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Abstract

This work investigates the existence, uniqueness, and long-time behavior of solutions to nonlinear
partial differential equation using functional and variational methods. We begin with a presentation
of the functional spaces, as well as key inequalities fundamental to the analysis of PDEs. The Faedo-
Galerkin method is introduced as a primary tool for constructing approximate solutions.

We then focus on evolution equation with critical nonlinearity arising in mathematical physics,
analyzing the existence and blow-up of solutions. The existence theory is developed both locally
and globally, supported by appropriate energy functionals and a priori estimates. We also prove
uniqueness under general assumptions.

The final part of the work is dedicated to the long-time dynamics of dissipative systems, we
study the generation of dynamical systems in appropriate phase spaces, analyze the asymptotic
regularity of solutions, and establish the existence of global and exponential attractors. This provides
a comprehensive picture of the qualitative behavior of solutions as time tends to infinity, including
stability. Our results contribute to the understanding of the global structure of the solution set and
the mechanisms that govern dissipation and regularity in nonlinear PDEs.
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0.1 Introduction 5

0.1 Introduction

Wave equations are essential in mathematical physics, allowing for the modeling of various phenom-
ena such as acoustic waves, electromagnetic waves, and mechanical vibrations.Nonlinear effects can
greatly affect the propagation of waves in many applications, resulting in significant changes in their
behavior.To control wave propagation in fields like nonlinear optics, material science, and general
relativity, it is crucial to understand these nonlinear dynamics.

This work concentrates on the study of the dynamics of wave equation with critical nonlinearity,
where the intaction between dispersion, damping, and nonlinear term product complex phenomena
such as global existence, finite-time blow-up, and long-time asymptotic action.

The equation that being studied is given by the following formula:

wge(z,t) — Au+ |ug(z, )7 ug(2,t) + flu) =0, z€Q, ¢>1,t>0 (1.1)

with boundary and initial conditions:
uloo =0, u(0) =up, u(0)=uy. (1.2)

Were,  is bounded domain in R?, n > 1 with |Q| < oo, u(x,t), |u|? 'y is a nonlinear damp-
ing term, f(u) is the critical nonlinear term. The exponent ¢ > 1 is controled the damping effect.

Wave equations with critical nonlinearity are a rich mathematical area that has open problems
regarding global existence, compactness, and asymptotic behavior. This work intends to improve
understanding by combining functional analysis and variational methods Non-linear wave dynamics
contribute to both theoretical and applied aspects .

Numerous mathematical difficulties arise when studying this wave equation One of the primary
The challenge is to determine the conditions for a global existence and an explosion in time. Some
initial data configurations may lead to singularities, requiring accurate energy estimates to under-
stand the behavior of the solution.

Besides, critical non-linearities cause the failure of standard Sobolev integrations, this leads to
a loss of compactness. to control them, advanced techniques are needed. Another key issue is to
understand the long-term dynamics of solutions, whether they are stabilized, dispersed or oscillating.
Energy methods play a decisive role in addressing these concerns, helping to establish inequalities
that control the solution’s behavior and ensure good results.

The purpose of our work is the study of wave equations with critical non-linearity by addressing
navious aspects. First, we to set the existence and uniqueness of solutions by building appropri-
ate functional spaces and variational frameworks. Then, we study the mechanisms of swelling by
identifying critical thresholds for energy concentration. In addition, asymptotic analysis using some
estimates will be used to study diffusion and stability teatures.
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0.1 Introduction 6

Structure of the Thesis

Our work is organized as follows:
Chapter 1: Preliminaries.

This chapter introduces the functional spaces and mathematical tools required throughout the
work. We begin with a detailed presentation of functional spaces, including Banach and Hilbert
spaces, LP and Sobolev spaces, which provide the appropriate framework for studying solutions of
PDEs. Fundamental inequalities such as Holder, Sobolev, and Poincaré inequalities are reviewed.
We also introduce the Faedo-Galerkin method, a technique for proving existence results. Finally, we
provide a brief overview of dynamical systems concepts such as semigroups and attractors, which are
essential for the analysis of long-time behavior in later chapters.

Chapter 2: Existence and uniqueness of solution.

In this chapter we will define energy and prove that the energy function decrease over time, in
addition we prove both local and global existence theorems under general hypotheses. At the end of
this chapter we will prove the uniqueness of the solution.

Chapter 3: Long-time dynamics.

In the final chapter, we analyze the asymptotic behavior of solutions as time tends to infinity.
Using the semigroup framework, we demonstrate the generation of a dynamical system associated
with the PDE. We then study the asymptotic regularity of trajectories and the existence of absorbing
sets, which characterize the dissipative nature of the system. Finally, we construct a uniform ex-
ponential attractor, providing a compact, finite-dimensional description of the long-time dynamics.
These results give insight into the global stability for the class of equations considered .
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Chapter

Preliminaries .

1.1 Functional Spaces

In this chapter, we will introduce and state without proofs some important materials needed in the
proof of our results,
1.1.1 Banach Spaces

Définition 1.1.1. A Banach space is a normed vector space (E, || -||) that is complete, meaning that
every Cauchy sequence in E converges to a limit in E.
In other words, if (z,) C E satisfies:

Ve >0, 3N € N such that ||z, — x| <&, Vn,m > N,
then there exists x € E such that:
|lxn — || = 0 asn — +oc.

Définition 1.1.2. Distance in Banach Space
The Hausdorff semi-distance in Banach space E is defined as:

distg(A, B) = sup inf ||a — b||g
acAbEB

for any two subsets A, B C E, where || - ||g is the norm on E.

Théoréme 1.1.3. (/35/) Hahn-Banach Theorem.
Let p: X — R be a sublinear function, and let f be a linear functional defined on a subspace Y C X
such that:

fly) <ply), Vyey.
Then there exists a linear extension F': X — R of f such that:

F(z) <p(z), VrelX.

Théoréme 1.1.4. ([36/) Uniform Boundedness Principle (Banach-Steinhaus).
Let {T,},Ya € N be a family of bounded linear operators from a Banach space X to a normed space
Y. If for every x € X, the set {||Toz||} is bounded, then:

sup || Ta || < +oo.
(63
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1.1 Functional Spaces 8

Théoréme 1.1.5. (/36/) Open Mapping Theorem.
If X and Y are Banach spaces, and T : X — Y 1is a bounded linear operator that is surjective, then
T is an open map (i.e, it maps open sets in X to open sets in'Y ).

Théoréme 1.1.6. (/36])(Banach-Alaoglu)
Let X be a normed vector space, and let X* denote its dual space (the space of all continuous
linear functionals on X ).

Then the closed unit ball of X*, defined by
Bx-={fe X" :|fl <1},

is compact in the weak® topology.

1.1.2 Hilbert spaces

Définition 1.1.7. A Hilbert space H, is a vectorial space supplied with inner product (u,v), such
that ||ul| = \/{u,u) is the norm which let H complete.

Théoréme 1.1.8. (/39]) Let (up)nen is a bounded sequence in the Hilbert space H, it posses a sub-
sequence which converges in the weak topology of H.

Théoréme 1.1.9. ([/39]) In the Hilbert space, all sequence which converges in the weak topology is
bounded.

Théoréme 1.1.10. ([38]) Let (up)nen be a sequence which converges to u, in the weak topology and
(Un)nen is an other sequence which converge weakly to v, then

lim (v, uy) = (v, u)

n—00

The L?(2) spaces

Définition 1.1.11. Let 1 < p < +oo and let ) be an open domain in R™ n € N*. Define the
standard Lebesgue space LP () by

LP(Q) = {f : Q — R is measurable and / |f(z)Pdz < —|—oo}.
Q

If p = 400, we have:

L>®(Q) = {f : Q = R is measurable and there exists a constant C such that |f(z)| < C a.e in Q}.
Notation 1.1.12. We denote: )

I = [ [ 1r@Pa]”

| fllooc = inf{C, |f(x)] < C a.ein Q}.

Notation 1.1.13. Forp e R and 1 < p < 400, we denote by q the conjugate of p i.e. % + % =1.
Théoréme 1.1.14. (/38]) LP is a vectorial space, and ||.||, is a norm for all 1 < p < +o0,
Théoréme 1.1.15. (/38])(Fischer-Riesz) LP is a Banach space for all 1 < p < +o0.
Remarque 1.1.16. In particularly, when p = 2, L*(Q) equipped with the inner product

mmp@zljumwm,

is a Hilbert space.
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1.1 Functional Spaces 9

1.1.3 Sobolev spaces

The theory of Sobolev spaces has been developed by generalizing the notion of classical derivatives
and introducing the idea of weak or generalized derivatives.

Definition and basic properties

Let © be an open subset of R” and n > 1. Let a a multi-index where a = (a, ..., agq) with a; > 0,

d
for any i €1,....d,|a| = a; and D = D*... D¢ with D; = ;2.
i=1

Proposition 1.1.17. (/38]) Let Q be an open domain in R™ and n > 1. Then the distribution
T € D'(Q) is in LP(Q) if there exists a function f € LP() such that

(T, o) = /Q f(@)p()dz, for all p € D(S),

where 1 < p < 400 and it’s well-known that f is unique.

Définition 1.1.18. Let 1 < p < 400, and k € N.
The Sobolev space WHFP(Q) is the space of functions f € LP(). we defined:

Whe(Q) = {f € LP(Q), Df € LP(Q). Ya € N, |a| < k} .

For k=0, we set WOP(Q) = LP(Q).
The space W¥P(Q) becomes a Banach space with the norm:

1/p
(Spaer 1D lgey) " for 1< p < 400,

| fllwer) =
max|q (< || Df | oo (), for p=—+o0

WkP(Q) is a reflexive space for 1 < p < +00, and a separable space for 1 < p < 4o0.

Définition 1.1.19. Let 1 < p < +o00 and k € N. Then, the Sobolev space Wéﬂ’p(Q) 1s the closure
of the space C$°(Q) in the norm of the space W*P(Q). It follows from the definition above that the

space Wok’p(Q) is @ Banach space with the norm ||.|lyw.»q)-
We write HE(Q) = WP (Q).

Théoréme 1.1.20. (/38]) Let Q be an open bounded domain of R™ and n > 1 with a Lipschitz
boundary. For nonnegative integers k,l such that 0 <1 < k, we have the continuous embeddings
WHEP(Q) c WHP(Q) for all 1 < p < 4o0.

