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Abstract

The notion of periodicity plays a fundamental role in mathematics. In this This Work we study
a new class of functions, which we call (w, ¢)-periodic and (w, ¢)-pseudo periodic functions.
functions. This collection includes periodic, anti-periodic, Bloch and unbounded functions
and pseudo periodic, pseudo anti-periodic, pseudo Bloch-periodic, and unbounded functions.
The concept of (w, ¢)-periodicity, which generalizes classical periodicity by allowing solutions
of the form z(t +w) = cx(t), We prove that the set conformed by these functions is a Banach
space with a suitable norm. Furthermore, we show several properties of this class of functions
as the convolution invariance. We present some examples and a composition result. This
paper investigates the existence and uniqueness of (w, ¢)-periodic a variety of equations with
bounded and unbounded linear operators. Using Banach and Schauder fixed point theorems.
As an application, we prove the existence and uniqueness of (w,c)-pseudo periodic mild
solutions to the first order abstract Cauchy problem on the real line. Also, we establish
some sufficient conditions for the existence of positive (w, ¢)-pseudo periodic solutions to the
Lasota—Wazewska equation with unbounded oscillating production of red cells.

Résumé

La notion de périodicité joue un role fondamental en mathématiques. Dans ce travail, nous
étudions une nouvelle classe de fonctions, appelées fonctions (w, ¢)-périodiques et (w,c)-
pseudo-périodiques.

Cette collection comprend des fonctions périodiques, antipériodiques, de Bloch et non
bornées, ainsi que des fonctions pseudo-périodiques, pseudo-anti-périodiques, pseudo-Bloch-
périodiques et non bornées. Le concept de (w, ¢)-périodicité, qui généralise la périodicité clas-
sique en autorisant des solutions de la forme z(t + w) = cxz(t),, nous prouve que ’ensemble
conformé par ces fonctions est un espace de Banach de norme appropriée. De plus, nous
démontrons plusieurs propriétés de cette classe de fonctions, comme l'invariance de con-
volution. Nous présentons quelques exemples et un résultat de composition. Cet article
étudie 'existence et I'unicité de fonctions (w, ¢)-périodiques dans diverses équations avec des
opérateurs linéaires bornés et non bornés. En utilisant les théoremes du point fixe de Ba-
nach et Schauder, nous démontrons l'existence et I'unicité de solutions douces (w, ¢)-pseudo-
périodiques du probleme abstrait de Cauchy du premier ordre sur la droite réelle. Nous
établissons également des conditions suffisantes pour I'existence de solutions positives (w, ¢)-
pseudo-périodiques de I’équation de Lasota-Wazewska avec production oscillante illimitée de
globules rouges.



Introduction

One of the most attractive topics in qualitative theory is the study of the existence of periodic-
type solutions to differential equations; this is due to the mathematics interest of qualitative
theory and applications in many scientific fields, such as physics, biology and control theory.
Consider the following second order linear ordinary differential equation which is a simple
form of the Hill’s equation

y"(t) + [a —2q COS(Qt)]y(t) =0, (1)

Where w # 0 is a constant. It is known from the Floquet theorem that there exists at least
one constant ¢ # 0 and one nontrivial solution y(¢) of Eq. (1) such that

y(t+w) = ey(t).

Let q(t) := a — 2qcos(2t) in Eq. (1), we then obtain the **Mathieu equation™**:

y'(t) + [a — 2g cos(2t)]y(t) =0,

which describes... a linearized model of an inverted pendulum with the pivot point oscillating
periodically in the vertical direction and has also many modelling examples in fluid dynamics
and seasonally forced population dynamics [45]. It is seen that the property of y(t+w) = cy(t)
reveals some well-known recurrence Recently, Alvarez et al. [45] introduced the concept of
(w, ¢)-periodic functions, which encompasses the classes of periodic, antiperiodic, and Bloch
periodic functions, among others. This concept is motivated by Mathieu’s equation: such as
the periodicity (¢ = 1), antiperiodicity (c = —1, see [25, 26]) and Bloch periodicity (c = e,
see [16, 20]), and thus y(t) is usually called an(w; c)-periodic function [31]. Alvarez, G omez
and Pinto [5] originally studied the completeness, convolution and composition theorems for
(w; ¢)-periodic functions in abstract spaces. The discrete (w;c)-periodic function in abstract
spaces was also presented by Alvarez, D “1az and Lizama in [3]. Additionally, some important
extensions of (w;c¢)-periodic functions in abstract spaces have been made to show the effect
of small perturbations on (w; ¢)-periodic functions. For instance, Alvarez, Castillo and Pinto
[2] introduced notions of (w;¢)-asymptotically periodic functions and (w;¢)-pseudo periodic
functions in abstract spaces with applications to the first order abstract Cauchy problem
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and Lasota-Wazewska model with ergodic and unbounded oscillating production of red cells
respectively. For more studies on (w; ¢)-periodic functions with extensions and applications,
we refer to [6, 5, 7] and references cited therein.

In their paper [2], the authors generalized this concept to (w, ¢)-pseudo periodic functions,
which are functions with ergodic parts. Both papers [45, 2] extend several results from
[7, 10, 11, 12].

Our work is based on the [18], it is divided into three chapters:

In first chapter,We have introduced the different branches of periodic functions and
their properties, specializing in (w, ¢)- periodic function and (w,c¢) pseudo periodic function
and their propertirs . We have also introduced some concepts like fixed point theorem, Banach
space and linear operators which are important for our study.

In second chapter We study the existence and uniqueness of (w, ¢)-periodic solutions for
semilinear evolution equations in complex Banach spaces.

In Section 2, we consider the case where the linear operator of the evolution equation is
bounded. Assuming a non-resonance condition, we derive a Green’s function for a nonhomo-
geneous linear equation with the corresponding boundary value conditions.

Then, in Section 3, we rewrite our problem as a fixed point equation and solve it via the
Banach fixed point theorem, obtaining an existence and uniqueness result for (w, ¢)-periodic
solutions. In Section 4, the Schauder fixed point theorem is applied to prove an existence
result for the problem introduced in Section 3.

In Section 5, we extend the considerations of Sections 3 and 4 to the case of evolution
equations with unbounded linear operators. All theoretical results are illustrated by several
examples.

In third chapter In Section 1. We prove the existence and uniqueness of (w, ¢)-pseudo pe-
riodic mild solutions to the first order abstract Cauchy problem on the real line. In particular,
we obtain (w, ¢)-pseudo periodic mild solutions for the semilinear first order problem

u'(t) = Au(t) + f(s,u(s))ds, t € R,

where A is a closed linear and densely defined operator on a Banach space X which generates
an exponentially bounded CO-semigroup {7'(¢)},., . We also consider the case where the op-
erator A generates an exponentially stable Cy-semigroup, leading to further existence results
for associated semilinear evolution equations.

