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ABSTRACT

The primary objective of this study is to investigate the properties of the zero of the difference
of two maximal monotone operators, with a focus on the existence and uniqueness of solutions.

We explore the mathematical structure of the zero set of such differences and analyze suf-
ficient conditions that guarantee the existence of a unique solution to the associated inclusion
problems. Additionally, we examine the zero of the sum of two maximal monotone operators
and study the fundamental properties of maximal monotone operators. Furthermore, we ana-
lyze the relationship between maximal monotonicity properties and functional analysis tech-
niques used to study this class of operators.

We also discuss practical applications of these results in optimization problems, variational
inequalities, and iterative algorithms, contributing to a deeper theoretical and practical under-
standing of this mathematical framework.
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0.1 General Introduction

The study of set-valued maps and maximal monotone operators plays a crucial role in vari-
ous fields of mathematical analysis, particularly in optimization theory, convex ,analysis and
functional analysis.

This thesis explores these fundamental concepts by providing definitions, examples, and
essential algebraic operations. The first chapter introduces set-valued maps, presenting basic
definitions, illustrative exam- ples, and fundamental algebraic operations. The second chapter
is dedicated to the theory of maximal monotone operators in Hilbert spaces.

It begins with an introduction to monotone operators, followed by an exploration of key
concepts in convex analysis, including convex sets, convex cones, and normal cones. Special
attention is paid to convex, lower semicontinuous, and absolutely continuous functions, along
with their associated operators, such as the proximal operator and subdifferential operator. Ad-
ditionally, this chapter discusses contraction operators, resolvents, and Yosida approximations
of maximal monotone operators, which are fundamental in the study of nonlinear functional
analysis. The third chapter presents important results regarding the difference between two
maxi- mal monotone operators and highlights applications in optimization problems.

These results provide valuable insights into the interaction between monotonicity and con-
vexity in various mathematical and applied contexts. The objective of this thesis is to provide a
rigorous yet accessible exposition of these topics, serving as a useful reference for researchers
and students in mathematical analysis and related fields.
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CHAPTER 1

SET-VALUED MAPS

Set-valued maps, or multifunctions, have properties that generalize those of single-valued func-
tions. These properties are crucial for analyzing their behavior and applications in optimiza-
tion, control theory, economics, and other fields. Below, I will outline the key properties of
set-valued maps, categorized into topological, algebraic, and analytical properties.

1.1 First Definitions

1.1.1 Definition :

Given two sets X and Y. A set-valued map[&] F from X to Y is a rule that assigns to
each x € X a subset F(x) C Y. Define as:

F:X==Y or F:X —2Y

where 2Y is the power set of Y, i.e., the collection of all subsets of Y.
Other names: point-to-set mapping, set-valued operator, multi-valued function,
correspondence. For simplicity, write Fx = F(x).

1.1.2 Continuity

X and Y two sets and S : X — 2V a set-valued map.

1. § is said to be upper semicontinuous (u.s.c.) at x € X if for every open set V C Y and
F(x) CV, there exists neighborhood U (x) such that:

SUx)= | Swcv.

uel(x)
Sisu.s.c. if itis u.s.c. atevery x € X.

2. Sis said lower semicontinuous (1.s.c.) at x € X if for every y € S(x) and for every neigh-
borhood V (y) of y, there exists is neighborhood U (x) such that:

VueU(x), Su)NV(y)#0.

Sisls.c.ifitisls.c. atall x € X.
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3. Sis said to be continuous whenever S is both upper semicontinuous and lower semicon-
tinuous.

1.1.2  Key concepts :

1. Graph: The graph of set-valued mapping F : X — 2, the graph of F is given by:
Graph(F) = {(x,y) [x€ X,y € F(x)}.
The graph of F is represented by the set Graph(F).

2. Domain: The domain of set-valued mapping F is the set of all x € X for which
F(x) is nonempty::
Dom(F) ={x€ X | F(x) # 0}.

3. Image: The image of F is the union of all F(x) for x € X:

Im(F)=F(X)=|JF(x).
xeX

4. Range :
R(F) :={F(x) | x € Dom(F)}

5. Inverse and Core: Let X = Dom(F). For every set-valued map F : X — 2V,
there are two possible definitions of the inverse image. For a subset M C Y, we
define:

F'(M)={xeX|F(x)NM #0},

FH(M)={xeX|F(x)CM}.

The subset F~! (M) is written as the inverse of M under F, and F*!(M) the
center ofM under F'.

1.2 Examples

Here are some examples of set-valued maps that exhibit complex behaviors:

Example 1. Simple Set-Valued Map
Let X = {1,2,3} and Y = {a,b,c}. A set-valued map F : X — 2Y can be defined as:

F(1)={a,b}, FQ2)={b,c}, F(3)={a,c}.
The graph of F is:
Graph(F) = {(1,a), (1,b),(2,b), (2,¢),(3,a), (3,c)}.
The inverse mapping F~' 1Y — 2X is:

Fla)={1,3}, F'b)={1,2}, F'(c)={2,3}.

10
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Example 2. Set-Valued Map whose Range is Not Convex Let the set-valued map K : R — oR?
be given by :
K(x)={(n2) €R*|y* +2° =27},
The set K (x) for any x is the circle of radius |x| about the origin.
* K(x) is not convex for any x other than 0.

» For x =0, the set K(0) is collapsed to a point at the origin (0,0).

* Itis a geometric counterexample where set-valued mappings are curves rather than con-
vex sets.

Set-Valued Map K (x) = {(y,z) € R? | y* + 7% = x*}

T T T T T

—-—x=1
+x:2
2 4 |—e—x=23

Example 3. A Set-Valued Map with an Oscillatory Behavior Define the set-valued function

J: R — 2R gg: 1
_ JAsin(1)}, x#0
J@%_{}Lu, x=0

* As x — 0, the function J(x) oscillates rapidly between —1 and 1.

» Atx =0, the function fills the entire interval [—1,1].

11
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» This is an example of an upper semi-continuous set-valued function.

Set-Valued Map with Oscillatory Behavior

-2
Example 4. The set-valued map F : [0,1] = [0, 1] is defined as follows:

Fx)={y€[0,1] |2 <y <A}

>

0
Set-Valued Map F : [0, 1] = [0, 1] defined by F(x) = {y | x> <y < /x}

Figure 1.1: Set-Valued Map Example 4

Another example is G : [0,1] = [0, 1]defined as follows
&3], ifxelo,

Gx)=41[0,1], ifxe|

)

]
|, ifxe(3.1]

ENT

Al

Y

=

L |
FN.
I

12
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Set-Valued Map G : [0, 1] = [0, 1]

Figure 1.2: Set-Valued Map example 5

1.3 Some Algebraic Operations

1.3.1 Sum of Set-Valued Maps

Definition
Let F: X — 2" and G : X — 2" be two set-valued maps[ ], and let X and Y be spaces.
The sum of F and G is a new set-valued map (F 4+ G) : X = Y given by:
(F+G)(x) =F(x)+G(x) ={y1+y2[y1 €F(x),y2 € G(x)}.
Here, F(x) + G(x)meanes Minkowski sum of the sets F'(x) and G(x).