Moreover, for k > 0, we have W*(Q) ¢ WkP(Q) for all 1 <p <r < +o0.

Définition 1.1.21. If1 < p < n, the Sobolev conjugate of p is defined as
. np

n—op

1 _1_

Equivalently, = = 5 L. Also, p* > p.
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1.2 Some integral and algebraic inequalities 10

Lemme 1.1.22. (/38])(Sobolev-Poincaré’s inequality) Let Q2 be a bounded open subset of R"™ and
n > 1, then there is a constant C(p,2) (depending on p and Q1) such that

If 2<p<

2
n ,nm>3 and q>2,n=12,
n—2

then
[l oy < C(p, Q)| Vull 2y, Vu € Hy(9).

Proposition 1.1.23. (/39])( Green’s formula) For all u € H?*(2), v € H' () we have

—/Auvda::/Vquda:—/ @Uda,
Q Q o0 On
ou

where o is a normal derivation of u at I'.

1.2 Some integral and algebraic inequalities

Since our study based on some known algebraic inequalities, we want to recall few of them here.

Théoréme 1.2.1. ([3]) (Hélder’s inequality) Let 1 < p < +o00. Assume that f € LP(Q) and g €
L), then fg € LY(Q) and

| 1tttz < 1£1, gl
Proposition 1.2.2. ([40]) If u(2) < 0o, 1 < p < q¢ < +00, then LY — LP and, if u € L1()
11
Jullr < (€)™ [uf| La-

if u € L*®(Q) then u € LP(Q) and
1
[ullzr < ()7 [|ul| oo

Lemme 1.2.3. (/39])The Cauchy-Schwartz’s inequality) Every inner product satisfies the Cauchy-
Schwartz’s inequality
(@1, 22) < |a][[ ]|

The equality sign holds if and only if x1 and xo are dependent.
Lemme 1.2.4. (/39])(Young’s inequalities) For all a,b € R, we have
1
ab < aa? + —b?,
4o

where a is any positive constant.

Lemme 1.2.5. ([39]) For a,b > 0, the following inequality holds
popa
ab< T+ =
p q

11 _
where, >t 3 1.
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1.2 Some integral and algebraic inequalities 11

Théoréme 1.2.6. ([42]) Dunford-Pettis Theorem in Sobolev Spaces
If u C WP(Q) is bounded and its gradients Vu is integrable, then u is relatively weakly
compact in W1P(Q).

Lemme 1.2.7. ([43])( Zorn’s Lemma)

Let (S, <) be a partially ordered set such that every totally ordered subset has an upper bound
m S.

Then, S contains at least one maximal element, that is, an element m € S such that there is
nox €S withm < z.

Lemme 1.2.8. ([44]) (Aubin—Lions Lemma) Let Xo C X C X; be three Banach spaces such that:
o the embedding Xg — X is compact,
o the embedding X — X is continuous.

Let 1 < p,q < +oo. Then the set
ou
u e LP(0,T; Xo) e € LY0,T; X1) ¢,

is relatively compact in LP(0,T; X)), provided that one of the following holds:
e p < +00,

e p=+o00 and q > 1.

Djamel Kouider Daouadgi 2024,/2025



1.3 Faedo-Galerkin Method for PDEs 12

1.3 Faedo-Galerkin Method for PDEs
The Faedo-Galerkin method is an approximation technique used to prove the existence of weak

solutions to partial differential equations (PDEs).
Consider the heat equation:

u—Au=f in Q x(0,7),

with initial condition u(z,0) = up(z) and homogeneous Dirichlet boundary conditions.
The weak formulation seeks u € H' () such that:

/utvdm—l—/VU-Vvdx:/fvdx, Yo € H}(Q).
Q Q Q

Consider a finite-dimensional subspace V;, = span{¢1, ..., ¢,} C H} ().
Construct an approximate solution of the form:

un(xv t) = Z CZ(t)¢k(x)
k=1

Substituting into the weak formulation, we obtain:

- dc n }
;(/ﬂ@sj(ﬁkc“&)dtk+kzl</QV¢j'V(f)kdx>ck:/Qf¢jd$‘

This gives a system of ODEs .

Using standard ODE existence theorems, the system has a solution.
Energy estimates give uniform bounds on u,,, ensuring weak compactness.
Using compactness results, we extract a weakly convergent subsequence:

u, —u in L*(0,T; H}(Q)).

Thus, u is a weak solution.

Théoréme 1.3.1. ([45])(Gronwall Inequality)
Let u(t), a(t), and B(t) be continuous real-valued functions on an interval [0, T], and suppose:

u(t) < af(t) +/0 B(s)u(s)ds, for allt € [0,T).

Then: . .
)<+ [Ca@sen ([ soar) as

In particular, if a(t) = C is constant we have:

u(t) < Cexp (/Otﬁ(s) ds) .

Djamel Kouider Daouadgi 2024,/2025
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1.4 Attractor and semigroup

Définition 1.4.1 (Dynamical System). Let H be a Banach (or metric) space. A dynamical system
is a pair (S(t),H), where {S(t)}+>0 is a family of mappings

Sit):H—-H, t>0,
satisfying:
(i) S(0) =1d (identity on H ).
(ii) S(t+s)=S5(t)oS(s) for allt,s > 0 (semigroup property).
(iit) The map t — S(t)x is continuous from [0, +00) into H for each fivred v € H.

Définition 1.4.2. (Semigroup of Operators)
Let H be a Banach space and let A : D(A) C H — H be a closed linear operator. We assume that
A generates a strongly continuous semigroup {S(t)}i>0 on H, that is:

e S(0) =1 (the identity),
o S(t+s)=S5(t)S(s) forallt,s >0,
o The map t — S(t)x is continuous on [0, +00) for every x € H.

The semigroup {S(t)}+>0 represents the solution of the abstract Cauchy problem:

du

—=A t

7 U, > 0,
u(0) = ug € H.

Définition 1.4.3. (Absorbing Set)

Let H be a Banach space, and let {S(t)}i>0 be a semigroup acting on H, an absorbing set
By C H is a bounded set such that:
For every bounded subset B C ‘H, there exists a time Tp > 0 such that

S(t)B C By for allt > Tpg.

Semigroup Stability

Several types of stability can be distinguished for the semigroup {S(¢) }+>0:

e Strong Stability
The semigroup is said to be strongly stable if

lim ||S(¢)z|| =0, forall z e H.
t—o0

Djamel Kouider Daouadgi 2024,/2025
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¢ Exponential Stability

The semigroup is exponentially stable if there exist constants M > 1 and w > 0 such that
IS@H)|| < Me™**,  for all t > 0.

This implies that the solutions decay exponentially in time, uniformly.

Théoréme 1.4.4. ([46]) (Gearhart-Priss Theorem)
Suppose that H is a Hilbert space and that A generates a semigroup of contractions. Then, the
semigroup {S(t)} is exponentially stable if and only if:

e 0(A) c{AeC|RXN<O},
e and the following resolvent condition is satisfied:

sup ||\ — A)7!|| < 0.
RA>0

Définition 1.4.5. (Global Attractor) Let (S(t))i>0 be a semigroup of operators defining a dynamical
system on a Banach space H. A set A C H is called a global attractor if it satisfies the following
properties:

e Invariance:
S(t) A=A, Vt>0.

e Attracting property:

lim disty(S(t)B,A) =0, for every bounded set B C H.

t—o00
e Compactness: A is compact in H.

The set A characterizes the long-time behavior of the dynamical system and attracts all bounded
subsets of the phase space.

Définition 1.4.6 (Time-dependent Exponential Attractor). We call the family M = {M(s) | s € R}
a time-dependent exponential attractor for the semigroup {S(t)}i>0 on Bg if:

1. There erxists 0 < w < 400 such that M(s) = M(w +s), VseR;

2. The subset M(s) C Bg is non-empty and compact, and the fractal dimension of the set M(s)
is uniformly bounded, Vs € R;

3. The family is positive semi-variant, that is,

St)M(s) c M(t+s), Vt>0, VseR;

4. There exist two positive constants o and 3 such that

sup diste(S(t)Bs, M(s)) < ae™®, ¥t >0.
s€[0,w]
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1.4 Attractor and semigroup 15

Définition 1.4.7. Exponential Attraction Inequality
For the dynamical system S(t) with absorbing set B and global attractor M, we have:

distg (S(t)B, M x R™) < Q(||B|lg)e™*, for allt >0,
where:
e Q:]0,00) — [0,00) is a monotone increasing function.
e o > 0 is the exponential decay rate.
o ||Bllg = sup,ep ||z||E is the radius of B.

Théoréme 1.4.8. (/37]) Let Bs be a bounded closed subset of Banach space E, and (S(t), Bgs, E) be
an autonomous dynamical system. And assume that

1. There exist constants T' > 0 and Lt > 0 such that

S(t)Bs € Bg, Vt>T,

2. There ezist a positive t*, a compact seminorm nz(-) on Z and a mapping C(t*) : Bs — Z such
that

IC(#)x = C()yllz < Lellx —ylle, Yo,y € Bs;
15(E)z = S(E)ylle < Ollz = ylle +nz(CE)z - C(E)y), Yo,y € Bs,

where 0 < 0 < %, Lc > 0 are constants.

Then for all k € (0, % —0), the dynamical system (S(t),Bg, E) possesses a time-dependent expo-
nential attractor M = {M"(t) | t € R}.
Moreover,

dimE(M"(t)) <log_ 1

2(k+0)

(N’LLZ (BY (0))) . forallt €R,

where BZ (a) denotes the ball of radius v > 0 and center a € Z in the metric space Z.

and N'%(A) denotes the minimal number of e-balls with centers in A needed to cover the subset
A C Z with seminorm ny.
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Chapter

Existence and uniqueness of solution.

2.1 Existence of Solutions
We consider the following wave equation with critical non linearity
ug(x,t) — Au + |ug(x, )9 ug (2, 8) + f(u) =0, z€Q, ¢>1,t>0, (1.1)
with boundary and initial conditions:
ulgo =0, u(0) =wug, u(0)=uy. (1.2)

The goal is to show that there exists a unique solution in a suitable functional space.

2.1.1 Energy Functional

For the given equation:
wy — A+ |ug|9 Ty 4+ f(u) =0,

the energy functional E(t) is defined by the formula:

E(t) = ;/ﬂ (uf + |Vul?) dx+/QF(u) dx,

where

F(u) = / f(s)ds.
0
Consider the time derivative of the energy functional E(t):

dE

— = / (upuy + Vu - Vuy) dz —|—/ f(uw)uy de.