In Section 2, we establish some sufficient conditions for the existence of positive (w, ¢)-pseudo
periodic solutions to the Lasota—Wazewska equation with unbounded oscillating production
of red cells.

y(t) = —8y(t) + h(t)e OV,

Wazewska—Czyzewska and Lasota [24] proposed this model to describe the survival of red
blood cells in the blood of an animal. In this equation, y(t) describes the number of red cells
bloods in the time ¢, § > 0 is the probability of death of a red blood cell, a(t) is a continuous
and positive function which is related to the production of red blood cells by unity of time,
7 is the time required to produce a red blood cell, h(t) is a continuous and positive function
which describes the generation of red blood cells per unit time.
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1.1.1 Norms on a vector space

In this chapter, we cover essential concepts, notations, defnitions, theorems, and properties
necessary to develop our primary fnding

Definition 1.1.1. Norm We take V an R — vectorspace.A Norm is a map defined on V to
values in RT, denoted ||.||v and such that the following three properties are satisfied:

(i) Yv e V,|jv|][y =0 & v=0;

(i) YA € R,Yv € V) || v|lv = |Al]|v]|v;

(tit) Triangle inequality Vv, w € V, ||v +w|lyv < ||v|lv + [|Jw|v;

We then say V' is an R-normalized vector space.

Example 1.1.2. On R", we can defined the classic norms:
For x = (x1,....,x,) € R":

n
llly =D laal,
i=1
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1

el = (322)

=1

[2lloc = sup |l

i=1,..,m

Example 1.1.3. Let [a, b] be an interval in R, let us denoted C([a,b]) the vector space made up
of continuous functions on [a, b] and with values in R. The application ||.||« which f € C([a,b]
associates:

[flloe = sup [f(?)],

t€la,b]

defines a norm on C([a,b]).
We can also define another norm on C([a,b]):

I7la= [ 170)ldr

We can therefore have several norms on the same space.

Equivalance of norms

Definition 1.1.4. Let ||.|[y1 and ||.||v2 two norms. We say that the two norms equivalents if
there exists two constants ¢; and co are positivs such that:

Yo € V,erl[v|lve < vl < ef[v]lve.

The importance of this definition comes from the fact that if two norms are equivalent, they
induce the same topology.

Proposal 1.1.5. if ||.|[y; and ||.||v, are two norms equivalent to V', we get the equivalence:
(Un)nen converges to I for ||.|[v1 < (un)nen converges to 1 for ||.||v2.

Proposal 1.1.6. If V has a finite dimension, So, all norms are equivalent.

1.1.2 Complete Space

Let V' is a norm vector space to norm ||.||y.

Cauchy Sequence

Definition 1.1.7. Let (uy)nen a sequence in V. we say that (u,)nen s Cauchy sequence for
the norm ||.||v if:

Ve > 0,aN > 0,Vn > N,3p > 0, ||unsp — unlly < e
Proposal 1.1.8. Fvery Cauchy sequence is bounded.

Proposal 1.1.9. Fvery convergent sequence is a Cauchy sequence.
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1.1.3 Banach space

Notation 1.1.10. [t’s not necessary that every Cauchy sequance is convergent in any space.
And here we get the new definition: Complete spaces.

Definition 1.1.11. (Complete space or Banach space)
V' is Ruector space, it’s complete for the norm ||.||v if every cauchy sequence (of this norm)
is convergent. such a space is called also Banach space.

Proposal 1.1.12. Every vector space in R normed with finite dimension is complete.
This comes from the fact that R is complete (by construction,admitted).

Proposal 1.1.13. C([a, b)) equipped with the norm ||.||s is a Banach space.
Proof: Let (uy)n>0 a Cauchy Sequence in C([a,b]), i.e.,

Ve >0,3N >0,Vn > N,Vp > 0, ||Up1p — Un|lc = sup |Unpip(x) —up(z)| < e

z€[a,b]

For all x € [a,b], (un(2)nen) is a cauchy sequence in R and convergent to a limit noted u(x).
By making p tend towards infinity, we obtain:

Ve > 0,dN > 0,Vn > N, sup |u(z) — u,(z)| <e.

z€[a,b]

We proove that u is a continous function in [a,b]. Let x € [a,b] and € > 0. we say that there
exists N € N such that:

Wl o

sup [u(z) — uy(2)] <
z€[a,b]

Moreover, uy being continuous, there exists n > 0 such that for all y € [a,b] et € = 0 such
that |y — x| <, we have

€
) — wn ()] <
Triangular inequality allows us to conclude: for all y € [x —n;x 4+ n] N |a, b, we have:
u(y) — u(z)] < |u(y) —un ()] + lun(y) — un(@)] + [un (z) —u(z)] < e

It means that v € C([a,b]). We conclude by noting that (u,)n>0 converges to u in C([a, b))
Against example: the function space C([a,b]) provided with the norm ||.||r is not complete.

Remark 1.1.14. [t is easy to show that a sequence is cauchy that it is convergent (we do not
need to know the limit of the sequence).

The theory of fixed point is one of the most powerful tools of modern mathematics. The
theorems which are concerning with the existence of solutions for differential equations.

Definition 1.2.1. A point x € X is called a fixed point of an operator L : X — X, if
L(z) =z, € X.
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Banach Contraction Principle

Theorem 1.2.2. (Banach fized point theorem)
Let (X,d) be a nonempty complete metric space, and let 0 < X < 1. If T : X — X is a
mapping such that for every x,x € X, the relation

d(Tz,Tz) < Md(x, )

holds, then the operator T has a unique defined fived pointz* € X. Moreover, if T*(k € N) is
the sequence defined by

Th =TT keN
T =T

Then, for any xq € X,[Tkxo]],zcho converges to the above fixed point x*.

Definition of Compactness

In Metric Spaces:
A subset K C R" is called compact if it is both:

e Closed: it contains all its limit points,

« Bounded: there exists M > 0 such that ||z|| < M for all z € K.
This is known as the Heine—Borel theorem:

K C R" is compact < K is closed and bounded.

In Topological Spaces:
A topological space X is said to be compact if every open cover has a finite subcover.
That is, for every collection of open sets {U, }aca such that

X c | U,

a€A

there exists a finite subcollection {U,,, Ua,, - . ., U,, } such that

X c YU

i=1

Definition: Compact Operator

Let X and Y be Banach spaces (or normed vector spaces), and let A : X — Y be a linear
operator.

We say that A is a compact operator if for every bounded subset B C X, the image
A(B) C Y has compact closure in Y. That is,

A(B) is compact in Y.

Equivalently, A is compact if it maps bounded sequences (z,,) C X to sequences (Az,) C Y
that have a convergent subsequence.
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Definition: Relatively Compact Set

Let X be a topological space, and let S C X. We say that S is relatively compact in X if
the closure of S, denoted S, is compact in X. That is,

S is relatively compact < S is compact.

In metric spaces: A subset S C X is relatively compact if every sequence in S has a
convergent subsequence whose limit belongs to X.

Definition 1.2.3. Let A be a linear operator from a Banach space X to another Banach
space Y. A is compact if it transforms every bounded set of X into a relatively compact set

of Y.

Definition 1.2.4. An operator is said to be completely continuous if it is compact and con-
tinuous.

1. Bounded Set:
Let K C X, where X is a normed vector space. We say that K is bounded if there exists a
constant M > 0 such that:

lz|| < M forall x € K.

2. Convex Set:
A subset K C X is called convex if for all z,y € K and all A € [0, 1], we have:

A+ (1— Ny e K.