Example 5. Let F : R — 28 and G : R — 2R set-valued mappings are given as:

F(x) = [va]a G(x) = [_xvx]'
The sum F + G is given by:

(F+G)(x) =[0,x] 4+ [—x,x] = [—x,2x].

1.3.2 Composition of Set-Valued Maps

Definition

Let F: X — 2Y and G : Y — 27 be two set-valued functions . The composition (GoF) : X — 2
is given by:

(GoF)(x)= |J GW).
YEF (x)

That is, for every x € X, the composition G o F maps x to the union of all sets G(y) where
y belongs to F(x).

13
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Example 6. Let F : R — 2% and G : R — 2R be set-valued maps defined as:

F(x) = [O,X], G(y) = [_yay]'
The composition Go F is given by:

(GoF)(x)= |J [-»yl.

y€[0,x]
Since the union of all intervals [—y,y| for y € [0,x] results in [—x,x], we conclude:

(GoS)(x) =[—x,x].

1.3.3 Scalar Multiplication
Definition

Let F : X — 2¥ be a set-valued map[ ], where X and Y are spaces (e.g., vector spaces), and let
A € R The scalar multiplication AF is defined by:

(MF)(x) = AF(x) = {Ay |y € F(x)}.
Here, AF (x) is the set obtained by multiplying each element of F(x) by A.
Example 7. Let F : R — 2R be a set-valued map defined as:
F(x) =10,x].
For A = 2, the scalar multiplication AF is given by:

(2F)(x) =2-[0,x] = [0,24].

1.3.4 Inverse of a Set-Valued Map

Definition

Let F : X — 2Y be a set-valued map| | ].The inverse of F, denoted
F~1.y — 2X is defined as:

Fl(y)={reX|yeSx)}
Example 8. Consider the set-valued map:
F(x)={|]x|]}, xeR.
The inverse set-valued map is:

F'o)={-yy}, y>o0.

For example:
F71(3) ={-3,3}.

F~1(0) = {0}.

14
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CHAPTER 2

LMAXIMAL MONOTONE OPERATORS IN HILBERT
SPACES

Maximal monotone operators are central to nonlinear functional analysis, optimization, and
differential inclusions. They generalize the notion of monotonicity to set-valued mappings
while preserving key properties crucial for solving variational problems.

2.1 Monotone Operators

Definition :

Let # be a Hilbert space[3]. The inner product in H x #H will be denoted by (-, -), and
the corresponding norm by || - ||.
A set-valued map T : H — 27! is monotone if

(x—=y,u—v) >0, VY(x,u),(y,v) € Graph(T),
where the graph of T is defined as
G(T):={(x,y) e HxH;yeT(x)}.
Let D(T) be the domain of T, i.e.,

D(T):={xe H ; T(x) #0}.

15
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Monotone operator (not maximal)

Example 9. 1. If # is a Hilbert space and T : H — H* = H is a linear map, then T is
monotone if and only if T is a positive operator.
That is (x,Tx) > 0, for all x € .

2. The mapping A : R — 2R defined by

x—a ifx<O0
A(x) = ¢ any subset of [—a,a] ifx=0
x+a ifx>0

is a monotone mapping.

2.1.1 Strictly Monotone Operator
LetA: H — 2% be an operator in a Hilbert space. We define A to be strictly monotone if:
(x—y,u—v)>0 forallx#y, ucAx),veA(y).

This is a stronger condition than the usual (non-strict) monotonicity, which only requires the
inner product to be nonnegative.

Example 10. Let the function f(x) = %xz. Then its gradient is V f(x) = x. Take the operator
A(x) = x. To prove strict monotonicity, consider:

(A(x) —A®Y),x—y) = (x—y,x—y) = [[x—y[> >0

for all x # y.
Therefore, we conclude that the operator A(x) = x is strictly monotone.

2.1.2 Strong Monotonicity

Let A be an operator on a Hilbert space . We say that A is strongly monotone if there exists
a constant o > 0 such that:

For all x,y € H, and all u € A(x), v € A(y), the following inequality holds:

(r—yu—v) = aflx -y

16
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The constant u is called the strong monotonicity parameter.

Example 11. Ler A(x) = o, where o0 > 0. Then:

(A(x) —A(y),x—y) = (ox — 0y, x — y)
= (x<x_yax_y>
= aflx—y|?

So A(x) is strongly monotone with strong monotonicity parameter g = Q.

2.2 Concepts of Convex Analysis

The concept of convexity plays a deep role in variational analysis. In maximization and mini-
mization analyses, the division among problems of convex or nonconvex type is as significant
as the division in other areas of mathematics among problems of linear or nonlinear nature. Ad-
ditionally, convexity can often be defined or utilized in a local manner and in this way serves
many theoretical purposes.

2.2.1 Convex Sets

Definition :

A set S is convex[Y] if the line segment between any two points in § lies in S, i.e., if for
all x1,x, € S and for all A with 0 <A <1, we have

Axp+ (1 —=A)x €8S.

Figure 2.1: Example of a convex set (left) and a non-convex set (right)
Examples:
1. Euclidean Space R™: The entire space is trivially convex.

2. Line and Plane: Any line or plane in R" is convex.

17
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3. Half-Spaces: A half-space defined by
H={xcR"|d'x<b}
is convex.

4. Norm Balls: The set
B={xeR"||x—c| <r}

is convex because it contains all line segments between points within it.

5. Polyhedra: Any intersection of finitely many half-spaces, such as polytopes, is convex.

T

(a) (b)

Figure 2.2: (a) Representation of a convex set as the convex hull of a set of points. (b) Repre-
sentation of a convex set as the intersection of a (possibly infinite) number of halfspaces.

2.2.2 Convex Cones

Convex cones are a special class of convex sets that play a central role in convex analysis

Definition (Convex cones ):

A set C C R”" is called a convex cone [2]if for all vectors x,y € C and all non-negative
scalars A, u > 0, the following holds:

Ax+uy € C.

Example 12. Nonnegative Orthant
R’ The set of all vectors with nonnegative components in R":

R" = {x € R" | x; > 0,Vi}
is a convex cone since nonnegative combinations of nonnegative vectors remain nonnegative.
Solution: Given two vectors x,y € R, if
x=(x1,x2,...,%,) and y=(y1,¥2,.--,n),
then for any A, u > 0:
Ax+uy = (Ao +py1, - M+ payn).

Thus, R’} is a convex cone.