E
Substitute uy = Au — |ug|9  uy — f(u) in CiTt we get :
E
4B = [ (wAu+ Vu-Vu)dxr — / g |9 daz.
dt Q Q

Using green formula , we get:

Djamel Kouider Daouadgi 2024,/2025



2.1 Existence of Solutions 17

FE
d— = —/ |ut\q+1dx.
dt Q

dE
Then, e < 0, and E(t) is non-increasing, then the energy FE(t) is bounded above by its initial

value:

E(t) < E(0) forallt>D0.

2.1.2 Local Existence Theorem

Théoréme 2.1.1. Let Q C R™ be a bounded domain with smooth boundary 0X). Assume that:
The initial data satisfy up € H*(Q) N HE(Q) and uy € L*(Q), and ¢ > 1.
The nonlinear term f(u) is locally Lipschitz continuous.

Then, there ezists a time T > 0 and a unique solution u(t) to the problem (1.1)-(1.2) such that:
u € C([0,T); H*(Q) N Hg(Q)), ue € C([0,T); L*(%)).

Proof. Let {w;}72, be an orthonormal basis of H 2(Q) N H}(Q) consisting of eigenfunctions of the
Laplacian —A with Dirichlet boundary conditions. Define the finite-dimensional subspace:

Vi = span{w, we, ..., wk}.

Construct the approximate solution ug(t) in the form:

k
ur(t) =Y gin(tw;,
j=1

where g;i(t) are time-dependent coefficients. The initial conditions for w(t) are:

k k

uk(0) =Y (ug, wy)ws,  Bur(0) = > (ur, wj)w;.

7j=1 7j=1

Product the equation equation (1.1) in w; and integrate over €, where the coefficients g;i(t), j =
1,2,...,k, are determined by solving the following system of ordinary differential equations (ODEs)

/ (wpprw; — Augw; + |ug |7 ug pw; + fug)w;) do =0,
Q

Define the energy functional for wu(t):

1 1
Bu(®) = llusela + 51Vl + [ Plus)da,

u
Where F(u) = / f(s)ds.
0
Differentiate Ej(t) with respect to t:

d

%Ek:(t) = /Q (wg ki + Vug - Vug e + f(ug)ug) do.
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2.1 Existence of Solutions 18

Using the same procedure as the proof of decreasing energy we find:

d
—Ei(t) < —C|lugy

q+1
dt La+tl-

This implies that Ej(t) is bounded uniformly in &, and:
lukll oo o.rm1(@) £ €, gl Lo o.r;220)) < C-
By the Banach-Alaoglu theorem, extract a subsequence {uy} such that:
up — v weakly-* in L°°(0,T; H'(Q)),

upy — g weakly-* in L°°(0,T; L*(2)).

Using Aubin-Lions lemma, we have strong convergence:
up — u  strongly in L2(0,T; L*(Q)).
Pass to the limit in the weak formulation to show that w satisfies:

ugr — Au A+ |ug|9 g 4+ f(u) = 0.

2.1.3 Global Existence Theorem

Théoréme 2.1.2. Under the same assumptions as in Theorem(2.1.1), and additionally:
The nonlinear term f(u) satisfies the condition:

()] < CQU+1ul?) for some p > 1,
and the potential energy F(u) = / f(s)ds satisfies:
0

F(u) > —C’l\u|2 — Cy for some constants C1,Cs > 0.
Then, the solution u(t) exists globally in time, i.e., for all t > 0, and satisfies:
u € L®(0,00; H*(Q) N Hy (), w € L>(0,00; L*(2)) N LI x (0, 00)).

Proof. We aim to extend the local solution globally in time. The proof relies on uniform a priori
estimates and a continuation argument.
Recall the energy functional defined for the Galerkin approximate solution wug(t):

1 1
Ey(t) = iuuk,t(t)H%Q(Q) + §HVUk(t)||%2(Q) +/QF(uk(t)) dx,

Where F(u) :/ f(s)ds.
0
We have that Ej(t) is non-increasing in time and

Ei(t) < Er(0) for all t € [0,T].

Djamel Kouider Daouadgi 2024,/2025



2.1 Existence of Solutions 19

By the growth assumption on F', we obtain
| P de = ~Cilut)ze) — Calo.
Combining this with the energy estimate, we get
Sl @2 + 5 IVus(dlZ2 < Bu(0) + Cullus®) 32 + ol
o1kt (D)2 + 5 EW) 72 < Lk 1{|uk(t) ]| 72 2
Using Poincaré’s inequality, we have:

IVur()72 < C(Er(0) +1).

Similarly, [lug(t)||2. < C(Er(0) + 1). Thus, the solution and its time derivative are bounded
uniformly in & and ¢ € [0, 7], and the dissipation term satisfies:

T
| sl g s < Bul0)

As in the local existence proof, using the uniform estimates, we extract weak-* convergent subse-
quences:

up — u  weakly-* in L®(0,T; Hj (), ups — ug weakly-* in L0, T; L*(2)),
upy — u;  weakly in L9710, T; LT (Q)).
Moreover, by the Aubin-Lions compactness lemma, we obtain strong convergence:
up — u  strongly in L?(0,T; L*(Q)).

Up to a subsequence. This allows us to pass to the limit in the nonlinear terms f(ux) — f(u),
g |7 g — |ug9  ug, using weak-strong convergence arguments.

The local solution u(t) exists up to some maximal time 7% > 0. If T* < +o0, then the uniform
estimates above imply that

sup [|u(t) |3 ) + llue(t)]72(q) < +oo-
te[0,7*)

Thus, there is no blow-up in finite time, and the solution can be continued beyond 7™, contradicting
maximality. Hence, T* = +o0, and the solution exists globally in time.
From the Galerkin approximation and the uniform bounds, we pass to the limit to obtain:

u € L®(0, +o0; Hy (Q)), up € L®(0, +o0; L*(Q)) N LITH(Q x (0, +00)).
By elliptic regularity (since —Au = ugy + |u|? 1wy + f(u) € L?), we conclude that:
u € L™(0, +oo; H2(Q) N HY(Q)).

The solution exists for all ¢ > 0, and satisfies the desired regularity properties.
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2.2 Uniqueness 20

2.2  Uniqueness

Théoréme 2.2.1. Let R"™ and n > 1 be a bounded domain with smooth boundary, and let g > 1.
Assume the nonlinearity f : R — R is Lipschitz continuous. Then the problem (1,1) — (1.2) admits
at most one weak solution

Proof. Assume u; and uo are two solutions to the equation:
w — Au A+ |ue " ug + f(u) =0,
with the same initial conditions:
u1(0) = uz(0) = ug, u1(0) = Jua(0) = uy.
Let w = u; — us, then w satisfies:
wit — Aw + (Jur |9 g — Jugg | M ug) + (f(ur) — f(ug)) =0,

with initial conditions:
w(0) =0, w(0)=0.
Multiply the equation for w by w; and integrate over §2:

/ W Wit dLIJ‘ — / thw d.T +/ Wi (|u1,t]q71u1,t — |U27t|q71U27t) d(l? + / Wt (f(U1) — f(UQ)) d(L’ = 0
Q Q Q Q

Using integration by parts and the boundary condition w|gg = 0, we obtain:

1d _ -

5 gp Ol 4 19wlEa) + [ o s = ) d [ (Flun) = F(u) dz =0,
Q Q

By the Lipschitz continuity of f, we get:

/ wh (f(ur) — f(uz)) da
Q

The damping term satisfies:

L
<L [ fuwllulde < 5 (luilfs + le).

(|U1,t|q_1ul,t — |uay q_luz,t) (w1, —ugye) >0,

due to the monotonicity of the function s — |s|97ts. Thus:

/ wy (|U1,t|q_1U1,t — |ugy
Q

Combining the above estimates, we have:

q_lu2’t) dx > 0.

d
= (lwillZe + IVellzz) < L (Jwillz + [lw]72) -

By the Poincaré inequality, we find:

d
7 (lwillZz + [ Vwl72) < LA+ C) (w32 + 1VwlZ2) -

Let Ey(t) = |lwy][2; + [[Vwl|[25. Then:
dEy(t)
dt
By Gronwall’s inequality, since E,,(0) = 0, we conclude:

Ey(t) < Ey(0)e+0 =g,
Thus, E,(t) = 0 for all t > 0, which implies w = 0 and u; = ua. O

< L(1 4 C)Ey(t).
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Long-time dynamics.

To generate a dynamical system associated with the problem (1.1) - (1.2), we first introduce a some
notations.

Notations

We consider the energy space

H = H(Q)Nn H*(Q) x L*(Q),

Let A = —A with domain D(A) = H?(Q2) N HL ().
For the family of Hilbert spaces D(A%?), with s € R, their inner products and norms are
respectively defined as:

(o dpgaszy = (A2 A2 |- lIpasiey = 1472
Thus, we have the inclusion:
D(A*?) c D(A™?) forall s > r.
And the continuous embedding
D(A*/?) s L5/B=29(Q)  for all s € [0, %).

The following interpolation also holds:
Given s > r > ¢/, for any € > 0, there exists a positive constant C. = C¢(s,,¢’) such that

|AT 20| < €| A%u| + C.|AY/?u|  for all u € D(A*/?).
Define A : D(A) C H — H is given by:
A(u,v) = (v, Au — |9ty — f(w).
The domain of A is defined as

D(A) = {(u,v) € H : |" e L% f(u)eL?}.
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It is possible to show that A generates a continuous semigroup on .
From chapter 1, for any initial data Uy € H, there exists a unique weak solution U (t) = (u(t), u(t))
of (1.1)-(1.2) satisfying:

UeC(0,T);H), we L>®0,T;V), wu € L>(0,T;H)NLI0,T;LIQ)).
Therefore, the map
St):H—H, S(t)(ug,ur) = (u(t),ut)),

defines a nonlinear dynamical system, or more precisely, a strongly continuous semigroup {S(¢)}+>0
on the energy space H. This semigroup captures the time evolution of the solution and serves as
the foundation for further qualitative analysis, such as the study of global attractors, asymptotic
compactness, and long-time behavior.