This means the line segment between any two points of K lies entirely within K.

Ascoli-Arzela theorem

Definition 1.2.5. For A C C(Xf, A is compact if, and only if, A is closed, bounded, and
equicontinuous.

Schauder Fixed Point Theorem

Theorem 1.2.6. (Schauder’s fized-point theorem). If K is a closed bounded and convex
subset of a Banach space X and F : K — K 1is completely continuous, then F has a fixed
point in K.
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1.3.1 Maps and linear operators

Definition 1.3.1. Let X be a Banach space. A map A : D(A) C X — X is a linear operator
if D(A) is an under vector space of X and A is linear.
D(A) is the domain of A and the image of this operator is noted by R(A).

d
Example 1.3.2. Let A the differential operator p where:

D(A)={f e C'(R,X): % € BC(R, X)}.

We denote by L(X) the set of linear operators from X to X .

L(X) is an algebra, the internal product is the map composition, and, the neutral element is
I the identity map.

An element T in L(X) is reversible, if there exists alinear map S such that:
ToS=5oT=1.

Si T € L(X), the following propreties are equivalents:

i) T is reversible;

ii) T is bijective and and T~ is continued;

iii) ker T =0 and ImT = X and T~ is continued.

Proposal 1.3.3. The set of reversibles elements of L(X) is an open of L(X )which contains
I.

Definition 1.3.4. Let A be a linear operator on a Banach space X with D(A) = X.
A is a bounded linear operator in X if there exists a positive constant n such that:

[Az][ <l Ve € X.

Definition 1.3.5. A linear operator A : X — X is continuous on x € X if for every sequence
(xn) C X such that x, — x, we have Az, — Az, which means : ||Az, — Az| — 0 when
|zn — x| — 0.

Definition 1.3.6. A linear operator A : X — X 1is continuous on X if and only if, it is
continued on all point v € X.

Remark 1.3.7. A is a linear operator bounded if and only if A is continued.

Definition 1.3.8. Let A be a linear operator. The following number is called the norm of A:
[A]l == inf{n € R - [[A]| < nljz]], Ve € X}

Definition 1.3.9. A linear operator A defined on D(A) C X has a values in X is closed if
the graph {(z, Ax),x € D(A)} is closed in X x X.
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Definition 1.4.1. If f : R — X s a function, we denote the translate of f by s € R the
function defined by:

R f(t) = f(t+s)
vVt € R.

Definition 1.4.2. (Periodic function): A function f € C(R,X) is said to be Periodic, if
there exists T € R,such that:
R.f(t) = [(t),¥t € R.

In this case,T is called a periodic of the function f.

Example 1.4.3. Functions such as f(t) = 5sin(2t), h(0) = 1—cos(f), g(x) = —2 cos(4x+5)

are periodic, it is easy to verify that the number T is exists for each of these functions.

Example 1.4.4. let us take the function defined as follows:
f(t) = sin(v/2t) + V3 cos(t)
This function, althought continuous, it is not periodic.

Solution of the Problem
Let us consider the function:

f(t) = sin(v/2t) + v/3 cos(t).

Assume, for contradiction, that f is periodic with some period T" > 0. Then for all t € R,
we would have:

ft+T)=f@),

which implies:
sin(y/2(t + T)) + V3 cos(t + T) = sin(v/2t) 4+ v/3 cos(t).

Since cos(t) is a periodic function with period 27, the term /3 cos(t + T') is also periodic.
Therefore, it is possible for the cosine term to repeat if 1" is a suitable multiple of 27.
However, the function sin(y/2t) is not periodic. This is because its argument, v/2¢, is not

linear in ¢, and the difference
V20t +T) — V2t

is not constant, nor does it produce values which differ by a multiple of 27 for all £. Hence,
sin(\/ﬁ) does not repeat regularly, and is not a periodic function.

Example 1.4.5. in this figure we will see the graphics of cos and sin which are a 2w periodic
functions.

[h
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Figure 1.1: Graphs of the periodic function cosine and Sin

Throughout the paper, ¢ € C\ {0}, w > 0, X will denote a complex Banach space with norm
|| - ||, and the space of continuous functions as

C(R,X):={f:R— X: fis continuous}.
Definition 1.4.6. A function f € C(R, X) is said to be (w, c)-periodic if
flt+w)=cf(t) forallteR.

w is called the c-period of f. The collection of those functions with the same c-period w will
be denoted by P,.(R,X). When ¢ = 1 (the w-periodic case), we write P,(R, X) in place
of P,1(R,X). Using the principal branch of the complex Logarithm (i.e., the arqgument in
(—m, 7)), we define

%= exp((t/w) log(c)).

Also, we will use the notation

(t) = A and le|™(t) := | (t)| = e(t/w)ne|

The following proposition gives a characterization of the (w, ¢)-periodic functions.
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Properties of(w, ¢)-Periodic Functions
e Multiplicative Property:
f,g are (w, ¢)- and (w, d)-periodic = fg is (w, cd)-periodic.

o Linearity: If fi, fy are (w, ¢)-periodic, then for any scalars a,b € C,

afi + bfy is also (w, ¢)-periodic.

o Transformation to Classical Periodicity:

u(t) = e HF, =8 5 (it w) = ult),

so u is a classical w-periodic function.
Definition 1.4.7. Let f € C(R, X). Then f is (w,c)-periodic if and only if
f@t) = u(t), Nt = ue P,(R X). (2.1)

Proof It is clear that if f(t) = ¢*(t)u(t) then f is a (w, ¢)-periodic function. In order to
show the inverse statement, let f € Py (R, X). If we write u(t) = ¢ (t)f(t) = c < f(t),
then we have that

u(t +w) = u(t), (1.1)

hence the function u(t) is an w-periodic function and f(¢) = ¢*(t)u(t).
In view of (2.1), for any f € Py (R, X) we say that ¢*(t)u(t) is the c-factorization of f.

Remark 2.3. From Proposition 2.2, we can write all f € P.«(R, X) as
f@t) = ¢ (tult), (1.2)

where u(t) is w-periodic on R. We will call u(t) the periodic part of f. With this convention,
an anti-periodic function f can be written as f(t) = (—1)¥“u(t), where its anti-period is w.

For example, f(t) = sin(¢) can be considered as an anti-periodic function, with w = 7. As
log(—1) = im, f has the decomposition f(t) = ¢*(t)u(t) where

() = (—=1)% = e = cost +isint, (1.3)
and
u(t) = sin(t(cost — isint)). (1.4)

Let ¢ = e?™/* for some natural number k > 2 and let f be a (w, ¢)-periodic function, then
f is a periodic function with period kw but, in general, can be written as f(t) = e?™/kq(t),
where u is a complex periodic function with period w.

In particular, if k = 4, an (w, e™/?)-periodic function f can be at the same time a Bloch
wave: f(t 4 w) = e™/2f(t), an anti-periodic function with antiperiod 2w: f(t + 2w) = —f(t)
and a 4w-periodic function: f(t+ 4w) = f(t).
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Remark 1.4.8. From Definition 2.1 we can observe that P.,(R, X) is a translation invariant
subspace over C(R, X). Furthermore, f € P.(R, X) derivable implies that " € P (R, X)
and if || = 1 then P.(R,X) has only bounded functions. If |c| < 1 then any element
f € P.(R, X) goes to zero when t — oo, and f is unbounded when t — —oo, and if |c| > 1
then f is unbounded when t — oo and f goes to zero when t — —o0.

