +
|δ|
|Λ| .

Thus,

∥(Fx)(t)∥ ≤ (Lr + K)M +
|δ|
|Λ| .

Step 3: F maps bounded sets into equicontinuous sets of C(J, R).
Let t1, t2 ∈ J, t1 < t2, Br be a bounded set of C(J, R) as in Step 2, and let x ∈ Br.

Then

∥Fx(t2)− Fx(t1)∥ ≤ 1
Γ(r)

∫ t1

1

[(
log

t2

s

)r−1

−
(

log
t1

s

)r−1
]
∥ f (s, x(s))∥ds

s

+
1

Γ(r)

∫ t2

t1

(
log

t2

s

)r−1

∥ f (s, x(s))∥ds
s

≤ Lr + K
Γ(r)

∫ t1

1

[(
log

t2

s

)r−1

−
(

log
t1

s

)r−1
]

ds
s

+
K

Γ(r)

∫ t2

t1

(
log

t2

s

)r−1 ds
s

≤ Lr + K
Γ(r + 1)

[(log t2)
r − (log t1)

r] ,

which implies ∥Fx(t2)− Fx(t1)∥∞ → 0 as t1 → t2.
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As a consequence of Steps 1 to 3, together with the Arzela-Ascoli theorem, we
can conclude that F is continuous and completely continuous.

Step 4: A priori bounds.
Now it remains to show that the set
Consider the set

Λ = {x ∈ C(J, R) : x = ρF(x) for some 0 < ρ < 1}.

Proof of boundedness. For any x ∈ Λ and each t ∈ J, we have:

x(t) ≤ ρ

{
1

Γ(r)

∫ t

1

(
log

t
s

)r−1

f (s, x(s))
ds
s

+
|λ|

|Λ|Γ(r + q)

∫ η

1

(
log

η

s

)r+q−1
f (s, x(s))

ds
s

+
|β|

|Λ|Γ(r)

∫ T

1

(
log

T
s

)r−1

f (s, x(s))
ds
s
+

|δ|
|Λ|

}

For ρ ∈ [0, 1], let x satisfy for each t ∈ J:

∥Fx(t)∥ ≤ 1
Γ(r)

∫ t

1

(
log

t
s

)r−1

| f (s, x(s))|ds
s

+
|λ|

|Λ|Γ(r + q)

∫ η

1

(
log

η

s

)r+q−1
| f (s, x(s))|ds

s

+
|β|

|Λ|Γ(r)

∫ T

1

(
log

T
s

)r−1

| f (s, x(s))|ds
s
+

|δ|
|Λ|

≤ (Lr + K)M +
|δ|
|Λ| .

Thus
∥Fx(t)∥ ≤ ∞

This implies that the set Λ is bounded. As a consequence of Schaefer’s fixed
point theorem, we deduce that F has a fixed point which is a solution on J of the
problem (1.1)-(1.2).

3.6 Existence via the Leray–Schauder nonlinear
alternative

Theorem 3.3 Assume the following hypotheses:

(H4) There exist ω ∈ L1(J, R+) and ψ : [0, ∞) → (0, ∞) continuous and nondecreasing
such that

| f (t, x)| ≤ ω(t)ψ(∥x∥), for a.e. t ∈ J and each x ∈ R.
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(H5) There exists a constant ϵ > 0 such that
ϵ

∥ω∥ψ(ϵ)M + |δ|
|A|

> 1.

Then the boundary value problem (1.1)-(1.2) has at least one solution on J.

Proof. We shall use the Leray–Schauder theorem to prove that F defined by
(3.6) has a fixed point. As shown in Theorem 3.4, we see that the operator F is
continuous, uniformly bounded, and maps bounded sets into equicontinuous sets.
So by the Arzelà–Ascoli theorem F is completely continuous.