We need some Assumptions :

1. f € CY(R) with f(0) = 0 satisfying

[f' ()] < Cr(1+ [r]7), (3.1)
1|iI‘IliIlf fSnT) > —\j. (3.2)

2. decy,c9 > 0, and p > 1 such that

|f(s)] < er(1+[s]P),
and

F(s) > —co. Vse R (3.3)

3. g(uy) = |ug|9 tug, g € C( R) satisfying
de1,c0 >0C T

Vse R, calslPT <g(s) < eofsPH, (3.4)
with the natural norm
I1(w, 0) 13 = [l + llvl|7-

We define the variable U(t) = (u(t),u:(t)) € H. Then the system (1.1) - (1.2) can be reformulated
as a first-order evolution equation in H:

SU(t) = AU, U0) = (uo,m). (3.5)

Dissipative

In this subsection we prove the existence of a uniform bounded closed absorbing set of {U(¢),0}.

Théoréme 3.0.1. Suppose that g and f satisfy Assumption (3.1)-(3.4) and uy # 0, then {U(t),0}
(3.5) has a bounded uniformly absorbing set B in H.

More precisely, there exist a positive constant N, such that for any bounded subset B C ‘H , there
exist a time Tg > 0, T = T(B) such that for any t > T, we have

1U(£,0)B]% < N. Y(u(0) € B).
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Proof. with the modified velocity defined as:
U = us + eu, where 0 < e < 1.
We define the modified energy functional:
o(t) = [|la)|* + [Vu(®)|* + Q/QF(U) da,
and assume that it satisfies the energy identity:

d
2 0(t) +20(t) = 0. (3.6)

Our goal is to explicitly compute the dissipation term W(¢).
Since @ = us + eu, we have:

d . .
—Hu||2 = 2/ Upllyy + €Uy + eth + 2uuy.
dt 0
d
— || Vul? = 2/ Vu-Vu, de = —2/ Au - ug dz.
dt Q Q
And we have:

;(2/QF(u) d:r> :2/Qf(u)utdw-

Combining all terms together, we have:

CZQ)(IS)=2[/Qututt—ke/ﬂuutﬂre/gu?+62/Quut—/QAU'Ut+/Qf(u)ut]- (3.7)

We simplify:

d
00 =2 [ IVl - ful 2k - [ s
Q

e(—||Va]? — /Q g g /Q wf (w)) + elfurl|?

+62/Quut] —/QAu-ut—i—/Qf(u)ut}

Substitute this formula into (3.7), we get:
d _
00 =2 [Vl = a5+ (<19 = [ b= [ g+ ul?)
Q Q
+e2/ uut] ) (3.8)
Q

U(t) = | Vuel® + e s + e <IIVU!!2 + /Quut|qlut da + /QUf(U) dx — lelz)

Then:

—eQ/uutd:r. (3.9)
Q
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Indeed, (3.2) implies that for every 6 > 0, and constant Cj:

Flwu =~ = 0)uf® ~ Cs,

1
F(u) > —§(A1 — 8)|u|? - Cs.

From the assumption on F'(u), and using Poincaré inequality, we obtain:

2/ Fuyds > — = 19012 Zacyial.
Q A

Substitute into ®(t) we get:
_ ]
®(t) > fla(t)]* + )\THVU(t)HQ —2G5Q.

To estimate / F(u) dz, we note that:

Q
F)] = /0 " (s) ds

[l
< /0 1/(s)] ds.

Using (3.1), we get:

|ul
sl < e [T snas=cn (b ).

Integrating this formula, we obtain:

u)| dzx ul? + |u|91?) dz.
[ IFlde < [ (u? + ) a

By Sobolev embedding, and Poincaré’s inequality we get:

[ IP1de < € (s + ) < € (19ul? + [Tul*2).

Combining all terms:

e (t) < Cy ([ + [IVu(®) | + [Vu(®)]|7?) .

In particular, for ¢ = 2 , we get:

o(t) < Cp(la®)|* + [Vu®)|* + [ Vu@®)]*).
Using (3.10), we get:

AL —

)
=2 Fu(t)|? - Cslel.
1

(f(u),u) =

We suppose that:

h(t) = ed||u(®)|* = 2e(e + Jue ) Ju@®IIaE)| + (ue|®™" = 26)Ja(t)]*.

We use the identity (3.6):
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Then dissipation term W(¢) can be expressed as:
U(t) = /Q ue " a? da + e(f(u),u)  + edl|ull® — 2e(e + [ue| ) ullllal] - 2el|a]*.
= (Jue|" = 2e)[a(®)|” + e(f (), u) + edflu(®)*  — 2e(e + | u®) | |a(t)]
= (lue ™™t = 2€) ()1 + e f (), w) + edlfu(t)[|* — 2e(e + |ue ™) Ju®) [ |[a(t)]].
Then we get:
W(t) = (fuel ™" = 2¢) a@®)l” + e(f(w),w) + h(t) = (Juel™" — 2¢) Ja(t)]|*.

Using the assumption:

AL — 0
(f(u),u) = IVu(t)]? - Csl9,
and we assume ¢ < %, then:
AL =90 )
> P
A 2\

S0:
d
(f () u) 2 53 |Vu(t)|* = <Cl9).

Thus:

V(1) = (el = 2060 + 5[ Tu(OI? - <ol + i)

Assuming |u|97! > 4e, then:

1
(el = 26) = SJul ™,
_ _ 1 _
(e = 29)[a@®)* = Sl @)
Therefore: ) .
2 S a2 o - _

W) > SHITUOP + Gl A + 350 - Caio.

We can take €; = min {%, Eg;ifgg} small enough such that h(t) > 0, where:

o a=inf|u(z, 1))t ,a > 2.

o 5= suplu(a, )7

e § is a geometric parameter (typically 6 = 1).

e The damping coefficient |u;|7~! should be bounded: 0 < o < |uy |77 < .

Then we have

R
W) > - [V + JalaO)] — ol (3.14)
Substituting (3.14) , and using the energy identity (3.8):
we obtain:
d €6 1
—P(t — 24 alla)|? - Q
00 < 2 (SLITUOI + Jala)? - o)

€l ~
= S ITu) I~ allao) | + 26Colsl,
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then: p 5 )
€ 2 - 2

- — - <

dt‘1>(t)+ )\1IIVU(t)H +aalla®))” = p,

where p = 2eCs|Q]. let

[ J
€ = min{ey, ?1}, ¥ = min{;—)\17 %},

%fb(t) +I(IVu)l® + ut)?) < p.

Applying Gronwall inequality, and combining with (3.12), (3.13) and (3.15), we get

we obtain

eU) < sup  {@U) UG, < 2u}, VU(E) = (u(t), w(t) € H,

U=(u,ut)eH
provided that
2C5|2 + 2C (|13, + 1Bl3,)
p .
So that B be a bounded subset in Banach space E.
Using (3.12) and € < % again, we obtain that the set

t>Tp =

B={UeH:|U|j3 <2M +4Cs|Q|},

is a bounded uniformly absorbing set for the process {U(t,0)} corresponding to (3.5).

(3.15)

(3.16)
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Remarque 3.0.2.

1. In order to ensure that the bounded uniformly absorbing set is semi-invariant, our candidate
for the absorbing set is

B= U(t,0)B C B, (3.17)
t>Tp
where B is from (3.16).
2. Integrating inequality (3.15) over [0,t], t < T(B), we have
D(t) < @(0) + u(t).

Recalling (3.5), (3.12) and (3.13), we get
1U(t,0)Blln < Qo([|Blln), vt >0, (3.18)

where the monotonic function Qg is independent of t .

Lipschitz Continuity
Lemme 3.0.3. For allt > 0, the skew product flow drfined by
S(t)(u,0) = (U(t,0)u,T(t)), (u,0)eE==HxR",
s Lipschitz continuous on Bg = B xR i.€., there exists a constant ag > 0 such that
IS — S®yle < ez — ylle, Va,y € Bs.
Where o depends on Bg,
Proof. Let x = (u1,21), y = (u2,22) € Bg = B x R". We want to estimate:
1S(t)z = St)yle = (U, 0)ur, T(t)z1) — (U(t, 0)uz, T'(t)22) || 3¢xrn-
Using the product norm on E:
IStz — St)yllE = IU(t,0)ur — U(t,0)uz||, + IT(t)21 — T(t)22[fn-

Since B C # is bounded and the solution operator U (t,0) is assumed to be differentiable or
Lipschitz on B, there exists a; > 0 such that:

1U (¢, 0)ur — U(t, 0)uzllp < e [lur — usll3-
Similarly, if T'(¢) is Lipschitz continuous, then there exists ap > 0 such that:
HT(t)Zl - T(t)ZQHRn S 6a2tH2’1 - ZQHR”-
Putting both estimates together:
IStz — SE)yllE < e lur — uall3; + €22 |21 — 22|
Let ag = max(a, ag). Then we obtain:
1S(t)x — S(t)ylle < e***l|lz - yl|z.
O
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3.1 Asymptotic regularity

Théoréme 3.1.1. Let f and g satisfy the Assumption (3.1)-(3.4), and assume further o > 0. Then
the semigroup {S(t) }+>0 induced by solutions of (1.1)-(1.2) onE has a bounded uniform exponentially
attracting set.

More precisely, there exist a bounded set M x R™ C E', a constant @ > 0 and a monotonically
increasing function Q(-), such that for any bounded set B C K, it holds

distg (S(t)B, M x R™) < Q(||B|lg)e™*, for allt >0, (3.19)
where E = H x R", E! = H}(Q) x R", and « is independent of B.

3.1.1 Decomposition of the equation

For the nonlinear function f satisfying Assumption (3.1)-(3.4), we get that f allows the following
decomposition f = fo + f1, where fo, fi € C*(R) and satisfy:

|fo(w)| < Clu|?, for all u € R, (3.20)
fo(w)u >0, forall u € R, (3.21)
|fi(w)| < C, forallueR, (3.22)

timinf 24 5y,
lu|»00 U

In order to obtain the regularity estimates later, we decompose the solution u(t) of equation
(1.1)-(1.2) with the initial value (u(0),u:(0)) into the sum

U(t,0)(u(0),u:(0)) = Z(t,0)(u(0), us(0)) + Y (¢, 0)(u(0), us(0)) (3.23)

forallt > 0 and all (u(0),u(0)) € H, where Z(t,0)(u(0), us(0)) = (2(¢), 2¢(¢)) and Y (¢,0)(u(0), ut(0)) =
(y(t), y¢(t)) are the solution of the following equations:

zi — Az + |Ut‘q_1zt+f0(z) =0, x€Q,
zloa = 0, (3.24)
z2(x,0) = u(0), z(z,0) = u(0).
And
Y — Ay + [we| "y + f(u) = fo(z) =0, z€Q,

Yloo =0, (3.25)
y(l’,O) :07 yt<3770) =0.