Example 2.4.1 If we consider the linear delayed equation

() =—px(t—r), teR, (1.5)

with p,r > 0, a solution ¢(t) = e, with 20 = 20 = ¢(0) = 30,90 € R,y0 > 0, where
50 4 pe~" = 0, gives us a (27 /w, e*™0/%)-periodic solution for (2.2).

Example 2.4.2 Let ¢ : R — X be a X-valued periodic function with period w. Let
¢ : R — R be a function with the semigroup property, that is, ¢(t + s) = ¢(s)¢(t) for all
t,s € R and such that ¢(w) # 0. Then

v(t) = o(t)u(t) (1.6)

is a (w, ¢¥)-periodic function. Taking ¢(t) = ¢! we obtain a periodic function.

Remark 1.4.9. In general, if f is a function with the semigroup property such that f(w) =0,
and if u is a (w, c)-periodic function, then

is a (w, cf (w))-periodic function.
Moreover, let (uy)ren be a sequence of (w, ¢)-periodic functions and (fx)ren be a sequence
of functions with the semigroup property such that fi(w) = 0 for all k € N. Then the function

o(t) = i fetus(t)

Functions with the semigroup property and such that ¢(w) = p # 0 for all k € N. Assume
that

i Or (1) px ()

is a uniformly convergent series on R. Then
F@) = onlt)u(t)
k=1

is a (w, cp)-periodic function. As a particular case, if the series

> cos((2k + 1))
5 () 2 1)
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is uniformly convergent, then

> COS ((2k + 1)t)

Z k2
is a (7, —p)-periodic function. In this case, calling o(p) the sign of p, we have
(t) = (_p)l/u — nlpltio(p)m _ |p|eig(p)7T’

and hence the m-periodic part of f is

= 3 bl 1 = iofp)ontn

and the (—p)-factorization of f is given by

f(t) = = Ip| z oo () SR DT 2’; + 1)),

Next, we show a convolution theorem.
Theorem Let f € P.(R, X) with f(t) = ¢”(t)p(t), p € P,(R, X).
If k*(t) := ¢’ (—t)k(t) € LY(R), then k * f € Pyee(R, X), where

[e.e]

(ks f)(t) = [ k(t=5)f(s)ds.

—00

Proof. The conclusion follows from the fact that (k * f)(t) = ¢”(¢)(k* % p)(t).
Example 2.1.1 Consider the heat equation

{ut(x,t) = U (x,t), t>0, z€eR,

Let u(t) be a regular solution with u(z,0) = f(z). Then it is known that

_(z—s)? s>2

u(x,t) f(s)ds.

\/ﬁ

Fix ¢ > 0 and assume that f(z) is (w, ¢)-periodic. Then, by Theorem 2.8, u(z+w,t) = cu(zx,t),
hence u(zx,t) is (w, ¢)-periodic with respect to x.

In order to define a norm over the set P.(R, X) to give it a Banach structure, we need
to deal with the following characteristics of their elements: the non-boundedness and its
periodicity. The periodicity suggests using a sup-norm, as is possible in P, (R, X), but if
c # 1 and we take || f|| = sup,eg || f(t)]], then || f]] = oo, for all f € Pu.(R, X).

The most natural way to avoid the unboundedness of the elements is to restrict the
attention to some local bounded case, for example

Pre={fR—=X:f(t+w)=cf(t), | <1}
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with the norm

)

[/l = sup 1 ()]

teO,w

but it imposes a strong restriction to the study of the (w,c)-periodic functions. Moreover,
the use of norm (2.3) in the space P, (bounded case) implies a loss of periodic structure in
the following sense: if we take fi(t) := e *cos(t) and fo(t) := e *sin(t) in P, with periodic
components cos(t) and sin(t) respectively, which have the same 27m-period, and belong to

Py (R, R), then f; and f; must have the same norm. Nevertheless,

—/4

e
co — ]-7 o — —F— < 1.
Il =1 Wl =2

Theorem P,.(R, X) is a Banach space with the norm

1 levee := Sup 167 (=)f(@)]]-

€l0,w

Proof. Let {w,}neny C Pyec(R, X) be a Cauchy sequence. By Proposition 2.2 we can
write wy,(t) = ¢’(t)p,(t), where p, € P,(R, X). Also, ||pn — Pmllw = ||Wn — Winl|ivec implies
that {p, }nen is a Cauchy sequence in P, (R, X ), which is a Banach space with respect to the
norm || - ||,. Then there exists a w-periodic function p(t) such that p, — p uniformly in [0, w],
and in consequence, wy,(t) — w(t) := ¢’ (t)p(t) with the lvec-norm in P.(R, X).

If FeCRxX,X)and p € Pe.(R, X), we study the invariance on P.(R, X) for the
Nemystkii’s operator N () (t) = F(t, p(t)).

Theorem Let F' € C(R x X, X) and (w,c) € Rt x (C\ {0}) given. Then the following

are equivalent:
1. For every ¢ € Pyc(R, X) we have that N (p) € Prec(R, X);
2. F(t+w,z) =cF(t,z) for all (t,z) € R x X.

Proof. It is clear that (1) follows immediately from (2). To prove the reciprocal, it is
2w (t—s)

sufficient to consider o(s) = e'=* cos(*£3 ), which is in P.(R, X) and ¢(t) = cx.
Example 2.3.1 The following functions F' satisfy the hypothesis (2) in Theorem 2.11.

1. The function F(t,u) = f(t)g(u) for all t € R and for all u € X where f is a (w,¢)-
periodic function and g is a multiplicative function (i.e., g(ab) = g(a)g(b) for all a,b € R
with g(c) # 0.

2. The function F(t,z) = f(t)g(x) for all t € R and for all =

Définition 2.5. A function f € C(R,X) is said to be (w,c)-pseudo periodic if f = g+ h
where g € P, (R, X) and h € AAj.(X). The collection of those functions (with the same
c-period w for the first component) will be denoted by PP, .(X).
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Remark 2.6. The preceding collection includes the pseudo periodic functions
PP, (X)) ={feCR,X): f=g+h, ge P,a(R,X), h € AA)(X)},
the pseudo anti-periodic functions
PP, —)(X)={feCR,X): f=g+h, ge P, (R, X), h € AAy(X)},
and pseudo (w, ¢)-Bloch-periodic functions
PP, (X)) :={f€CR,X): f=g+h, g€ P, (R, X), h € AA(X)}.
Example 2.7. Let

o(t) = max e~ e R,

It follows from [21] that ¢ € AAG(R,R). Let
fi(t) =sint +o(t), teR.