Let x be such that for each t ∈ J, we take the equation x = λmx for λ ∈ (0, 1)
and let x be a solution. After that, the following is obtained:

|x(t)| ≤ 1
Γ(r)

∫ t

1

(
log

t
s

)r−1

ω(t)ψ(∥x∥)ds
s

+
|λ|

|Λ|Γ(r + q)

∫ η

1

(
log

η

s

)r+q−1
ω(t)ψ(∥x∥)ds

s

+
|β|

|Λ|Γ(r)

∫ T

1

(
log

T
s

)r−1

ω(t)ψ(∥x∥)ds
s
+

|δ|
|Λ|

≤ ∥ω∥ψ(∥x∥)M +
|δ|
|Λ| .

and consequently
∥x∥∞

∥ω∥ψ(∥x∥)M + |δ|
|Λ|

≤ 1.

Then by condition (H5), there exists ϵ such that ∥x∥∞ ̸= ϵ. Let us set

κ = {x ∈ C(J, R) : ∥x∥ < ϵ}.

Obviously, the operator Im : κ → C(J, R) is completely continuous. From the
choice of κ, there is no x ∈ ∂κ such that x = λIm(x) for some λ ∈ (0, 1). As a
result, by the Leray-Schauder’s nonlinear alternative theorem, F has a fixed point
x ∈ κ which is a solution of the (1.1)-(1.2).
The proof is completed. □

Now we present another variant of existence-uniqueness result.

3.7 Existence and uniqueness result via Boyd-Wong
nonlinear contraction:

Definition 3.2 Assume that E is a Banach space and T : E → E is a mapping. If there
exists a continuous nondecreasing function ψ : R+ → R+ such that ψ(0) = 0 and
ψ(ε) < ε for all ε > 0 with the property: ∥Tx − Ty∥ ≤ ψ(∥x − y∥), x, y ∈ E, then, we
say that T is a nonlinear contraction.
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Theorem 3.4 (Boyd-Wong Contraction Principle)
Suppose that B is a Banach space and T : B → B is a nonlinear contraction. Then T has a
unique fixed point in B.

Theorem 3.5 Assume that f : [1, T] × R → R are continuous functions and H > 0
satisfying the condition

| f (t, x)− f (t, y)| ≤ |x − y|
H + |x − y| , for t ∈ J, x, y ∈ R.

Then the fractional BVP (1.1)-(1.2) has a unique solution on J.

Proof. We define an operator F : χ → χ as in (3.6) and a continuous
nondecreasing function ψ : R+ → R+ by

ψ(ε) =
Hε

H + ε
, ∀ε > 0,

where M ≤ H. We notice that the function ψ satisfies ψ(0) = 0 and ψ(ε) < ε for all
ε > 0. For any x, y ∈ χ, and for each t ∈ J, we obtain

|(Fx)(t)− (Fy)(t)| ≤ 1
Γ(r)

∫ t

1

(
log

t
s

)r−1

∥ f (s, x(s))− f (s, y(s))∥ds
s

+
|λ|

|Λ|Γ(r + q)

∫ η

1

(
log

η

s

)r+q−1
∥ f (s, x(s))− f (s, y(s))∥ds

s

+
|β|

|Λ|Γ(r)

∫ T

1

(
log

T
s

)r−1

∥ f (s, x(s))− f (s, y(s))∥ds
s

≤ |x − y|
H + |x − y|

{
(log T)r

Γ(r + 1)
+

|λ|(log η)r+q

|Λ|Γ(r + q + 1)
+

|β|(log T)r

|Λ|Γ(r + 1)

}
:= M

|x − y|
H + |x − y|

≤ ψ(∥x − y∥).

Then, we get ∥Fx − Fy∥ ≤ ψ(∥x − y∥). Hence, F is a nonlinear contraction.
Thus, by Theorem 3.9 (Boyd-Wong Contraction Principle) the operator F has a
unique fixed point which is the unique solution of the fractional BVP (1.1)-(1.2).
The proof is completed.