18
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2.2.3 Normal Cones

Definition (normal cones):

Let C C R" be a convex set and x € C[2]. The normal cone to C at X, denoted N¢ (%), is
defined as:

Ne(x)={veR"| (vx—x) <Oforallx € C}

Proposition 13. For any convex set C C R" and point x € C, the normal cone N¢(X) is:
1. A closed convex cone
2. Non-empty (contains at least 0)

Proof. 1. convex cone : For any vy, v, € No(%) and A, u > 0:

<}LV+HV2,X—X> = }\‘<V17-x_x> +M<v27'x—x>
<A0+u-0=0 VxeC

Thus Av| 4+ uv; € Ne(X), proving it’s a convex cone. Closedness follows from continuity
of the inner product.

2. Non-empty: The zero vector 0 always satisfies (0,x —x) =0 < 0 forall x € C.
]

2.3 Convex, Lower Semi-Continuous, Absolutely Continu-
ous Functions

2.3.1 Convex function :

Definition (Convex function ):

Let # be a real Hilbert space[2]. A function f : H — RU {+oo} is called to be convex
if its domain dom(f) C # is convex, and for all x,y € dom(f) and all A € [0, 1], the
following inequality holds:

Jx+(1=0)y) SAf(x)+(1=2)f(y).

That is, the function value at any point of the line segment between x and y is on or below
the chord joiningf(x) and f(y).

Examples of convex functions

¢ Univariate functions:

— Exponential function: The exponential function e*' is convex for any a € R.

— Power function: The power function x“ is convex for a > 1 or a < 0 and is concave
for0<a<1.

19
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— Logarithmic function: The logarithmic function log(x) is always concave (and thus
—log(x) is convex).

* Affine function: The affine function a’ x + b is both convex and concave.

* Quadratic function: The quadratic function %xT Ox + b x+ ¢ is convex provided that
0 > 0 (i.e., Q is positive semidefinite).

Key properties of convex functions [ ']:

* Restriction to lines: A function f : R" — R is convex if and only if its restriction
to any line is convex. For example, let f : R” — R be a function and xp,a € R”
be fixed. Define g(t) = f(xo+ta). Then f is convex if and only if g is convex
for every choice of xp and a. This property is useful for proving the convexity of
certain functions.

» Epigraph characterization: A function f is convex if and only if its epigraph is
a convex set, where the epigraph is defined as:

epi(f) = {(x,1) € dom(f) xR : f(x) <t}
Intuitively, the epigraph is the set of points that lie above the graph of the function.

* Convex sublevel sets: If f is convex, then every sublevel set of f is convex, where
a sublevel set is defined as

{x e dom(f): f(x) <1}

for some parameter ¢ € R. However, the converse is not true. For example, f(x) =
\/|x| is not convex but all its sublevel sets are convex.

* First-order characterization: If f is differentiable, then f is convex if and only
if dom(f) is convex, and

fO) = f@x)+ V) (y—x)

for all x,y € dom(f). Geometrically, this means the graph of f lies above all its
tangent hyperplanes. This also implies that for differentiable f, a point x mini-
mizes f if and only if V f(x) = 0.

Example 14. Quadratic Function
A function of the form:

1
f(x) = §<Ax7x> + <b,X>
where A: H — 2% isa positive semi-definite operator and b € H, is convex.

Solution : For convexity, we check if:

f(}\‘x+(1 _k)y) < kf(x)—i_(l _}\')f(y)7 Vx?y S 5_[77\'6 [07 1]

20
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Expanding the function:

Fe-(1A)y) = S(AQe+ (1—2)) A (1) (b A+ (1 = 1))

Using bilinearity:

(A (1 =R)y), e+ (1= M)y) = A3 (Ax,x) + (1= 1) Ay, y) +2M(1 = 1) (Ax, ).
Since A is positive semi-definite, we obtain:

Fx+(1=A)y) SAf(x)+ (1 =2)f(y).

Thus, f(x) is convex.

2.3.2 Lower Semi-Continuous :

Definition (L.S.C ):

Let # be a Hilbert space, A function f : H — RU {40} is called lower semicontinuous

at a point x € A if:
liminf f(y) > f(x).

y—Xx

Equivalently, for every sequence x; — x in A

lilgri)inf fx) > fx).

Proposition 15 (Epigraph Characterization). A function is lsc if and only if its epigraph

epi(f) = {(x,a) eR" xR | f(x) < a}
is a closed set.

Proof of Epigraph Characterization. (=) Suppose f is Isc and let (xz,04) € epi(f) converge
to (X, ). Then:
f (%) <liminf f(x;) < liminfoy = &
k—so0 k—oo
Thus (X, Q) € epi(f).
(<) For any x; — X, take oy = f(x¢) +€. Since (xg, o) € epi(f) converges to (&, liminf f(x;) +

€), closedness implies:

f(x) <liminf f(x;) +€ Ve>0 O

Theorem 16 (Properties of Isc Functions). 1. If {fi}ier is a family of Isc functions,
then sup;¢; fi is Isc

2. The sum f1 + f> of two Isc functions is lsc
3. If f is Isc and g is continuous, then f o g is Isc

4. (Weierstrass Theorem) An lsc function on a compact set attains its infimum

21
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1. Open Set Characterization: A function f is lower semi-continuous if and only
if the set:

{x[f(x) >c}
is open for all ¢ € R.

2. Epigraph Characterization: A function f is lower semi-continuous if and only
if its epigraph,

epi(f) = {(x,y) [y > f(x)}

is a closed set in R™"t1,

J

Proof.

1. (=) Assume f is lower semi-continuous, demonstrate {x | f(x) > ¢} is open.
Choose any xg for which f(xp) > c. By the definition of lower semi-continuity, we have:

liminf f(xz) > f(x0).

Xp—X0

This means that there is a small neighborhood around xy where f(x) > ¢, and thus xg is
an interior point of the set {x | f(x) > c}. Since this holds for any x, the set is open.
(<) Assume {x | f(x) > c} is open for all c, prove f is lower semi-continuous. Con-
sider any sequence x; — xo. We have to prove:

liminf f(xz) > f(x0).
Xp—X0
Suppose for contradiction otherwise. Then there is a sequence x; — xo such that:

liminf f(x;) < f(xo).

Thus there is some ¢ < f(xp) such that infinitely many x; have f(x;) < ¢, which contra-
dicting the openness of {x | f(x) > c}. thus, f is lower semi-continuous.

(=) Assume | is lower semi-continuous, prove epi(f) is closed. Let (xi,yr) — (x,y)
be a convergent sequence in R" !, with each (x,y;) € epi(f), i.e.:
Vi > f(xx)-

Taking limits ,

y= limyk7 X = lil’nXk.

Since f is lower semi-continuous, we know:

liminf f(x;) > f(x).

Xp—X

Since yi > f(xx), taking limits,
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y > liminf f(x;) > f(x).