3.1.2 The first a priori estimate

In this subsection, we establish some a priori estimates for the solutions of equations (3.24) and
(3.25).

Lemme 3.1.2. There exists a positive constant M such that for any U(t) = (u(t),u(t)) € H,

1C2(8), 2e ()3, + 1y (0), e (@)7 < M, vt > 0. (3.26)
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Proof. The function z(t) satisfies (3.24), we define the energy functional

B2(t) = 310l + V201 + [ Rae(0)do, where Fus) = [ folo

Multiplying the equation (3.27) by z; and integrating over 2, we get:

—EZ / lug |7 22 da = 0.
Therefore,
Ez(t) + /Ot/ﬂ lug| 722 da ds = Ez(0).
Under the assumptions fy(z)z > 0 and |fo(2)| < C|z|?, we have Fy(z) > 0, so:
E(t) < E(0) < C (lu(O) 3 + | (0)32) .

Hence,
1(z(1), 2 ()F < C, Ve >0. (3.28)

The function y(t) satisfies (3.24), we define the energy functional:

1 1
By (t) = 5lu®l3: + 5 Vy®2

Multiplying the equation (3.29) by y; and integrating over 2, we obtain:

—Ey /|utq 1 dx:—/ﬂ(f(u)—fo(z))ytdx.

Using Young’s inequality:

1 |f(u) = folz )|2
< q— 1 .
5 / | da:—i— C’/ |ut|‘1 1 dz

By assumptions|f(u)| < C(1+ |ulP), |[fo(2)| < C|z|9, we get:

[ 7w = oo
Q

[f(w) = fo(2)]* < CQ+ [u™ +[*9).
Since u = z + y, and z is bounded, while u(t) lies in the absorbing set B C H, the integral is
bounded. Therefore: J
aEy( ) <C = Ey(t) < Ct.
Because the initial energy is zero and f(u) — fo(z) € L?(0,T; L*(12)), Gronwall’s inequality gives:
I @) @)l < €, ¥ 0. (3.30)

From (3.28) and (3.30) we find:

G2 (0). 2e ()13, + 1w (®), e ()3 < M, VE =0,

for some constant M > 0 depending on the initial data. O

Lemme 3.1.3 (Energy Decay Estimate). Under the following assumptions:
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1. The system (3.24) generates a solution semigroup {Z(t,0)}>0 on the energy space H
2. The initial data (u(0),u:(0)) € H.
3. There exists a damping mechanism satisfying:

/0 e (r)|[Pdr 2 1 (u(0), ue(0))]13,

for some v >0 and allt > tg > 0

Then the energy decays exponentially:
122, 0)(w(0), ur(0)[13 < Qu(lI(w(0), ue(0)s)e ™" vt =0, (3.31)

where ko > 0 is a constant and Q1(+) is monotone increasing function

Proof. Consider the following Lyapunov function

1 1
£(z2) = 5IV2IP + 260z, 2) + 2\zt||2+/QF0(z)dx,

VA« Ao
Hmm{ 1 ’2’2(,324—)\1)}’ (3.32)

where

Folu) = /0 " ().

From (3.32), and we apply the Cauchy-Schwarz inequality followed by Young’s inequality:
o 07 2
20(z, 2¢) < 20||2llllzell < ell=ll” + —[lz]".
Assuming and Poincaré-type inequality holds , we get:
92
20(z, z) < eC||Vz||* + ;Hth?

Choosing ¢ appropriately, using the above, we estimate:

3

1 1

SV + 2002, 20) + Sllal® < SV + [l ])- (3.33)
Using Young’s inequality again, we get:

1 2 1 2 1 2 2

SIV2I? 42602, 20) + 5l > (VI + ). (33

From (3.33) and (3.34) we find :
1 2 N 2 L2 3 2 2
SOV + ) < SV 4+ 260z, 2) + £l < (U022 + 1l

If (2(t), z(t)) is a solution of (3.24), using (3.21) and (3.32), we have Differentiate £(z(t), z:(t))
with respect to time:

%5@@), () = (V2, V) + (200 200) + 2000, 2) + 2002, 20) + /Q Fol2)2 da
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Using the equation zy; = Az — |ug|97 12 — fo(z), we get

d _ _
L E(:(0), 2()) = ~uale ™zl + 26 — 20 / gl 22
Q

- 20/ fo(z)zdx.
Q
Using Cauchy-Schwarz Young’s, and Poincaré inequalities, and assuming |us[7"1 > o, we obtain:

GECO )+ 010+ (Glul™ ~0) )] <o

Using (3.20) and (3.26), we can conclude that there exists a kg > 0 small enough such that

%S(z(t), 20(8)) + ko€ (2(t), z(t)) < 0.

Applying Gronwall’s inequality and using (3.35), we obtain

1Z(2,0) (u(0), ue (0) 17, < Qu(ll((0), ue(0))[l2)e™ " vt > 0. (3.31)

The next estimate is about higher regularity of the solution of equation (3.25).

Lemme 3.1.4. There exists k1 > 0 such that for any t > 0,
Y (£ 0)Boll” ; < Qo (|| Bollz)e™ ),
where Qa(+) is a monotone increasing function.

Proof. Take the inner product of (3.25) with Aiyt, we deduce

3 (143 + 1430 + fu() P Ay(0)]1?)
+ () = fol=), ATy()) = (0, ATy(t)). (3.36)
With the nonlinear term

(f(u) = fo(2), ATy(t)) = (f1(2), ATy(t)) + (f(u) — f(2), ATy(t)).

Note that d
(1(2), Aty() = Z(f1(2), ATy(D) = (£(2), ATwe(0)).

By (3.14), and Holder’s inequality we obtain:

(Fi()2(0), ATy(1)] < © /Q (B[ ATy(O)lde < Cll=()]l - 14Ty, (3.37)

and
[(f1(2), Ay < /Q 2(0)]|ATy(0)]de < CJl=(0)] - [ A3y (D]l (3.38)
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Secondly,

() — £, Aby()) = Lir(w) — £(2), Aly(t))

dt
— (' (u)z(t) — f(2)z(t), ATy(t)) — (f (w)ye(t), ATy(t)). (3.39)
and then recall (3.1) and Hoélder’s inequality to find
(' (w)ze(t) — f'(2)z(1), A%y<t>>) <C /Q 2e()][y(D) (1 + [u(t)] + |2() ) AT y(t)do
< C|AZy()|*.

Similarly, we get
(/) ATy@)| < € (14512 + [ AFy)) (3.40)
And

‘(f(u) - f(@»Aiy(t))‘ < Clly®) g - O+ [l + 120 30) - ATy (3.41)
Finally, combining (3.36)—(3.37) and (3.38)—(3.39), we obtain

L (143017 + 14O + F (1) < C (Ja3y@I + [ 43y0)7) (3.42)

Where F(t) = 2(f(w) = f(2), Ay(1)) +2(f1(2), Avy(1)).
Applying Young’s inequality in (3.38) and (3.41), we get

F(@0)] < el ASy(0)]]* + Cear, (3.43)
where € > 0 is sufficiently small. Combining now (3.42) and (3.43), we conclude
d 5 1 5 1
y (||A8y(t)||2 + [ Asy(®)* + f(t)) <k (HAsy(t)n2 + | Asy())? + ]—'(t)) + Ot

Where k; depend on ||z:(t)]|, ||2(t)|| and [Jw(t)| -
Applying Gronwall’s inequality and recalling

U (t,0)Bll2 < Qo(||Bll), ¥t > 0.
Using (3.31) and (3.43), we have:
1ASy ()% + A5y ()]1> < Qa(ll(y(0), %(0))[l3¢)e ™™ + Cenr-

Finally, since HY(t,O)BOHj{1 ~ HAéytHQ + ||A%y||2, we conclude that:
1
1Y (£,0)Boll? 4 < Qa(l| Bolla)e™".

O]

Similarly to [37], [38], and [41], based on Lemma 3.1.3 and Lemma 3.1.4, we can now decompose
the solution u(t) of (1.1)-(1.2) as follows
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Lemme 3.1.5. Let (u(t), u(t)) be the solution of (1.1)-(1.2) corresponding to the initial data (u(0),u(0)) €
By. Then, for any n > 0 there exist positive constants K, and C,, such that

u(t) = z1(t) +y1(t) for allt >0,
where z1(t) and y1(t) satisfy the following estimates:

Hyl(wHig <K, foralt>0

and
¢
/ |21(r)||3,0dr <t —s)+Cy  forallt > s> 0. (3.44)

Proof. Let xr : R — [0, 1] be a smooth function such that

L |s|<R, /
s) = and o < C.
() {0’ oan W I

Define y;(t) as the solution to the regularized problem:

Y1t — Ayr + |y1,t|q_lyl,t + xr(u)f(u) =0,
y1lan = 0,
y1(0) = ug, y1,.(0) = uy.

Then define
z1(t) = u(t) — i (?).
The function z;(t) satisfies:
21,6 — Az + (|Ut\q_lut - ‘yl,t’q_lyl,t) + (f(u) = xr(u)f(u)) =0,

z1laq = 0, (3.45)
21(0) = 0, Zl,t(o) = 0.

Let us analyze the properties of the source term:

e The function xgr(u) is smooth, bounded between 0 and 1, and has compact support in the
sense that ygr(u(x)) = 0, whenever |u(x)| > 2R, and xgr(u(z)) =1 when |u(x)| < R.

e Since f(u) is assumed to have at most polynomial growth, say |f(u)| < C(1 + |u|P), and since
Xr(u) vanishes when |u| > 2R, we have:

IXr(u(z))f(u(z))| < Cr  forall z € Q,

for some constant C'r depending on R.
Therefore, xg(u)f(u) € L*>°(§2) uniformly in time.

Now observe that the equation for y; is a semilinear wave equation with a globally bounded
source term:

Ty = —xr(u) f(u) € L¥(Q).

From classical regularity theory for damped wave equations (see, [47,48|), we have the following
result:

Yt — Ay + Y1t
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sl = s OllFrs + lyre (Ol < Ky, V20,

for all s < 2.
Hence, choosing s = 2 € (1,2), we deduce:

1 (1254 < Ky, V2> 0.