Then f; is pseudo periodic because g(t) = sint is periodic with period 27 and pseudo anti-
periodic because g(t) = sint is anti-periodic (with antiperiod 7). Analogously, the function

folt) =e* +pt), teR

belongs to PP, i (R,R). The same is true for any ¢ € AAy.(R).
The following proposition gives a characterization of the (w, ¢)-pseudo periodic functions.
Proposition 2.8 Let f € C(R, X). Then f is (w, ¢)-pseudo periodic if and only if

ft) = tu(t), ) =" ue PP, (X). (1.7)

Proof of the proposition 2.8
It is clear that if f satisfies (1.1), then f is a (w, ¢)-pseudo periodic function. In order to show
the inverse statement, let f € PP, .(X). Then there exist g € P, (R, X) and h € AAj.(X)
such that f = g+ h. If we write

u(t) = MCVF() = (1),
then
v(t) = MNVg(t) + MEDR(E) = Fi(t) 4+ Fy(t).

It follows from [45, Proposition 2.5] that Fy € P, (R, X), and by definition of AAj.(X), we
have that F» € AAo(X). Hence, v € PP, (X).

Remark The decomposition in Definition 2.5 is unique, that is, there exist a unique
g € P, (R, X) and a unique h € AA(.(X) such that f = g+ h. Indeed, suppose that

f(t)=q1(t) + hi(t) = g2(t) + ha(t), 1,02 € Po (R, X), hi,hg € A4y (X), teR.

Then
u(t) == "I f(t) = gy () + AR (t) = P Tgo(t) + TR (t).
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By Proposition 2.2, v belongs to PP,(X). By the unique representation of the functions in
this space, we have that

CA(_t)gl (t) _ CA(_t)gg(t), c/\(—t)h1 (t) = CA(—t)hQ(t),

and consequently,
91(t) = g2(t),  m(t) = ha(t), VEER.
Remark Note that if |c| > 1, then AAo(X) C AAp.(X), and consequently,

P, (R, X) + AAy(X) C PP, (X).
Lemma Let a € C. Then:
(a) (f+g) € PP, (X) and ah € PP, .(X) whenever f,g,h € PP, .(X).
(b) If 7 € R, then f.(t) = f(t+ 1) € PP, .(X) whenever f € PP, .(X).

Proof: The proof of (a) is a consequence of the definition. (b) follows from the invariant
property of the space P, (R, X) and Lemma 2.16.
Example 1 Let
o(t) :=t|sint|, for N > 6.

From [4, Example, p. 1143], we have that

%EEOQT/ s)lds =0,

and ¢(t) — oo at the points ¢ = § + k as |k| — oo. Let
f(t) =2tsint 4+ btp(t), teR, [b] <2

Then f € PPy _2:(R). Indeed, note that g(t) := 2tsint is (7, —27)-periodic. Let us prove
that h(t) := bte(t) belongs to AAy _o-(R).
T

1
lim —— [ |(=2m)"“n(s)|ds = lim ﬁ |bs¢ $)lds < lim 7/ §)|ds = 0.

Hence, f is a (w,c)-pseudo periodic function which is not a (w, ¢)-asymptotically periodic
function.

Proof
It is clear that if f satisfies (1.1) then f is a (w,c)-pseudo periodic function. In order
to show the inverse statement, let f € PPS(X). Then there exist ¢ € PS(R,X) and
h € AAS(X) such that f = g + h. If we write u(t) = \(—t)f(t) = ¢ /“f(t), then
u(t) = M(—t)g(t) + (=t)h(t) =: Fi(t) + F3(t). It follows from [45],(proposition2.8) that
F, € P,(R, X) and by definition of AA§(X) we have that F;, € AAy(X). Hence u € PP, (X).
where M ||h|| denotes the mean of the norm of h.
Example 2 Let X = C,|b| < 2. Consider
F(t) = 2tsint + bth(t), teR,
where h satisfies one of the following conditions:
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(a) is integrable, or
(b) LP-integrable for 1 < p < oo, or

(c) asymptotic at ¢t in —oo and oo.
Then f is a (m, —27)-pseudo periodic function. Since
(t) = exp <7tT 10g(—27r)> = 2fe,
then by Proposition 2.2 we have that
g(t) = 2te™u, (1),

where
uy(t) = sint(cost — isint)

is periodic with period w = 7. Analogously,

bth(t) = 2te"uy(t),

where ;
us(t) = ith(t)(cost —isint)

belongs to AAy(X). Hence, f has the decomposition
b
f(t) = 2tsint 4 bth(t) = 2t(cost + isint) |sint(cost —isint) + §th(t)(cost —isint)| .

Example 3 Let u : R — X be an X-valued periodic function with period wand v : R — X
in AAy(X). Let ¢ : R — C be a function with the semigroup property, that is,

o(t+s)=w(s)p(t) forallt,seR,
and such that p(w) # 0. Then
2(t) = p(thult) + o(t)v(t), teR,

is a (w, p(w))-asymptotically periodic function if ¢(t) := [p(w)]*(—t)p(t)
is bounded. As a particular case, we take ¢(t) = e™** and obtain the pseudo periodic Bloch
functions.

Remark In general, if u is a (w, ¢)-pseudo periodic function and ¢ is a function with the
semigroup property such that ¢(w) # 0, then
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is bounded. Moreover, let (uy)ren be a sequence of (w,c)-pseudo periodic functions and
(pr)ken be a sequence of functions with the semigroup property. Assume that

kﬁ or(t)us(t)

is a uniformly convergent series on R. Then

1) = f: ou(t)ux()

is a (w, ¢,)-pseudo periodic function if i (t) := p A (—t)pk(t) is bounded for k € N, and such
that ¢ (w) =p # 0 for all kK € N.

Lemma 2.16

AAp(X) is translation invariant, and for every h € AA(X), we have that

M.(g+ h) = M.(g) forall ge C(R,X).

Proof
Let h € AAp.(X) and 7 € R be arbitrary. Then

21T/TTC/\(—0) J—T)da—2T/T+T A (—u — 7)h(u) du

T+|7|
- 2T/T Ir \ Jhlu) du
T+|7]
C oA (—n)(T+ \T|>2<T1+|T|> /TT| ¢ A (—u)h(u) du.

Taking the limit as 7" — oo, the expression tends to 0. The last assertion follows from the
linearity of M.
We recall (see [9]) that the norm in the space P,.(R, X) is given by

[fllwe = sup. ] A (=) (D).

te0,w]

Proposition 2.17
Let f € P,(R, X). Then the range {c¢ A (—t)f(t) : t € R} is relatively compact in X, that is,
given € > 0, for all £ € R, there exist x1,...,x; € X such that

leA(=t)f(t) — x| <e forsomei=1,..., k.