This shows (x,y) € epi(f), proving that the epigraph is closed.

(<) Assume epi(f) is closed, show f is lower semi-continuous. pick any sequence
xx — x. Consider the points (x, f(xx)) € epi(f). If the epigraph is closed, then the limit
point (x,liminf f(x;)) must also be in the epigraph:

liminf f(xz) > f(x).

This proves f to be lower semi-continuous.

O

2.3.3 Absolutely Continuous Functions:

Definition(A.C.F):

Let H be a Hilbert space,A function f : H — RU{+oo}is said to be absolutely contin-
uous on [a,b] if for all € > 0, there exists 8 > 0 such that for any finite set of disjoint
intervals (xg,yx) in [a, D],

Yie—xl <8 = YIfow) — o)l <e
k k

This definition generalizes absolute continuity from real functions to vector-valued func-
tions in Hilbert spaces.

Differentiability Almost Everywhere: If f is absolutely continuous, then it is differen-
tiable almost everywhere on [a, b].
Integration Formula: If f is absolutely continuous, then for all x,y € [a,b],

y
) =fW+ [ fo)ar
X
Lipschitz Continuity Implies Absolute Continuity: If f is Lipschitz continuous, i.e.,

IfO) = f@)I <Lly—x], Vvx,y€la,b],

then f is absolutely continuous.
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2.4 Proximal and Subdifferential of a Convex Function

2.4.1 Subdifferential of a Convex Function:

A functionf : H — RU{+oo} is a proper, convex, and lower semicontinuous.
The subdifferential of f at x € Dom(f)is defined as:

of(x) ={x" € H [ f(y) = f(x) + (x",y—x), VyeH}.
Any element x* € df(x) is known as subgradient of f at x.
1. Whenever f is differentiable at x, then the subdifferentialis simply to the standard
gradient:
df(x) ={Vf(x)}.

2. When f is not differentiable, d f (x) will be a set, maybe containing more than one
subgradient.

Monotonicity of subdifferentials

The operator df is monotone in the sense that for every x,y € X and for x* € df(x),
y* € df(y), it holds that:

(x*—y",x—y) >0.

This at once follows from the definition of the subdifferential and the convexity of f. It
captures the fact that the graph of d f has points that are not inconsistent with monotonic-
ity,, therefore df is a monotone operator.

J

Proof. The operator df is monotone in the sense that for any x,y € X and for any x* € df(x),
y* € df(y), we have :

(x*—y" x—y)>0.

From the definition , we have:

f) = f(x)+(af (x),y —x),
f(x) > ) +(f(y),x—y).

It results from combining both inequalities gives as:

(0f (x) =9f (v),x—y) =2 0.

As a direct result of the convexity of f and the implication that the graph of df is composed
of points not in a way that does not satisfy monotonicity so that df is a monotone operator.
[

Proposition 17. Let H be a Hilbert space and let f : H — RU{+o0} be a proper, convex, and
lower semicontinuous function.
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If f: H — RU{+oo} satisfies
(df(x),x) >0, Vxe&Domaf, (2)

then 0 € 9f(0).

Theorem 18. Let X be a set [9] and let f: X — RU{+o0} be a proper, convex, and lower
semicontinuous function. Then, the subdifferential df is a maximal monotone mapping
from X to X*.

Proof. Let (u,v) € X x X* be in monotone relation to the graph of df, that is,
(f (x) —v,x—u) >0, Vxe&domadf. (1)

Consider the function .
J) = flx+u) —v(x). (2)
It is immediate to check that (1) implies (2) for f. By Proposition 1, we get
0 € af(0),
which easily translates to v € df(u). Therefore, d f cannot be properly extended in a monotone

way. ]

2.4.2 Proximal Operator of a Convex Function

Letf : H — RU{+co} be a proper, convex, and lower semicontinuous function.
The proximal mapping (or prox operator) of f with parameter A > 0 is defined as:

. 1 2
provs () =argmip  £0) + o7 by =12}
In words, the proximal operator returns the point y that minimizes the sum of:

* The function f(y) (the original function we wish to regularize).

* A quadratic term 5 ||y — x|| that keeps y close to x.
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1. Non-expansiveness The proximal operator is 1-Lipschitz, meaning:

[[proxy, ¢ (x) — proxy y(y)[| < [lx—y[.
2. Moreau Decomposition The proximal operator is related to the convex conjugate
f* via:
X = proxy ¢(x) + Aprox .  (x/1).

3. Connection to Subgradients

X — prox; ¢(x) € Adf(prox, (x)).

This means that the proximal operator finds a point where the scaled subgradient of f
balances the distance to x.

Exemple: Let

1
S =Solx]*, a>o0.

The proximal mapping is defined as:

_ . 1 2
provs () = argmip { )+ 5 17 |

Solution: We need to solve:

: 1 2 1 2
—o —|ly— :
min{ solly1?+ 55 1

Taking the derivative with respect to y and setting it to zero:

@yt (-0 =0,
och1 =z
y }L _;\‘7
. X
YT I
X
prox;hf(x) = m

This mapping shrinks x by a factor of ﬁ, which acts as a scaled identity operator.
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2.5 Contraction Operators on Hilbert Spaces

Let #H be a real Hilbert space with inner product (-,-) and norm || -|. An operator
T : H — # is called a contraction if there exists a constant o € [0, 1) such that for all
x,y € 9,

17 (x) =Tl < orfloe = yl].
If o =1, T is called nonexpansive.

If € [0,1), T is called a strict contraction
This means that 7' does not increase the norm of any vector in .

.

2.6 Maximal Monotone Operators

Definition:

The operator A : H — 27 s maximally monotone if it is monotone and its graph is a
maximal element with respect to the inclusion order in # x H.

Equivalently,
A is maximally monotone if it is monotone and, in addition,

(x—y,x*—y*y >0 forall (y,y*) € Graph(A)

implies (x,x*) € Graph(A).

The graph of a maximally monotone operator T : H — 27 s given by:

Graph(A) = {(x,x") e H x H | x* € T(x)}.

,,,,,,,,,,,,,, Maximality:
<—— No possible
extension exists

.______________
Y
S

Maximal Monotone Operator (Multivalued Case)
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Definition:(Zero set of a maximal monotone operator)

Let A : H — 2% be a maximal monotone operator on a Banach space #. The zero set
of A is defined as:

zer(A)={xe H|0€A(x)}.

This means that for each x € zer(A), there exists an element 0 in the set A(x), i.e.,A(x) >
0.

J

Lemma 19. Let T be a maximal monotone operator[7]. The point [x,x*| € H x H belongs to
the graph of T if, and only if,

(x*—u*,x—u)y >0 forall [u,u*] € graph(T).

Proof. If [x,x*] € T, the inequality (x* —u*,x —u) > 0 follows immediately by the monotonicity
of T.