Define the energy of z; by

B, (t) = 5 (2O + V21 ()]?) .-

N | =

Then we using (3.45)

d _
G == [ (™=

Ty ) da — / (f(u) = xr(u)f(w) 21 da.
Q

By the monotonicity of the function ¢(s) = |s|77 s, we have:

/ (Jue| T Mg — |y1 | yne) 21 dae > C||Z1,t||(£;+l1~
Q

Since f(u) — xr(u)f(u) is supported where |u| > R. If f(u) has polynomial growth, then

C
ﬁ.

/Q (F(w) — xr(u)f(w) 1 d| < ezl +

Using Gronwall-type inequality and Combining the previous steps, we get:

d
B () + cllaa el < ellzaall?

+ F7

Integrating over [s, t], and using Poincaré and Young inequalities, we conclude:

t
/ 21 ()20 dr < n(t — 5) +

by choosing R sufficiently large depending on 7. O
Now we begin to establish the asymptotic regularity of solutions.

Lemme 3.1.6. For all bounded set B C H, there exists a positive constant Npj,, which depends
only on the H-bounds of B, such that ,

HY(t,O)u()Hjﬁ < Ny, forallt >0 and up = (u(0),u:(0)) € B.
Proof. We define:
y(t) = ye(t) + ey ().
and the modified energy functional by:
Ey(t) = 115570 + Ny (O 754,

where H® = D(A%/?).
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We compute:
d

SE(t) =2 <A1/4g, A1/4gt> +2 <A5/4y, yt> .

Then, we get:

d

%Sy(t) =2 <A1/417, ytt> + 2¢ <A1/42?7 yt> +2 <A5/4y, yt> )

From the equation (3.29), we have:

d

5&(t) = —2(AMg, Ay) — 204V, |ug| ) + 2(AM, fo(z) — f(w)

+ 22’5(141/4:[7, yt> + 2<A5/4ya yt>'

Using the identity A4 = A%y, + ¢AY/*y, then we obtain the identity:

@ 0)+ elly(1) By + (el — &) NTO 0+ hyt) 2 {70) = fo(2), AY45(0)) = 0.

dt
We can choose € = min {ﬁ—%, s %}, we find
D ,(0) + evy 1) + 20 () — fo(=), A1) < SIaOI2 (3.46)
Indeed, we have
() — folz), A¥(0) = 7u) — F(2), ATy(0) + el () — F(2), Ay(0)
+ (R, ATy(0) + (i (), Aby(0) ~ T~ T~ T (3.47)
where
T = (f'(wa(t) — f'(2)z(t), A1y(t)),
To = (' (wye(t), Aty (1)),
Ty = (fi(2)z(t), ATy(t)).
We will estimate the integrals Z;, Zo and Zs.
Due to Assumption (3.1)-(3.4) and Lemma 3.1.6, we get
T = |(F wzt) ~ F(2)(e), Ay()
< C/ ()] + fu()] + |2 ATy(2)|da
Q
< C/Q 2y + 2] + [ (O] + [2(0)]) Ay (1) |da. (3.48)
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Now, using Holder’s and Sobolev-type inequality, we have

/Q|Zt(t)||y(t)||z4‘1*y(t)\d$ < Cla@lly@l,n YOI 25

4

/Q |2 ®lly(1)][21(1)][ATy(0)|dw < Clzoillla Ol ly@IE 5
/QIZt(t)Hy(t)\!yl(t)HAiy(t)\dx < Gl )l KallyOl 5
/Q 2 @ly(B)] 2| ATy(1)]dz < Carllz2(t) 20 ly®1 5

Thanks to Lemma 3.1.3, we can take 77 large enough so that

&
lz(t)]|l4 < ol for all t > T1.
Combining (3.48)-(3.49), using Young’s inequality, we find

T < o IO 5 + Claon el O - Iy 4 + Core, -

Similarly, we have

1l = [ (®. 4O} < [ @10+ OF + 120 PlATy(Olde,

and

/ ()] [AXy(D) dz < Clyioy IO 5

H4

| Ol 0P 1At yO] e < Cpyonc, 19005

5 - 1
/Q\yt(t)l |21(t)*| ATy (t)] do < /Q(Iy(t)l +ely()]) [z1(O)*|ATy(t)] do
< Claa @)l Iy @l 19D 5
2 2 € 12
+Clla O - Iy ®IE g + 1301,
Combining (3.51)-(3.52), we get

Tl < 57648 + Claa®lBa - ly®I 5 + Co.

where G may depend on €, Ky, [[y:(8)|1; [|21(¢) |31, 1y (8) |01
Using (3.22), we have

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

€
1Tl < 54 lVOI 5 + Cezn- (3.54)
Finally, substituting the estimates (3.47), (3.50), (3.53) and (3.54) into (3.46) and recalling (3.43),
we deduce
d
4B, (1) + 0B, (1) < O,
where
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E, (1) = &,(t) + 2(f(u) — f(2), Aty (1)) + 2(f1(2), ATy(t)),

€
(t) = <~ Clla(®)ln
And C depends on ¢, ||z(t)||, and Cy depends on €, K,,, M.

Then using the Gronwall’s inequality and integrating over [T7,t], we obtain that

t t
E,(t) <e In'OTE (1) + ¢y /T e~ Js lm)dr g, (3.55)
1

Taking 1 in (3.44) small enough, we obtain
- f;l o(r)dr < o~ &(t=T1) ,CnC1 (3.56)

and

t t
/ o= JL D) g < (CoC / e~ 509) ds < 8e1eCnCr.
T1 Tl

Substituting (3.56) into (3.55), we deduce that, for all ¢t > 77,

E,(t) < e“1E,(T1) + 8¢ 1Caen 1.

where (), C1, and C5 are constants independent of the initial data, and 77 > 0 is fixed. This implies
that E,(t) is uniformly bounded for all ¢ > 7.
Moreover, since B C ‘H is bounded and ¢ — E,(t) is continuous, there exists a constant Cp 1,
such that:
Ey(t) <Cpr, Vte [0, T71].

Combining the above, we conclude that E(t) is uniformly bounded on [0, +00), i.e.,
E,(t) < C =max{Cpr, e"NEy(T1) + 87 1Coe™} | vt > 0.
In particular, this implies:
1550 < O, and  y(t)[7s0 < C.
Since y(t) = §(t) — ey(t), we estimate:
e (@) 354 < NG(E)lgg/4 + elly(@)llgp/a < C +eC,

because ||y(t)||51/4 is bounded via interpolation between H and #°/4, both of which are bounded.
Thus, we obtain the estimate:

1Y (£, 0)uoll3/a = Iy )30 + Hye(O)15-5/2 < Nisyo,.

where N g|,, depends only on the bound of B in H.
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3.1.3 The second a priori estimate
Lemme 3.1.7. Assume B¢ is an bounded set in Hi. Then there exists a positive constant M||B<|| L
HE

which depends only on the Hi -bounds of B¢ such that
||U(t,0)u0||2l SMHBQH 1 for allt >0 and ug EBc.
H4 HE

Proof. Let u(t) be the solution of equation (1.1)-(1.2) with the initial value ug = (u(0),u(0)) € Be.
Taking the inner product of (1.1) with A%, we obtain

d

8, (1) + ellu(@) g+l = G2, + hat) + 2(f (), AVi(2)) = 200, A¥a(1),
where
Eu(t) = IIﬂ(t)Hi;I + HU(t)IIi;I,

w(t) = uy(t) + eu(t),

ha(t) = ellu®I} 5 + lul ™™ = Al 3 + 2¢*u(), AFa(t)) — 2efur]* (u(t), ATa(t)).

2
2

Since the other terms can be handled with a similar argument as in the Lemma 3.1.6, we only
deal with the nonlinear term. Indeed, we have

(), A3a(0)) = (), ASu(t)) — {F (), Abua(0)) — £ (), Au(r)).

And
Kf@m@A%wHSQAW@W+WNW+M@WMMwa (3.57)

By Lemma 3.1.5 and using Holder’s and Sobolev-type inequality, we have

AWNWﬁMmMSQM@WW@HM

31
/Q|Ut(t)| 1 ()2 AT u(t)] da < [lug ()] - ly2 (8)]2s - [|ATu(t)]] 14
< Cllu)) i, - 1@l 35
/ Jue(t)] |21 () [ AT u(t)| dz < / ([a(6)] + elu(®)]) |21 (t)[? |ATu(t)] da
Q Q
< ez ()2 - lu®)] 12 - [|ATu()] 1

L5
+ e ®)ls - 1ATu(®)llze - a2

L5
< Claa @l @l * 1@, 5

+ Cellza )3 - a5 + 5l (3.58)

[ 1% 5.
Hi Hi
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Then

(AT} <€ [ (14 u®F) Atute) da

< Clu@llp * HU(t)Hi% (3.59)
We combine (3.57)-(3.58) and use Young’s inequality, we get
4 e 6), AS )] < a1, + Gyl Ol - IO g + ot ar
Therefore, by choosing e small enough and applying (3.59), we obtain
d
g3 Sut) +C(0)E(t) < Cexcynt, (3.60)

where

Eult) = Eult) +2(f (u), ATu(t)),

€
C(t) = 1~ Celaol lz1(8)]3,:-

t

| coyar

Multiply both sides of (3.60) by the e/o0 :
da

dt

Integrating from 0 to ¢, we obtain:

(efg ¢ drgu <t)> < C(e,Kn,M'efOt ¢(r) dr'

t
Eult) < e~ Jo s drg () 1 Ce,K,,,M/ o Jicrydr go
0

By uo = (u(0), u(0)) belongs to 1, we then complete the proof by the same argument as in Lemma

3.1.6.
O

As a consequence of Lemma 3.1.6 and 3.1.7, we can state the following result.

Corollaire 3.1.8. Assume B¢ is an arbitrary bounded set in Hi. Then there exists a positive

constant Mg, , which depends only on the H 1 -bounds of B¢ such that
H

ENE

HZ(t’O)UOHi% < M”BC” 1 fOT‘ all t>0 anduy = (u(O),ut(O)) S Bg.
HA
Proof. Let u(t) = z(t) + y(t) be the decomposition of the full solution associated to the system,
where Z(t,0)up = z(t) and Y (¢,0)ug = y(t).
From Lemma 3.1.6, we know that for any bounded set B C H, there exists a constant N g,, > 0

such that
||Y(t)O)U0Hj_[% < NiB||;» Vt=>0.