Theorem 2.18
PP,.(X) is a Banach space with the norm

1 llae = sup |e] A (=0)£(0)

Proof
Let (f,) be a Cauchy sequence in PP,,.(X). Then, given € > 0, there exists N € N such that,
for all m,n > N, we have

1fn = Fnllpwe <&



1.5 (w, ¢)-Pseudo Periodic Functions 23

Since fo,, fn € PP,.(X), Proposition 2.8 implies that there exist wu,,, u, € PP,(X) such that
fm(t) = c A (up(t) and  f,(t) = c A (t)u,(t).
Now, note that for m,n > N
[[tn = tnl[pe = SUP [t (t) — un ()]
teR
= sup || A (=) (fm(t) — fal(t))
teR
= |lfn = frllpwe < €

It follows that (u,) is a Cauchy sequence in PP, (X). Since PP,(X) is complete, then there
exists u € PP, (X) such that ||u, — ul[p, — 0 as n — co. Let us define f(t) := ¢ A (t)u(?).
We claim that || f,, — fl|pwe = 0 as n — oo. Indeed,

[ = fllpwe = sup el A (=) (fult) = f(1))

= sup [e| A (=t)e A (8)(un(t) — u(t))

teR
= sup |u,(t) —u(t)] = 0 (n — o0).
teR
Hence, PP,.(X) is a Banach space with the norm || - || e

Theorem 2.19 (see [[45], Theorem 2.7])
Let f € P,.(R, X) with f(t) = cA (t)p(t), p € P,(R, X). If

E~(t) := c A (—t)k(t) € L'(R),

then

e}

(k % £)(1) :/ k(t — 5)f(s) ds € Puo(R, X).

—00

Lemma 2.20 Assume that k ~ (t) := ¢ A (—t)k(t) € L*(R). Then h € AAy.(X) implies that
kxhe AAp(X).
Proof It is clear that the convolution k * A is a continuous function. Then

2T/ )k # B)( dt<—/ e A (= / k(t — s)[|h(s)| ds dt
_ ﬁ/_T/_oo““’ (t = $)|le A (—s)h(s)| ds dt
_ 21T/_i/_°;|k~ ($)lle A (—(t — s))h(t — 5| ds dt
= [ Ik~ () r(s) ds

where

Br(s) = 21T/_7; e A (—(t — 8))h(t — 5)| dt.
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Since AAp(X) is translation invariant by Lemma 2.16, then ®7(s) — 0 as T — oo. Next,
since @7 is bounded (|®7| < |h|pwe) and k ~€ L'(R), using the dominated convergence
theorem, it follows that

qlglolo - |k ~ (s5)|®r(s)ds = 0.
Hence k x h € AAy.(X).
Theorem 2.21 Let f € PP, (X) with f(t) = cA (t)p(t), p € PP,(X). If for some k(t)
we have that k ~ (t) := ¢ A (—=t)k(t) € L'(R), then

[e.9]

(kx f)(t) = [ bt —s)f(s)ds = c A (B)(k ~ #p)(2).

—0o0

In particular, (k* f)(t) € PP,.(X).
Example 2.22 Consider the heat equation

{ut(x,t) U (T, 1), t>0,2 €R,
u(z,0) = f(z)

Let u(z,t) be a regular solution with u(x,0) = f(z). Then it is known that

1 0 z—s)2
u(z,t) = —~ [me_( 7 f(s)ds, t>0,zeR.

2/t
Fix ty > 0 and assume that f(x) is (w, ¢)-pseudo periodic. Then, by Theorem 2.21, we have
that u(x,ty) is (w, ¢)-pseudo periodic with respect to x.

Lemma 2.23 Let h € C(R, X) such that sup,cg |c A (—t)h(t)] < co. Then h € AA;(X)
if and only if

1
(Ve > 0) lim o meas(Mr(h)) = 0.

T—o0
where

t

My, = {t e [-T,T]: /

—1

¢ A (—t)h(t) dt > h}
Proof: Assume that h € Ay (X) and suppose that there exists by > 0 such that

1
T meas(Mry,(h)) A0 as T — oo.

That is, there exists 0 > 0 such that, for n € N,

1
T meas(Mr, p,(h)) > for T, >n.

Then,

1 1
- A (=t)h(t) dt + — A (=t)h(t) dt.
2T, My, 5, e A (Hh(H) di + eA (=Dh(E)

2Tn [—Tn)Tn]\MTn,f)O

Lo h(t)d
m/_Tnc/\(—t) (1) dt



1.5 (w, ¢)-Pseudo Periodic Functions 25

We have the inequality

1 1
5Ty, O (DRt = o meas(Mr o (1)) - B > Sho,

which leads to a contradiction.

Now, assume (2.3). We prove that h € Ayo.(X). By (2.3), we have that there exists
M > 0 such that ¢ A (—t)h(t) < M, and for all h > 0, there exists 7, > 0 such that for
T > T, we have

1
— -meas(Mrpp(h)) < M + 1.

2T
Then,
1/T c A (=t)h(t)dt = 1 ¢ A (—t)h(t) dt + 1/ ¢ A (—t)h(t) dt
2T J-r 2T Sy, 2T Ji-T.T]\Mr. '

We can estimate:

le [ en (-oht)dr < 21TM  meas(Myg(h)),
T,h
and
21T (2T — meas(Mry(h))) < (M — 1) + M + 1+ b < 25.

Hence, h € A4 (X).

Next, we have the following composition result. The idea of the proof follows from
[21][Theorem 2.4].

Theorem 2.24: Let f(t,z) = g(t,z) + h(t,z) where g(t + w,cx) = cg(t,z) and h €
Anoo(X, X). Assume

(a) supep lc A (=t)f(t,z)| < oo for all z € X,

(b) fi(2) :=cA(—1)f(t,cA(t)z) is uniformly continuous for z in any bounded subset K C X,
uniformly in ¢t € R; that is, given h > 0 and K C X bounded, there exists o > 0 such
that x,y € K and |z — y| < ¢ imply that

Ifi(x) — fi(y)] < b forall teR.

Let hy(x) := " (—=t)h(t,c"(t)z). Then hy(z) is uniformly continuous for z in any bounded set
of X, uniformly in £ € R, and
1 /T
lim — [ Rh(x)dt=0

T—oo 271" J—T

for x in any bounded subset of X.

If p € PPw.(X), then f(-,¢(:)) € PPw.(X).
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Proof: Let ¢(t) = a(t) + (), where a € Pw.(R, X) and 8 € AA0, ¢(X). Then we have

f(t (1) = [f(t, o) = f(E, a@)] + gt at)) + h(t, a(t) == F(t) + G(t) + H(t).
By [[45], Theorem 2.11], we have that G(t) = g(¢, a(t)) belongs to Pw.(R, X).

On the other hand, note that ¢(t) := ¢ (—t)p(t) and ¢1(t) := " (—t)a(t) are bounded
by definition and Proposition 2.17, respectively. From here, we can choose K C X bounded
such that ¢([—T1,T)), ¢1([-71,T]) C K. Under assumption (b), ¢ (—t) f(t,¢"(t)-) is uniformly
continuous on the bounded set K, uniformly for ¢t € [T, T}, so given ¢ > 0, there exists
d := 0¢ k such that

le(t) = (DI = ll" (=t)p(t) = A (=t)a(®)]| = [ (=B < 6

implies that
[ (=) f(t, (1) — (=) f(t,a(t))] = [ (=) F(t)]| < e
for all t € [T, T.
Then we have

1 i
lim omeas(Mr(F)) < lim o —meas(Mzs(5)).

T—oo T—o0

Since 5 € AA0, ¢(X), Lemma 2.3 yields for the above § that

T—o00

lim leeas(MTJ;(ﬁ)) = 0.

From here, we conclude that F' € AAQ, ¢(X).