If [x,x*] ¢ A, then the set AU {[x,x*]} would be the graph of a monotone operator strictly
extending A, which contradicts the maximality of A. ]

An operator A: H = # is called nonexpansive if for all x*,y* € #,
" =y < llx =yl
where x* € A(x) and y* € A(y).

Example 20. Let T'o(#) denote the set of all proper, lower semicontinuous convex functions
f:H = RU{+e}. For f € Ty(H), the subdifferential of f is the operator of : H = H
defined by

of(x) ={x" € H: f(z) > f(x)+ (x",z2—x) forall z € H}.

To see that it is monotone, take x* € 0f (x) and y* € df(y). Thus

Adding these two inequalities we obtain (x* —y*,x—y) > 0.

For maximality, according to Theorem 2 it suffices to prove that for each y € H and each
A > 0 there exists x), € D(0f) such that y € x) + A f (x),). Indeed, consider the Moreau-Yosida
approximation of f at y, which is the function f, defined by

1
Falx) = Fx) + o[l = I (4)

It is proper, lower semicontinuous, strongly convex and coercive (due to the quadratic term and
the fact that f has an affine minorant). Its unique minimizer x, satisfies

0€ 33 () = 3 (0) + 5 (1. ~)

That is, y € x),+Af(xy).
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2.7 Resolvent of a Maximal Monotone Operator

Let T : # — 2*! be a maximal monotone operator . For all A > 0, the resolvent of T
with index A is defined by:

Jh=(a+ar)~ (2.1)
Therefore, for each x € H, the resolvent J{ (x) is given by the unique solution y € H of
the inclusion: x € y+ AT (y).

Definition :(Reflected resolvent)

The reflected resolvent of a maximal monotone operator 7 is given by:
R =27 —1.
It maps any point xto a "reflected" point with respect to the resolvent J{ (x):

R (x) = 2J] (x) —x.

J

Proposition 21. Let A : H — 27 be a maximal monotone operator on a real Hilbert space H,
and let A > 0. Then:

1. The resolvent operator J2 = (I1+ A A)~! is single-valued.
2. The domain of Jf is the entire space X, i.e., dom(]i‘) =H.

Proof. 1. By definition, 2.1 which means J;‘} (x) is the set of solutions y € X to the inclusion:

x €y+AA(y).
x—y€EM(y).

Since A is maximal monotone, the operator / + AA is strongly monotone. Specifically,
for any yy,y, € H, if

x€y1+AA(y1) and x €y +2AA(y2),
=x—y1 €M(y1) and x—y; €AA(y2).

Subtracting these two inclusions and using the monotonicity of A, we get:

((x—=y1) = (x=y2),y1 —y2) > 0.

This becomes:
(y2—=y1,91 —y2) > 0= —|ly1 —y2||* > 0.

This implies y; = y7, so the solution y is unique. Thus, Jf is single-valued.

2. To show that Dom(J3') = #, we need to prove that for every x € #, there exists a y €
such that:
xE€y+AA(y).
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Equivalently, we need to show that the equation:
x=y+MAv, whereveEA(y),

has a solution y € # for every x € H.

This is equivalent to showing that the operator I 4+ AA is surjective, i.e.,

R(I+2AA) = 4.

The surjectivity of /4 AA is a direct consequence of Minty’s theorem (or Rockafellar’s
theorem), which states that for a maximal monotone operator A, the operator I + AA is
surjective for all A > 0.

Therefore, for every x € #, there exists a unique y € # such that:
x=y+Av, whereveA(y).

This means y = J4 (x), and J3 is defined everywhere on #. Thus,

Dom(J}) = #.
[
2.7.1 Nonexpansiveness of the Resolvent:
The resolvent Jf of a maximal monotone operator A is nonexpansive. This means:
15 () = )| < e —yll, Vx,y € H. (2.2)

Proof. Letx,y € #, and define u = J;/f (x) and v = J;/i‘ (y). By equation 2.1:

u=I+M)"'(x) and v=(T+24)"(y).
—x€u+M(u) and y€ev+AA(v).
= x—ucM(u) and y—veMI(v).

Since A is monotone, we have:
(x=u)=(y—v),u—v)>0.

Substituting x —u = Aa and y — v = Ab for some a € A(u) and b € A(v), the monotonicity
of A ensures:

(a—b,u—v)>0.
From the above, we derive:
(x—u)—(y—v),u—v)>0.
(x=y,u—v) = [lu—v[* > 0.
(x—yu—v)> Hu—vHZ.
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By the Cauchy-Schwarz inequality:

e =yl flu =il = (x =y, —=v) = flu—v]|*.
Dividing both sides by ||u — v|| (assuming u # v):

[l =yl = flue =]

This shows:

15 (0) =5 ) < [lx =l

Theorem 22. [7]Let T : H — 2°. Then:
1. T is monotone if and only if J{ is nonexpansive for each A > 0.

2. A monotone operator T is maximal if and only if I + AA is surjective for each
A > 0.

2.8 Yosida Approximation of a Maximal Monotone Opera-
tor

Definition(Yosida Approximation):

An operator’s Yosida approximation, corresponding to A > 0, is defined as:

Tk:%(l—(leM)l).

where I denotes the identity operator on H. It is beneficial to define the resolvent of A:
B =(1+AT)7"

This is known as the resolvent of T for A > 0. To avoid ambiguity, we sometimes write
it as Jr 5, but we can simply write:Ty = 3 (I —J7).
The domains satisfy: Dom(J] ) = Dom(Ty) = R(I+AT).

. J

Example 23. Consider the subdifferential operator of the function f(x) = |x|, given by:
{_ 1 }a x < 07
af(x) =< [-1,1], x=0,
{1}, x> 0.

Solution : By definition, the Yosida approximation of df(x) is given by:

Alx) = (v ().
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Using the values of J;Sf )

-Forx > \: | .
Ifplx) =5 (x—(x=1)) = 5A=1
-Forx < —\: . |
Ifplx) = 5 (x= (x+4)) =5 (-A) = ~1
- For [x| <\
1 X
dfi(x) = x(x—O) =
So:
I, x>A,
Ifx)=19q% I <A,
-1, x<—A\.

Theorem 24. [7] If T : H — 27! is maximal monotone, then for any A > 0:
(i) The resolvent J| := (I+\T)~ " is single-valued

(ii) J{ is firmly nonexpansive:

[ x—Jiy|)? < (x—y,Jix—Jly) Vx,y€H

. . -, . . .
(iii) The Yosida approximation T, := — is %—szschztz continuous

1. Single-Valued and Lipschitz Continuous
Unlike the original operator 7', which may be multi-valued, the Yosida approxi-
mation 7; is always single-valued and Lipschitz continuous:

1
11,00 =Bl < 5 e =]l
This makes it useful for regularization and numerical computations.