From Lemma 3.1.7, for a bounded set B C Hi, there exists a constant Mg , > 0 such that
HE

2
HU(EO)UOHH% < M”BC”Hi’ vt > 0.
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Since the total solution satisfies u(t) = Z(t,0)ug + Y (¢,0)up, we can write
Z(t,0)ug = u(t) — Y(t,0)up.

Therefore,
122, 0)uoll, ;< @, 4 + ¥ (¢, 0)ull,
Applying the inequality (a + b)? < 2a? + 2b?, we obtain
1Z(t, O)UOHZ% < QHU(t)Hi% +2[|Y(t, O)UOHZ%

Using the uniform bounds on ||u(t)|],3{1/4 from Lemma 3.1.7 and ||Y(t,0)u0H§_[l/4 from Lemma
3.1.6, we conclude that there exists a constant M||BC||H1/4 > (0 such that

2
HZ(@O)UOHH% < M”Bgnﬂzlg’ vt > 0.

This completes the proof. O
Lemme 3.1.9. For all bounded set B C ’Hi, there exists a positive constant Mg, which depends
HE

only on the H -bounds of B¢ such that

||Y(t,0)’u,()”i% < M”BC” 1 f07‘ all t>0 anduy = (u(O),ut(O)) S Bc.

n1

Proof. Taking the inner product of (3.25) with A%gj, we obtain

%Eu(t) +elly@IP 5 + (fuel ™" = O FO7 5
+h (8) + 2 (w) = fo(2), ATG(£)) = 2(0, ATu(t)), (3.61)
where
E1) = 5O 3 + 1y®I 7. 58 = y(t) + ey(®),
hu(t) = €lly(t )II;;I + (fue ") = IO 5
+ 2 (y(t), A1 () — 2e|ur] T (y(8), AT(D)).
The nonlinear term gives

() folz), ATHD) = “H7(w) — fo(), Aby(t)) + (7 (w) — fo(2), Ady(r)

— (' (wult) — F(=)z(t), ATy(t)). (3.62)
And
[ un(t). ATo(e)] <€ [ u®I0+ )P Atu(oldz.

By Lemma 3.1.7, we can deduce

AJUAQHU@HﬂAiy@H¢E<HudﬂHLg'HUUNEH'HAZy@WLg

< Cluol g ol g 13Ol 3
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Similarly, thanks to Corollary 3.1.8, we get

[(fo(2) (), ATy(e)] < Clay a0 ol g 1@, 3- (3.63)

z
Iyl

Substituting (3.62) and (3.63) into (3.61), and using Young’s inequality, we obtain

%&,(t) +e&,(t) < C(1),

where C(t) < C) g, , is uniformly bounded for up € B¢ C H%, we obtain
H

1
4
t
£,(t) < E,(0)e— + / Cs)e s,
0
Since €,(0) < Cyp.| , , we conclude
HA
5l,(t) S M”BC” 19 for all ¢ Z 0.
HE

Hence,
HY(t,O)uOH2§ SMHBQH 19 for all t > 0, ug GBc.
H4 Hna

O
Lemme 3.1.10. For all bounded set B, C ’H%, there exists a positive constant My, , which
HE
depends only on the H%—bounds of B, such that

|U((t, O)u0||§_[% < Mg, for allt >0 and up = (u(0),u(0)) € B,. (3.64)

I s
HE
Proof. We consider the solution u(t) of the damped nonlinear wave equation with initial data uy €
3
B, C H4.
Let us define the higher-order energy functional:

E(t) = [lus(t)

Taking the time derivative and using the equation, we obtain :

2 2
I 4 + )2 ;.

SEW) +ealun(t)

Using the growth condition on f(u) and Sobolev embeddings, we estimate:

5+ callu®)? 5 < () ATu(0)))

3 3
(f (), Afus)| < C/Q el 1+ [uf?)| ASul dz < Clay 7y -

Thus,

d

%S(t) +e€(t) < C(1),

where C(t) depends only on norms of the solution, which are uniformly bounded for uy € B,.
Applying Gronwall’s lemma, we get:

.

t
g(t) S S(O)G_Et +/ C(s)e_e(t_s)ds S MIIBVH
0 H

Hence,
HU(t, 0)U0H2 3 < MHBV” 3 forallt >0, ug € B,.
HA4 NI

O]
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As an immediate consequence of the Lemma 3.1.9 and 3.1.10, we have the following result:
Corollaire 3.1.11. For all bounded set B, C ’H%, there exists a positive constant Mg, , which
HA

depends only on the H1 -bounds of B, such that

||Z(t,0)u0\|i% < M||Bv||H% for allt > 0 and up = (u(0),u(0)) € B,.
Proof. From the decomposition of the evolution operator, we have
U(t,0)ug = Z(t,0)up + Y (t,0)ug.
Taking norms in H%, we apply the triangle inequality:
1Z(t,0)uol g < IU(E,O)uoll, 5 + Y (¢, O)uol 5.
Applying the inequality (a + b)? < 2a® + 2b?, we obtain:
122, 0)ul 5 < 21U, 0)uol 4 + 20 (¢, 0.

Now, by Lemma 3.1.10 and Lemma 3.1.9 , there exist constants depending only on ||B””H 3 such
that
2 2
UG 0ol 4 < M, (Ol < Mo

Therefore,
12(t, 0)uol} 5 < 2My +2M> =: My, -

oo

This completes the proof. O

Lemme 3.1.12. Assume the initial data set B, is bounded in 7{% and % < 0 <1, then the solution
of (3.25) y(t) satisfies that,

Y (£, 0)ug |3 < Ny, for allt >0 and up = (u(0),u(0)) € B,.

Il s

Hi
Proof. We test equation (3.25) with A2y(t), where g(t) = y(t) + ey(t), for a small parameter ¢ > 0.
By multiplying the equation (3.25) by this test function and integrating by parts, we obtain:

d

2pEe(t) + e€o(t) < 2(f'(w)us(t), A%y (D)) + 2(fo(2)2(1), A%Y(2)), (3.65)

where :

Eolt) = 15 3 + 1y ()13 +2(f () — fol2), A%y()).5(t) = y(t) + ey(?).

We now estimate the nonlinear terms on the right-hand side of (3.65). Using Lemma 3.1.10 and the
continuous embedding HT L*°, we apply Hélder’s inequality to get:

2[(f (wyue(t), A%Y(0))| < Cluqy) , ez ly(@©) e,

1)l
i

2 [(fo(2)ze(t), A%y(1))] < CHz(t)HH% 1ze(@) | 2 [[y ()l 34041 (3.66)
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Applying Young’s inequality, we can absorb the resulting terms into the left-hand side, leading
to:

d
CEu(1) + SE0(t) < C (IO 5 + 12 5 + eI + 2032 )
From previous lemmas (3.1.7), (3.1.9) and (3.1.10), the quantities on the right-hand side are
uniformly bounded for ug € B, C Hi. T herefore, there exists a constant Cy > 0 such that:

d

—& 5 Co.
dt Q( ) + ( ) 0
Applying Gronwall’s inequality gives:

e 2C
gg(t) < 59(0) —at 4 70 < C||B I Zr’ Vi > 0.

Finally, since &,(t) controls ||Y (¢,0)ugl|3,,, we conclude:

||Y(t,0)u0||§{g <Ca, vt > 0.

Il s>
HE
]

Lemme 3.1.13. Let % < 0 <1, assume the initial data set B, is bounded, then there exists a positive
constant J\p,|,,, such that

U (¢, 0)upl|3,. < JB,llye  for allt >0 and ug = (u(0),u:(0)) € B,.

Proof. Consider the solution u(t) corresponding to the initial data uy = (u(0),u(0)) € B,, with
norm

luollFe = [1u(0)1Fgerr + 1ue(0) |30
For a sufficiently small € > 0, define
u(t) = ue(t) + eu(t).
Define the modified energy
Eo(t) = [[a®) |30 + lu®)3e0r + 2(F (u(t)), ACu(t)),
Under the assumptions on f and coercivity, there exist constants ¢y, co > 0 such that
erllU(t, 0)uoll30 < E(t) < 2| U, 0)uolle-

Differentiating &£,(t) and using the equation satisfied by u, we obtain an inequality of the form
d /
D e4(1) + €€4lt) < 27" (w)ue, A%u) + 2g(m), A%u).
where g(u¢) represents damping term.

Thanks to Sobolev embeddings and the boundedness of ||u(t)|l30+1 in a sufficiently high order
space, we have

[(f'(w)ur, APu)| < Cluy, g 1uellae|[ullpgerr,
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and similarly,
[(g(ur), A%u)| < Cllg(ue) e [|ull3e+1-
For any ¢ > 0, applying Young’s inequality, we get

02
el 0
20(f (uw)ur, A%u)| < — 2 3o + 5 lullgen

and similarly for the terms involving g(uy).
Choosing ¢ > 0 small enough, we obtain :

d €
SE(t) + SE,(1) < Co,

where the constant Cy > 0 depends only on the bound of B,.
By integrating and applying Gronwall’s inequality,

_ey 20
Elt) < E(0)e 3 + =2 < Jjp,

|F¥ER)

with
26y

€

JIB, e = €o(0) +

By equivalence of norms, this implies

1 JiB
1T (¢, 0)uo 30 < —E,(t) < Aelne.
C1 C1

which completes the proof. ]

Lemme 3.1.14. ([49]) Let (M, d) be an abstract metric space and let U(t,0) be a Lipschitz contin-
uous dynamical process in M, i.e

d(U(t,0)my, U(t,0)ms) < Cetd(my, my),

for appropriate constants C and K which are independent of m;, t. We further assume that there
exist three subsets My, Mo, M3 C M such that

dist o (U(t,0) My, My) < Cre™,
dist pq (U (t,0) My, M3) < Coe— 22!,

Then
dist v (U (t,0) My, M3) < C'e™ ",

;L I __aiaz
where C' = CCy + Cq, o = K+oi+az*

3.1.4 Proof of Theorem 3.1.1

Proof. We are now ready to prove our main results of this section, and the proof based on the a
priori estimates in subsection 3.1.2 and 3.1.3 and attraction transitivity result of [25]
From Theorem 3.0.1, we have

distg (S(t)B,Bg) < Koge“TBet, (3.67)
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where a1 > 0 and By = BxTr c E, and B = M, x T" C E!, with M, C HY/* a bounded set.
Let u(t) denote the solution corresponding to initial data uy € B C H.
Using Lemma 3.1.6, the solution admits a decomposition