Finally, we prove that H € AA0,c(X). Let ¢(t) := " (—t)a(t) and I = ¢([-T,T]). Then
¢ is uniformly continuous on [—T, T|, and therefore I is compact in X. Let ¢ > 0. Then, for
every 0 = d(€) > 0, there exist finite open balls Oy (for k£ = 1,2,...,m) with centers =) € I,
respectively, such that I C Up, O.

Then, by the uniform continuity of ¢"(—t)h(t, ¢"(t)-), we have that
€
2 )
The set By :={t € [-T,T]: ¢(t) € O} is open in [T, T], and [-T,T| = U, Bx. Let

|l (=t)h(t, a(t)) — N (=t)h(t, " (t)zp)| < te|-T,T).

k-1
ElzBl, Ek:Bk\UBJ (k’:2,,m)
j=1
Then E; N E; = 0 when @ # j, 1 < 4,7 < m. Note that

{t € [-T,T]: (=t)h(t,a(t)) > } C 6 {t € [=T,T): |h(t,a(t)) — h(t,(t)xy)| > %A?_t)'}
It follows from (2.4) that {t € [-T,T] : "(—t) [h(t,a(t)) — h(t, " (t)zx)] > £} are empty for
k=1,...,m. Therefore,

i][neas (MT73/2h(t>04(t))) < ﬁ

o7 meas (Mr,g/2h(t, " (t)ay)) .
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Since h(t, " (t)x) € AAo, c(X, X) by (c), we have that

_ 1
Jlgrgo g neas (MT’g/gh(t, c/\(t)xk)> =0forall k=1,...,m;

and therefore,
) 1
lim peas (MTﬂ/gh(t,a(t))) =0,

T—o00

that is, H € AAp, ¢(X). To summarize, we have proved that f(-,¢(-)) € PP,.(X).

Next, we present another composition theorem.

Theorem 2.25: Let f(t,z) = g(t,x) + h(t,x), where g(t + w,cx) = cg(t,x) and h €
AAg, c(X, X). Assume the following:

(a) hy(x) == (=t)h(t,"(t)x) is uniformly continuous for z in any bounded set of X
uniformly in ¢ € R and
1 /T

L A A o
711_{1;0 57 | € (=t)h(t,c"(t)x)dt = 0 for € any bounded subset of X.

(b) There exists a nonnegative bounded function L¢(t) such that

[f(t2) = )l < LiDlz —yll, teR z,yeX. (2.5)

If p € PP,.(X), then f(-,¢(:)) € PP,.(X). Let o(t) = a(t) + 5(t) with o € P,.(R, X) and
B e AAy(X). Then we have
fEpo) = [t o(t) — [t at)) + g(t, a(l) + h(t,at)) == F(t) + Gt) + H(?).

Note that
o [ e 0L @ < o [ e (0] (F(to(e) ~ £t o) ar
< o [l A 1L 160) — a(0)] ar

As T' — oo, this tends to zero, where we have used that Lf(t) < Ly and the fact that
B e AAy(X). It follows that F' € AAy.(X).

On the other hand, by ([45] , Theorem 2.11), we have that G(t) = g(t, a(t)) belongs to
P.o(R, X).

Finally, we prove that H € AAy.(X). From Proposition 2.17, we have that K := {c A
(—t)a(t) : t € R} is relatively compact in X. Let € > 0. Then, for every 6 > 0, there exist
x1,...,x € I such that

k
{en(=t)a(t) : t € R} C | B(z;,0).
j=1
Consequently, given t € R, we can choose j € {1,...,k} such that

cA(—=t)a(t) —z; <.
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Since hy(-) = ¢ A (=t)h(t,c A (t)-) is uniformly continuous on K uniformly for ¢ € R, then

taking 6 = d(¢/2), we obtain that

cA (=) (B(t, e A (e A (—Dalt)) — hit,c A (Ha;)) <

DO | M

From here, we can conclude that

lim ic/\(—t)(h(t,a(t)) (ke A (0),) dt < =

T—o0 2T _

On the other hand, since

lim T/ cA(=t)h(t,e N (t))dt =0

T—00 2

on the bounded subsets of X, then
lim T/ cN\(=t)h(t,c A (t)z;)dt = 0.

T—oo 2

Thus, there exists N € N such that for all t > N we have that

1/T A (=)t e A (#);) dt < &
oT 7TC ,C f]:] 2

Next, for all t > N and some j =1,2,...,k, we have

;T/_ZM (=t) h(t,a(t) dt < T/ cA( La(t)) — h(t, e A (t)x;)) di
+ ﬁ € A (=t)h(t,c A (t)z;)dt
< E.
Hence,
Am o / t)dt =0.

Consequently, f(-,¢(+)) € PP,.(X).

, uniformly for ¢t € R.
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In this paper, we study the homogeneous linear equation:

(g0

and the nonhomogeneous linear non-instantaneous impulsive equation:

y'(t) = Ay(t) + 9(t) ¢ € [0,d],
Lo 22
and the nonlinear equation
{ Z’((g)) :;y(t) +g(t,y(1) t € [0,d), (2.3)

Let X be a complex Banach space with a norm || - ||.
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We denote by T, . the set of all continuous and (w, ¢)-periodic functions g : R — X, and
T, ="Tu.NC'(R,X).
Let us consider first the linear equation
= Ay (1)

for a continuous linear mapping A € £(X). Then its solution is of the form y(t) = ey,
t € R, which is (w, ¢)-periodic if and only if it holds

Aw At
Yo = c€ Yo

yt+w)=cy(t) < Ay =cetly, o e
s Myy=cap o (cl—e™)y=0.

In this paper, we consider the case when ¢ does not belong to the spectrum o (e?*) of 4%,
so by the spectral mapping theorem we suppose:

(A1) ¢ # e¥* for all A € o(A).

In this section, we study the existence of (w, ¢)-periodic solutions of (2.2)

g =Ay+ f(t) (2)
for f € T, .. We present the following simple observation.
Lemma 2.3.1. y € T, . if and only if it holds

y(w) = cy(0). (3)

Proof Clearly, y € T,, . implies 3.
On the other hand, if 3 holds for some yy € C([0,w], X), then we set

y(t) = Fyo(t — kw), for t € [kw, (k+ 1)w], k € Z.
Note that
1- t — k — k—1 — l- t
Jim y(t) = fyo(0) = ¢ apn(w) = lim_y(t),
so the function y is continuous on R, and by construction,

y(t+w) ="yt +w— (k4 Dw) = c- Fyo(t — kw) = cy(t),

for all t € [kw, (k4 1)w|. Hence, y € Ty, .
So y(t) is well-defined and continuous. Next, for ¢ € [kw, (k + 1)w] and k € Z, we have
t+we[(k+ 1w, (k+2)w], and

y(t+w) =yt +w — (B + Dw) = F Myt — kw) = ¢ - Fyo(t — kw) = cy(t).
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Soy € Ty .. The proof is finished.

Now, set a Banach space Z = C([0,w], X) with the maximum norm

= ).
lolo = max ()]

Now we are ready to prove the following result.