2. Monotonicity
The Yosida approximation preserves the monotonicity of 7':

(h(x) =T (y),x—y) >0, Vx,ycH.
This ensures that it behaves like T in terms of order structure.

3. Relation to the Resolvent
By definition:
x— ATy (x) = J7 (x).

This means 7j (x) measures the difference between x and its resolvent mapping.
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Proof. 1. The Yosida approximation is defined as:

() = o (=] ().

where JX = (I+AT)~! is the resolvent of T.

From 2.2, J%‘ is firmly nonexpansive, meaning:
I () =T )| < Jlx =]
Using the definition of 7;,
1 T T
1T5.(x) = )l = ll5- (e =T () = (=T )
A
1
= 3l =3) = (L) =5 O
1
< sl =yl
Thus, 7, is %-Lipschitz continuous and single-valued.

2. From the resolvent identity:

B() = 5 (L ().

Using the firmly nonexpansive property of the resolvent:

(100~ 0)x-3) = (5 (=) -3+ ) 3 )

_ %((x_y)—(J{(x)—J{(y)),x—y>
_ % (=12 = (G () = I () x =)
B %(HX—yHZ — 5 (x) =L D117
>0

Thus, 75, is monotone.

3. by definition:
— l _gr Y —qr
T(x) = x (x Jy (x)) — x—AG(x) = J; (x).

This equation shows that the Yosida approximation measures the deviation from the re-

solvent.
O]
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CHAPTER 3

RESULTS AND APPLICATIONS

3.1 Some Results on the Difference Between Two Maximal
Monotone Operators

TakeA,B : X — 2X" The two together create maximal monotone operators on a Banach space
X. Gap A — B is present in variational analysis [5], optimization, and PDEs. For the most
part disjunctive maximal monotone operators may not be necessarily monotone or maximal
monotone. The main results and prerequisites are categorized below.

Definition(Monotone positive linear relation):

T is said to be monotone positive linear relation if:

1. Linear:
For any (x,x*), (y,y*) € T and scalars o, € R, the linear combination

(o + By, o™ + By*) € T.
T is a linear subspace of H x H.
2. Monotone: (x —y,x* —y*) >0 forall (x,x*),(y,y*) €T.

3. Positive: (x,x*) >0 forall (x,x*) € T. This requires that each element of the
relation be positively paired under the duality pairing.

Definition(Skew Linear Relation):

A linear relation T C H x H is called skew if (x,x*) =0 forall (x,x*) € T.

\.

3.1.1 The difference between two maximal monotone operators :

Let us take two maximal monotone operators, A and B, and let us define their difference as
follows: K = A — B in general, K is not maximally monotone or monotone. But it is possible to
find examples where some features are guaranteed. A maximal monotone operator and A > 0 .
we have the resolvent of A By definition2.1
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Theorem 25. For all A > 0, 0 € A(x) if and only if J§ (x) = x.

Proof.

0 €M (x) <= xex+MA(x)
= xe(I+M)(x
— x=(I+2)"(x)
= x=J1x)

We have J§(x) = (I+AA)~!(x) and the Yosida approximation is defined as

(r = (3 (%)

>| -

Ap(x) =

Proposition 26. For all A > 0,
Ap(x) € A(J3 (%))

Proof. We have J3'(x) = (I +)A)~'(x) and the Yosida approximation is defined as Ay (x) =
1 A
20— (R ()

= x¢€ (I+M)((J§}(x))

Theorem 27. For all A > 0, if 0 € A(J3(x)) — B(J3 (x)) then J3(x) = JE (x).

Proof.

0 € A(J3 (x) = B(J5 (x)) = 0 € Ay(x) = B(J; (x))
— Ay (x) € B(3(x))
— My (x) € AB(J3, (x))
—> J3 (x) + My (x) € (T +AB) (U3 (x))
= x € ([+AB)(J} (x))
— JA(x)=(I+AB)" ()
— Jy(x) = I} (x).
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Theorem 28. [4] Suppose A : H — 27! is maximal monotone and B : H — 27 is mono-
tone with Dom(B) = . Then exactly one of the following statements holds:

(a) A — B is not monotone.

(b) A — B is maximal monotone.

Proof. Suppose (a) does not hold, then A — B is monotone. We aim to prove that A — B is
maximal monotone. To this end, assume that (y,y*) € H x H is monotonically related to
Graph(A — B). For each (x,x*) € Graph(A) and each (x,z*) € Gph(B), we get (x,x* —z*) €
Graph(A — B), and hence

(" =" =y x—y) > 0.

Since B is monotone and B(y) = 0 by assumption, choosing b* € B(y), we get
(=" =y x—y) = (" = =y x =)+ (b x—y) = 0;

i.e., (y,y*+ b*) is monotonically related to Graph(A). The maximality of A guarantees that
(y,y* + b*) belongs to Graph(A), which implies that (y,y*) € Graph(A — B). Consequently ,

A — B is a maximal monotone operator. [
Example 29.
0 0
AG) = { 1O =0
0, x#0.
{0}, x <0,
B(X) = [07 +°°>7 x=0,
0, x> 0.

Then, A is maximal monotone, B is monotone, and A — B is monotone but not maximal
monotone, since

Graph(A — B) = {0} x [0,0).
Therefore, in theorem 28, the condition Dom(B) = H is necessary condition..
Corollary 30. [/] Let H be a real Hilbert space, A : H — 21 be maximal monotone,

and B : H — 27 be a monotone positive linear relation and dom(B) = H. Then exactly
one of the following statements holds true:

(a) A — B is not monotone.

(b) A — B is maximal monotone.

Proof. Assume that x* € B(x) and y* € B(y). By , we have
B(x) —B(y) =B(x—y).

So there exists z* € B(z) such that x* — y* = z*, where z = x — y. Then positivity of B implies
that
(=Y x—y) =(",2) 20,

i.e., B is monotone. Now theorem 28 completes the proof. ]
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Example 31. Ler A : R — 2R be defined by A(x) = 2x for each x € R. Consider the mapping
B :R — 2R defined by

x+1, x<0,
B(x): 2
x*+1, x>0.

for each x € R. Clearly, A is maximal monotone, B is monotone but it is not positive and
linear, whereas A — B is maximal monotone.

The linear relation B : H — 2°! is called a skew linear relation if (x,x*) =0, for each
(x,x*) € Graph(B).

Corollary 32. Let H be a real Hilbert space, A : H — 27 be maximal monotone, and
B: H — 2% is skew and linear , dom(B) = H.
Then: A — B is maximal monotone

Proof. The mapping B is skew and linear, so —B is skew and linear too. Then +B and so
A — (£B) is monotone. That A + B is maximal monotone follows from Theorem 4. O

When B is single-valued, we have the following special case:

Corollary 33. [4] Suppose A : X — 2% is maximal monotone and B : X — 2% is skew
and linear. Then A + B is maximal monotone.
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We consider the following problem

find x € H such that 0 € A(x) — B(x). (%)
find y € H such that 0 = Ay (x) — By (x). (L)
find x € H such that 0 € A~ (y) — B~ () (M)

Let us first compare the zeroes of X and L. It is easy to verify that
Proposition 34. If x is a solution toL, then y = Ji‘ (x) is a solution to K.