3.8 Example

We consider the problem for Caputo-Hadamard fractional differential equations of
the form: {

C
HD

2
3 x(t) = f (t, x(t)), (t, x) ∈ ([1, e], R+),

x(1) + x(e) = 1
2(I

1
2 x(2) + 3

4 .
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Here

r =
2
3

, δ =
3
4

, q =
1
2

, λ =
1
2

, α = 1, η = 2, β = 1, T = e.

With

f (t, y(t)) =
1

t2 + 4
cos x, t ∈ [1, e]

Clearly, the function f is continuous.
For each x ∈ R+ and t ∈ [1, e], we have

| f (t, x(t))− f (t, y(t))| ≤ 1
4
|x − y|

Hence, the hypothesis (H1) is satisfied with L = 1
4 .

Further,

M :=
(log T)r

Γ(r + 1)
+

|λ|(log η)r+q

|Λ|Γ(r + q + 1)
+

|β|(log T)r

|Λ|Γ(r + 1)
≃ 2.0286

and

LM ≃ 0.5071 < 1.

Therefore, by the conclusion of Theorem 3.3, it follows that the problem (4.1)
has a unique solution defined on [1, e].
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4CONCLUSIONS

This thesis introduced the concept of Fractional Calculus; the branch of
Mathematics which explores fractional integrals and derivatives. We first gave
some basic techniques and functions, such as the Gamma function, the Beta
function and the Mittag-Leffler function, which were necessary to understand the
rest of this work. Thereafter we proved the construction of the Caputo and the
Riemann Liouville method to define a differential. Therefore we used the forward
difference derivative and the Cauchy formula for repeated integration respectively.
We proved they are both linear and gave an expression for the Leibniz rule for
fractional derivatives. We also explored the composition of fractional integrals and
fractional derivatives. After giving the framework of differentials we were able to
make use of it. We explored examples of some frequently used functions, namely
the Power function, the Exponential function and the Trigonometric functions.

Next we studied Fractional Existence Results for a Nonlinear Caputo-Hadamard
Fractional Differential Equation with Hadamard Integral and Anti-Periodic
Conditions .
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Abstract

In this work, we define some types of fractional derivatives, such as Riemann-
Liouville, Caputo, and Hadamard, while presenting various properties related
to these fractional derivatives. Then, we study the existence and uniqueness of
solutions to certain problems represented by multi-order fractional differential
equations, such as fractional boundary value problems (FBVP).

These problems involve fractional derivatives like Caputo-Hadamard, along
with nonlocal boundary conditions in Banach spaces. The results obtained in
this study are based on fixed-point theorems: the Banach contraction principle,
Sadovskii’s principle, Krasnoselskii’s theorem, and the nonlinear alternative Leray-
Schauder technique. Finally, numerical examples are provided for each problem
discussed.

Keywords : Fractional differential equation, Integral boundary condition,
Existence, Uniqueness, Fixed point theorems, .



Résumé

Dans cette note, nous définissons certains types de dérivées fractionnaires, telles
que celles de Riemann-Liouville, Caputo et Hadamard, tout en présentant les
différentes propriétés associées à ces dérivées fractionnaires. Ensuite, nous
étudions l’existence et l’unicité des solutions pour certains problèmes représentés
par des équations différentielles fractionnaires d’ordres multiples, tels que les
problèmes aux limites fractionnaires (FBVP).

Ces problèmes impliquent des dérivées fractionnaires comme celles de Caputo-
Hadamard, ainsi que des conditions aux limites non locales dans des espaces
de Banach. Les résultats obtenus dans cette étude reposent sur des théorèmes
de point fixe : le principe de contraction de Banach, le principe de Sadovskii,
le théorème de Krasnoselskii, et la technique non linéaire de Leray-Schauder.
Enfin, des exemples numériques sont fournis pour chaque problème abordé.

Mots clés : Equation différentielle fractionnaire, Condition aux limites intégrale,
Existence, Unicité, Théorèmes de point fixe, .
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