Z(t,0)up = v(t) + w(t),
where
e v(t) € H decays exponentially:
[o(®)[l3 < Qi([luollz)e™ ",
e w(t) € HY/* is uniformly bounded:

sup [lw(t)[lyr/a < C(lluoll2)-
>0

Let us define the following set of regular components:
M = {w(t) | up € B, t >0} ¢ HY4,
which is bounded in H#/* due to the uniform bound above. Then define
B = M x T" c EL.
We now estimate the distance between the full trajectories and the regular set:

distg (S(t)Bo, Be) = sup inf [Jv(t) + w(t) — z||n.
UOGEZGMC

Since w(t) € M, we can choose z = w(t), yielding:
[o(t) +w(t) = w®) s = o)l < Qulluolla)e™ "
Therefore, we conclude:
distg (S()B¢, By) < O1([|Mo|l2)e 2,

where B, = M, x T", with M, C #*/*, and B, = M, x T", with M, C H?, o € [3,1].
We proceed by decomposing the evolution of the semigroup S(t)%, as

S(t)By = v(t) + y(1),
where:

e v(t) decays exponentially in H as a consequence of Lemma 3.1.3:
lo(®)ll2 < Q1 ([luollze) e~
e y(t) belongs to a bounded subset of H¢ due to Lemma 3.1.12:

ly)llse < C, V> 0.
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Now define the attracting set
B, = M, xT",
where M, = {y(t) | up € My, t > 0}, which is bounded in H¢ by Lemma 3.1.12.
Since y(t) € M, for each ug € M, we choose z = y(t) € B,, and thus

diste(S(t)uo, B,) < [lv(t)ll2 < Qufluolla)e™ ™"

Taking up € M,, we obtain:

diste(S(t)Bo, Bo) < Qu([M,llz)e ", (3.68)

where B, = M, x T", M, is bounded in H? and oy depends on the H-bounds of M,.
Combining now (3.63)-(3.64), recalling Lemma 3.0.3, and applying Lemma 3.1.13, we deduce

distg(S(t)B, M x T") < Q(||B|jz)e ", for all t > 0,

where M = M, and « only depends on «; (1 =0,1,2,3,4). O

Corollaire 3.1.15. Let the assumptions of Theorem 3.1.1 hold. Then the solution semigroup {S(t)}+>0
associated with problem (1.1)-(1.2) possesses a global attractor A in the extended phase space E.
Moreover, the attractor A is bounded.

Proof. The exponential attraction estimate above ensures asymptotic compactness of the semigroup.
Indeed, given any bounded sequence {u,} C E and sequence of times t, — oo, the trajectories
S(tn)u, are eventually exponentially close to the compact set M x R™ C E!, which is compactly
embedded into E. Therefore, up to a subsequence, S(t,)u, converges in E.

Since the semigroup {S(t)}+>0 is continuous, has a bounded absorbing set, and is asymptotically
compact in E, it follows by standard attractor theory (see[50]) that there exists a unique global
attractor A C E, which is compact, invariant, and attracts all bounded subsets of E.

Since A C w(M x R™) , and this set is bounded in E!, it follows that A C E! and is therefore
more regular than the original phase space.

We conclude that the semigroup {S(¢)}+>0 possesses a global attractor A C E, which is bounded
in EL. O

3.2 Uniform exponential attractor

Théoréme 3.2.1. Let the assumptions of Theorem 3.1.1 be satisfied, and assume further that f €
C?(R) . For all0 <0 < %, we define t* = }1In 3, where A = §.

Then, for all k € (0,1 — ), the semigroup {S(t)}1>0 induced by solutions of (1.1)-(1.2) on E has
a time-dependent exponential attractor M = {M#(s) | s € R} in E! which satisfies the following
properties:

i. There exists w > 0 such that M*(s) = M*(w +s), VseR.

1. The family is positive semi-variant, that is

S(t)M"(s) c M (t+s), Vt>0, VseR.
1i. There exists a positive constant 8 such that, for every bounded subset B of E,

sup distg(S(t)B,M"(s)) < Q(||B||E)e_ﬁt, vt > 0.
s€[0,w0]
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iv. M*(s) is compact in B! and its fractal dimension in B! is uniformly bounded, i.e.,

1
di E! MFE <log —— ( N™*(B? I R,
ilel]g lmg ( (8)) < log 2(I€+0) < li*( 1(0))) , for all s €

where Z, nZ and l* will be difined later

Proof. Using Lemma 3.1.13, there exists a bounded set Bs C E!, such that for all bounded set
B C E!, the following estimates hold:

distg(S(t)B,Bs) < Kie*TBeast,
where a5 > 0 and Ky = sup{||S(¢)B||g1,0 <t <Tp} < co. Assume that

S(t)Bs C Bs. (3.69)

Now, we show the Lipschitz continuity and quasi-stability of the semigroup S(t) in the extended
space E! = H! x T™. Obviously, w = u' — u? solves

wi + G (Owy + G0 (lug* = uf %) (ug +uf) + Aw + f(u') = f(u?) =0,

where

1 _ _ _
() = 5 (lut 1) + 177 = fuol ™,

1

e2(t):2/01( 971 4+ (1 — 8)[u2]T 1) ds > 0. (3.70)

Using the multiplier Aw = A(w; + ew) and using (3.70), we have

i(H %w()I!2+eHAw(t)!!2)+2(a—e)H Azd(1)|? + 2¢]| Aw () |2 = ij, (3.71)
where
Ji = 2€ (1) — €) (AZw(t), A2 (t)),
To = =205()([[uf (1)1 — [u?||?) (A2 ul () + ud(t), A2 (1)),

Tz = =2(f(u'(t)) — f(u?(1), Ad(t),
Ty = 2(0, Aw(t)).

We now estimate J; (i = 1,2,3,4) one by one. Using Young’s inequality, we obtain

71| = [2e(61(8) — e)(AZw(t), A2 ()| < 26(8 — €) [(AZw(t), AZw(2))] .
< Sal AR + CoaplAtu®l?. (372)

Using Lemma 3.1.13 and Cauchy-Schwarz inequality, and Young’s inequality, we deduce
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ol = |2650) (i (1) 2 — (1) [2) (A (i + u2), Aba())
< (funa 7Y ub(6) +12(0)] - ud(8) — w20 - A}l (8) + w20)] - | AFa(0)]
< Ontugonti-ty oy 10 0) = D) - | A3 (0]

. 1k

éO&”AZ'LU( )H +Cluo‘q 1 M (Juprar]9™ 1) J“HX%S” 1 Hatw( )

where (|upzae|?™!) = n[10a1>\</[] |(Ju(r)|971)| and I3 denotes the bounded projection from E to H.
re

(sl = 2| (£ (! )V (6) = £ (W3 (0) Tl (1), ATa()
= [(ta() A% w(t), ABa(e)] + [(LaOywt) A3 (W (8) + w2(@), A3 a(8))]

where (3(t) = f'(ul(t)) + f'(u(t)) and £4(t / " (sut (1 — s)u?(t))ds.
By Assumption (3.1)-(3.4) and Lemma 3.1.13, and using 7—[2 — L™, we get
1 Ab i 1
5] < GallAZB O + Coatynmg,, (1AZ0E* + [w(®)]).

And, we have
Lol
7l < Gol A2 ()| + Callwr — wal 3. (3.73)

Now substituting (3.72)-(3.73) into (3.71) and choosing € small enough, we find:

% (o)l + lw®52) + A ([0OIFa + lw®)]52)

< Kz (lw®)liz + lwo@)|? + llwr — w2[F) | (3.74)

where A = § and Ky depend on ¢, €, a, 3, (Junrraz|9™1)" and JIIHH%SIIHr
Applying Gronwall’s inequality, we obtain

IS(®)(u', wi) = S(B)(u?, wo) |, < e*®[|(u',w1) = (u?,wa)|lgr, (3.75)

for all ¢ > 0 and (u') € Bg(i = 1,2), and ag depend on K3 and ;.
So the Lipschitz continuity holds.
Define the space

Z =Wgp xT", (3.76)
where

T
Wr = {(w,wy) « || (w, wp) [y, = /0 (o ()13 + llwe(®)l3,)dt < o0},

with an appropriate T
The norm in Z is given by

1Z1IZ = ll(w, w) [y, + lwllFn,  Z = (w,we,w) € Z.
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Let -
n3(7) = / lw(®)2pde + [, Z = (w,wp,0) € Z. (3.77)
0

Obviously, nz(+) is a compact seminorm on Z.
Now, we can apply to (3.74) the Gronwall’s inequality, and deduce

IS(t)(u', 1) = S(t) (1, w2)lzr < de™M[|(u'(0), ui (0),w1) — (u?(0), uf (0), wa)l|g:

t
+2/c2/ e M (L ATH[[w(r) |20 + w1 — wal|2n)dr. (3.78)
0
Taking 7' large enough such that 0 < = 4e= < %, we infer from estimate (3.78) that

1S(T) (", wi) = S(T)(u?, wa)|lgr < Oll(u*(0), 1 (0), w1) — (w*(0), 47 (0), ws)||
+ K3 -nz(S(t)(ul,wi) — S(t)(u?, wo)), (3.79)

for some positive constant 3 only depend on Ko, T, A and ;.
By (3.75), we deduce

T
I(S(@®)(u', wi) = S (u?, w2)) |17 = /O (lw@®)3 + lwe(®) 15 )dt + [l

< ('t wr) = (u?,w2) |17 (4.80)

where ¢* = 2ot

Therefore, C(!:fcj)mbining (3.69), (3.75), (3.79) and (3.80), then using Theorem 1.4.7, we conclude
that the semigroup {S(¢)}+>0 has a time-dependent exponential attractor M = {M(s)}scr in Eq,
satisfying (i), (ii) and (iv). Moreover, there exists a positive constant ay, such that for any bounded
in E' set B ¢ E', it holds

sup distg1 (S(t)BY, M(s)) < Ce 7, Vvt > 0.
s€[0,0]

Using Lemma 3.2.14, we have

sup distg(S(t)B,M(s)) < Q(||B|lg)e ", WVt >0,
s€[0,]

for any bounded set B C E, and f = 2%« O

atagtar’
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