Proof. Since x is a solution of the regularized problem £, we have :A) (x) = By (x). Using the
definition of the Yosida approximation, this is equivalent to:J (x) = J2(x). Let:y = J§(x) so:
y=J2(x) as well.

From the properties 26, we know: A (x) € A(J{(x)),and By (x) € B(J2(x)). Since

I(x) =T (x) =y = Ap(x) €A(Y), By(x) €B().

Ap(x) = Bp(x),
0eA(y) =B()
This means that y satisfies the original problem A, (x) — By (x) ...(X):

Ap(x) EA(JR(x)) and Ay (x) = By(x) € BJE(x)) = B(J} (x)). (3.1)
O

It should be mentioned that in the particular case, where A = 1, F is a single-valued contin-
uous mapping, A = N¢ ( the normal cone to a closed convex set C ) and Pc := (I +NC)_1 is the
metric projector on C, relation 3.1 is nothing but

C(Pc(x))+ (x—Pc(x)) =0, (3.2)

a problem which arises frequently in optimization and equilibrium analysis and is related to the
so-called WienerHopf equations (normal mapping).

Now, if F is a set-valued map, X can be viewed as a modification of the problem of finding
the zeroes of F in such a way that the operator N¢ — F satisfies Aubins tangential condition,
namely

VxeC, (F(x)—Nc(x))NTe(x)#0, (3.3)

where T¢(x) is the negative polar cone of N¢(x).
Moreover, by the definition of the normal cone to C at x, the inclusion X in this case is
equivalent to the variational inequality

find x € C, such that 3v € B(x) with (v,z—x) <0, VzeC. (3.4)

For the finite-dimensional situation, B is an upper semicontinuous set-valued map on intC with
convex compact values. Thus, if B is compact, by Aubin’s theorem ([!], theorem 9.9), the
variational inequality possesses a solution on intC which inour situation is an operator zero B.
The following result is immediate in proof.
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Proposition 35. [6] If x is a solution to K, then x + Az is a solution to L, where 7 is a solution
to M. Thus, the solutions xg,xr, and xqs of problems (K),(L), and (M) are related by

Xp = Mgs +xg. 3.5)
This clearly shows that limy_,gx, = xx.
Now, let us say something about the uniqueness of solutions.

Proposition 36. [0] If (M) admits a unique solution and, in addition, A is strongly monotone
with constant o, then (X)) has a unique solution, and so does (L).

Proof. Let x be the solution of (M), namely
0eB (x)—A 1 (x).
Then there exists z € A, such that z € B~! (x) NA~1 (x), or equivalently,
X € B(z)NA(z2),

such that z solves (X). Consequently, Ax+ z solves (L).
Assume that (£) has two solutions

vy = M-I-Zl and 2 :M-I-Zz.

Then J§y; and JPy, are the solutions of (%), and By (y1) and B (y2) solve (M).
The uniqueness of the solution of (M) ensures that

By.(y1) = By(y2),

or equivalently,
yi—y2 =Joy1 — Iy,
Using the o-strong monotonicity of B and taking into account the fact that its resolvent is

T -Lipschitz continuous, we infer that

ly1 =2l < ly1 —y2l|-

1+ Ao

This implies that
yi=y2 and z1=2.

This completes the proof. O]

Example 37. Let H =R, A=1, and B=9

x|, namely:

B(x) = sgn(x)

in particular,

B(0) = {—1,+1}.

The critical points of

Ci=1-0x|
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are —1,0, and 1.
The resolvent operators of A and B are given, respectively, by:
X
VxeR, JA(x)=
* 2 (0 =1 +A
and
0, x| <A,
JPx)={x—A, x>,
x+A, x<-—A

Thus, the critical points of AyBy, are —1 —A\,0, and 1 + A, and those of the dual problem
are —1,0, 1.

Example 38. Let C be a nonempty closed convex subset of #, let A be a maximal monotone
operator, and consider the problem:

0e Nc(x) —A(x).

According to our methodology, a way of approximating these critical points is to consider
the critical points of the regularized version of N¢(x) — A(x). That is,

1
22

where d,, denotes the distance function to the set C. The point x is a critical point of the
initial operator if and only if:

9dg:(x) + Ay (x),

Jx(x) = Pe(),

where Pc(x) is the projection of x onto C.

Theorem 39 (Non-Monotonicity of the Difference). Let A and B be two maximal mono-
tone operators on a Hilbert space H. Then, the difference A — B is not necessarily
monotone, even if A = df and B = dg for convex, lower semicontinuous (Ls.c.) functions

fand g.

Proof. The standard counter example takes # = R, A = d(4x?) and B = d|x|. Then (A —
B)(x) = x — Sgn(x) fails to be monotone at x = 0. O

Example 40. Define f,g: R?> — R as:

2

2
)
f(x,y)— 2+27

g(x,y) = [x|+|y[-
Their subdifferentials are:

df (x,y) ={(x,y)}, dg(x,y)=0|x| xdlyl.
the difference Of — 9g is:

(x —sgn(x),y —sgn(y)) if (x,y) # (0,0),
df —dg)(x,y) =
OF =08 {<x—[—1,1],y—[—1,1]> i (x,3) = (0,0).
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for Monotonicity
Leta= (1,0) and b= (0,1):

(3f —9g)(1,0) = (1-1,0-0)
= (an)a
(3f —9g)(0,1) = (0—0,1— 1)
= (0,0).
This clearly satisfies monotonicity.
Now leta= (1,1) and b= (—1,-1):
(@f —3g)(1,1) = (1—1,1-1)
= (070)7
(df —dg)(—1,—1)=(=1+1,—-1+1)
=(0,0).

Monotonicity holds once more.

Theorem 41. Let H be a Hilbert space, and let A : H = H be a maximal monotone
operator. Let B : H — H satisfy the following conditions:

* Bis L-Lipschitz continuous: |Bx—By|| < L||x—y|| forallx,y € H,
* B is monotone: (Bx—By,x—y) >0 forallx,y € 4.

Then, the operator A — B is maximal monotone.

Proof. We prove maximal monotonicity by verifying Minty’s surjectivity condition.

Lemma 42 (Minty’s Theorem). An operator T is maximal monotone if and only if R(I +AT) =
H for all A > 0.

Let A > 0 and y € H. We need to show there exists x € A such that
ye(+MA—B))x (3.6)

which is equivalent to
y+ABx € (I+MAA)x (3.7)

Define the operator T3 (x) := (I+AA)~!(y + ABx).
1. Contraction Property: For any x,x, € #,

1T5.0x1) = Ta.0e2) [ = (17 +2A) ™! (v +ABxy) — (1 +A4) ™" (v + ABx2 )|

< ||IABx; —ABxz|| (since (I+AA)~! is nonexpansive)
< AL||Jxp —x2||

Thus T7;, is a contraction when AL < 1.
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2. Fixed Point Existence: For A < 1/L, by the Banach fixed-point theorem, there exists a

unique x; € # such that
x, = (1+M) ™ (y+ABxy)

This gives y € (I+A(A — B))xy.
3. Extension to All A > 0: For A > 1 /L, take u < 1/L and iterate:
(A—B)= (A_B#) - (B_Bu)
where By, is a u-averaged version of B. The result follows by perturbation arguments.

Therefore, R(I +A(A — B)) = # for all A > 0, proving A — B is maximal monotone. O

Theorem 43 (Strong Monotonicity Preservation). Let A and B be maximal monotone
operators on a Hilbert space H. If A is u-strongly monotone for some u > 0, then:

1. A — B is monotone

2. A — B is coercive when B is L-Lipschitz continuous with L < u

Proof. Part 1: Monotonicity of A — B
Take arbitrary (x,a* —b*), (X',a’* — b'*) € Graph(A — B) where:

s a*€Ax),d* e AX)
* b* € B(x), b™* € B(X)
The monotonicity condition requires:

<(a>k _b*) _ (al* —b/*),x—xl) — <Cl* —a'*,x—xl> _<b* —b'*,x—x')

(.

NV VvV
(strong monotonicity) (monotonicity of B)

> pllx == 0

Part 2: Coercivity when B is Lipschitz
Assume B is L-Lipschitz (L < u). For any x € domA:

(A-B)xx) _ {a ") for some a* € A(x),b* € B(x)
[l [l
(a®,x) — [16* 1]
[l
Hlx]|* = L[Jx]>
[l
= (= L)||x[| = oo as [|x[| = oo

(using strong monotonicity and Lipschitzness)

Lemma 44 (Technical Justification). The inequality (a*,x) > ul|x||? follows from strong mono-
tonicity by taking x' = 0 and a’* € A(0). The Lipschitz condition gives ||b* —b"*|| < L|jx —x'|].
O
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3.2 Applications in Optimization Problems

Here, you connect the theory to real-world and algorithmic applications, especially in convex
optimization, variational inequalities, and evolution equations.

3.2.1 DC (Difference of Convex) Programming:

A Difference-of-Convex (DC) program is an optimization problem of the following form:

mﬁn f(x) =g(x)—h(x) subjecttoxeC,
XeR”

where:
* g(x) and h(x) are convex functions,

e C C R"is a convex set.

Key Properties

* DC problems are generally non-convex but have a special structure that can be exploited
by specialized algorithms, such as the DC Algorithm (DCA).

* Any continuous function with a convex domain can be approximated by a DC function
through DC decomposition.
Proximal DC Algorithm (DCA)

Let Y > 0 be a step size (or implicitly taken up by prox). Beginning at. Starting from an initial

point xp, we iterate using:

Xg+1 = Proxy s (xx —YVg(xx))

This update step solves the following optimization problem:

) 1
e =argmin{ 709+ 5. b~ (5~ 1)
This is a proximal step onf, with a forward (gradient) step on g.

Example 45. Let:
) = lxllr, - glx) = [lx]l2
and
min [|x[ — [}x]}2

Then the gradient of g is:

Vg(x) = ﬁ forx#0

Using the proximal gradient update, the iteration becomes:

X
X1 = PrOXqpf |1y | Xk +Ym
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3.2.2 Variational Inequalities & Equilibrium Problems:

The difference of two maximal monotone operators is commonly used to express variational
inequalities (VIs) and equilibrium problems. These problems often involve finding a point
where two competing forces (represented by the two operators) balance out

(a) Variational Inequalities

Let C C R" be a nonempty, closed, convex set and let F : C — R" be a given operator
(often a vector field or gradient).
Find x* € C such that:

(F(x'),y—x) 20 WyecC

In simple terms, a variational inequality looks for a point x € C such that no point y in C
can make the quantity (F(x),y — x) negative.

(b) Equilibrium Problems

Equilibrium problems are a class of mathematical problems that focus on finding a bal-
ance or equilibrium between various interacting components or agents in a system. An
equilibrium point is one where no component or agent has an incentive to change their
strategy or position. An equilibrium problem can be formulated as finding a point x such
that:

(F(x),y—x)>0 VyeC,

where F'(x) represents the forces or responses in the system C is the set of feasible solu-
tions or constraints

(c) Relationship Between Variational Inequalities and Equilibrium Problems:

Equilibrium problems are a special class of variational inequalities. Assuming the system
in equilibrium, let the function F(x) represent the balancing response or forces of the
system. Then the condition of equilibrium as a variational inequality can be stated.

namely, each equilibrium problem has the form as a variational inequality, however, a
variational inequality in general is not an equilibrium problem.

3.2.3 Saddle-Point & Minimax Problems
(a) Saddle-Point problems

Let L(x,y) be a function defined in a product space X x Y. A saddle point (x*,y*) satisfies the
inequality:
L(x*,y) <L(x*,y*) <L(x,y*) VxeX,yeY

That is :
e For fixed x*, L(x*,y) has its maximum value when y = y*
* For fixed y*, L(x,y*) has its minimum value when x = x*

Therefore, (x*,y*) is a saddle point of the function L.
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(b) Minimax Problems

Let f(x,y) be a real-valued function over sets X C R” and ¥ C R™. The minimax problem
seeks to solve:

minmax f(x,y)

This is often encountered in game theory, where x and y are strategies for two players. The
maximin problem is defined as:

maxmin f(x,y)
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3.3 Conclusion

It has been shown that the difference of two maximal monotone operators is, in general, neither
monotone nor maximal. This highlights the subtle structure of monotonicity under algebraic
operations. Nevertheless, certain special cases preserve this property, particularly when one of
the operators is linear or when their domains are appropriately aligned. The behavior of the
graphs of these operators under subtraction reveals intricate interactions between their domains
and ranges. This study naturally finds applications in the analysis of differential inclusions and
evolution equations involving differences of maximal monotone operators. Moreover, regu-
larity conditions such as Lipschitz continuity, boundedness, or coercivity may ensure that the
difference retains behavior close to that of a maximal monotone operator. Finally, tools such
as Fitzpatrick functions, as well as considerations of convexity and closure of operator graphs,
offer promising avenues for further analysis. These results pave the way for future research,
particularly in extending the framework to non-reflexive Banach spaces or in studying the be-
havior of associated resolvent approximations.
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