Lemma 2.3.2. The solution y € Z of (2) satisfying equation(3) is given by

u(t) = [ Kt )f(s) ds,

where

Kit.s) ~ [N =) for s €[0,1]
S pr—
) eA(w+t—s)(C[ — eAw)—l, for s € (t,w],

and I s the identity operator.

Proof. The general solution y € Z of (2) has the form

t
y(t) = Myo + [ A f(s) ds.
0
Using condition (3), we compute:
y(w) = ety + [ A f(s)ds = ey(0) = ey

Hence,
ey, —I—/O A f(sYds =cyy = (eI —e™)yo :/o e f(s) ds,
=  yo=(cI— eAw)_l/O eA@9) £(s) ds.
Substituting into the expression for y(t), we get:

t
y(t) = Myo + [ A0 f(s) ds
0

w t
= eM(cl — M) / AW f(s) ds + / A=) () ds
0 0

Now rewrite the first term:

w t
= / et (eI — )7L () ds + / A9 f(s) ds
0 0

t w
_ / (eA(tfs)(C[ . eAw)fleAw + eA(tfs)) f(S) ds +/ eA(ertfs) (C[ . eAw)flf(S) ds
0 t

Factor the first integrand:

_ /t (ceA(t_s)<CI _ eAw)—l) f(s)ds + /w eA(w+t—s)(C] _ BAw)_lf(S) ds
0 t
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Thus,
y(t) = /0 K(t,8)f(s)ds + /t K(t,8)f(s)ds = /0 K(t, ) f(s) ds.

Indeed, since

it follows that

clel — e =M (el — M) 4 T = (eI — ) Le™ 4+ 1.

The proof is completed.

In this section, we study the existence of (w, ¢)-periodic solutions of (2.3). for g € C(Rx X, X)
satisfying the following conditions:

(C1) g(t+w,cy) =cg(t,y) for all t € R and y € X.

(C2) There exists a constant L > 0 such that

lg(t,y1) — g(t,y2)|| < Lijyr — el forallt € R, yi,y2 € X.

We are looking for solutions of equation (??) in Y, .. First, we note that (C1) implies
that if y € T, ., then g(t,y(t)) € Ty .. Then, by Lemmas 2.2 and 2.3, our task is equivalent
to solving the fixed point problem

u(t) = [ K(t9)g(s () ds, yez (5)
To solve equation (5), we define an operator S : Z — Z by
(S)(E) = [ Kt )g(s.y(s) ds,

for y € Z. Clearly, S is well-defined. Next, for y1,y, € Z, we compute

1(592)(t) = (Sy2) (] < /Ow IK(2,5)(9(s, 91 () = 95, 42(s)))[ ds

< [T lg(s () = (s ()l ds < L [T 1K) ln(s) = pa(s)] ds

< Ll = wello [ K 9)] ds.

Define "
M = max / 1K (t, s)| ds. (6)
0

te[0,w]
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Therefore, we arrive at the inequality
1Sy1 = Syallo < LM [lyr — y2llo-

By the Banach fixed point theorem, we obtain the following result.

Theorem Suppose (A1) and consider equation(4) under conditions (C1) and (C2). If

LM <1 (7)
for M given by (6), then equation (4) has a unique (w, ¢)-periodic solution y satisfying
Mlg(-, 0)llo
< .
Il < LD )

Proof. The uniqueness and existence result follows from the Banach fixed point theorem
applied to the operator .S, in view of Lemmas 2.2 and 2.3.
Furthermore, using the contractive estimate,

lyllo = 1Syllo < LM |lyllo + M[[g(-, 0)]fo,
we obtain

Mllg(,0)llo

1—LM) < M|g(- <
llo(t = L) < Mlg( 0o = lylo < 52

Remark 3.2. We can estimate M as follows:

1. First estimate:
“ t
[ ) ds < Jef el = e) | [ et gs
0 0

+ HeAw(cI — eA“’)_lH /tw ellAlt=s) gg

lAlle _
= el [|(cT — &)~ - QHtAHl
_ ollAlit-w)
+ HeA“’(cI — eA“’)_lH . 1T|A“t
- e“A|:wAH—1 i {|C| H(d eyt ’ 7 ’ e (el — eAw)_lH 6||A||w} .
Thus,
oAl _ q

max {|c| H(c] — Ayt

(cI — eAw)_leA‘”H e”A”w} : 9)

9

M=
2. Second estimate:
[l <iel | et er — ey ds + [ e oter — )| as
= el [ et ser — ey ds+ [ et (er — ) as

< max{|c|, 1} /Ow HeAs(c] - eAw)_lH ds.
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Hence, .
M < max{|c|, 1}/0 HeAs(cI - eAw)_lH ds. (10)

Example We consider the case X = C?, with ¢ = —1, w = 7, and

2 -4 : .
A:(a _8), and g(t,y) = (91(t,9), 92(1,9)) = a(sint cos(ya + ), cos 2sin(y - 12)),

where y = (y1, y2)-

Since all parameters are real, we restrict to X = R?. Clearly, condition (C1) holds. The
spectrum of A is 0(A) = {—4, —2}, so (Al) is satisfied.

Next, by the Mean Value Theorem for vector-valued functions, we get

L= t
Jmax  lgy(t )l

where
~ (—asintsin(yy +y2) —asintsin(y; + yo)
9y = \ acos 2t cos(yy — y2) —acos2tcos(y; —y2))

Furthermore, we have:

4w —4s

2 T —3e™ 2 sechw

T—2s 2eim—4s

A5 (] — Aoyt — e sech 7 —
- Zedr—4s _ 3, m2s h

e se sech

_ 4w —4s

e’ 2s sech 7 — %

Now we consider three standard norms on R? to estimate L and M.
Case 1. |ly|l1 = |y1| + |y2|. Then we derive:

L= max g, y)lly = |a| max (|sin¢sin(y, + y2)| + | cos 2t cos(y1 — y2)|) = 2[al.
yeR2, teR Yt

By equation (10), we compute:

M < 1.73883.
So condition (7) holds if
1
—— = (.287549. 11
] < 5o 1)
Case 2. ||Y||oc = max{|y1], |y2|}. Then we derive:
L= | max gy (t, y)||oo = 2|al max max {Isint|, | cos2t|} = 2|al.

By equation (10), we have M < 1.4907. Thus, condition (7) holds if

la| < 0.335414. (12)

Case 3. |lylla = \/y} + y3. We then derive

L= yerlg%éR llgy(t, y)|l2 = \/2]al yerl%agéﬂgmax {] cos 2t cos(y; — yo)|, | sintsin(y; + y2)|} -
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Next, we calculate
L =/2|a r?e%xmax{\ sint|, | cos 2t|} = y/2|al,

and by equation (10), we have M < 1.40635. Therefore, condition (7) holds if
la| < 0.502795. (13)

Consequently, the best estimate from (11), (12), and (13) is (13), corresponding to the
norm || - ||2, when there is a unique m-antiperiodic solution y(¢) which is nonconstant.

Now we consider instead condition (C2) the following condition:
(C3) There are constants g; > 0 and g > 0 such that

lg(t, )l < g1+ gallyll forallt e Randye X.

Then, similarly to the previous case, we derive
ISy < /0 K (2, s)g(s, y(s))l ds

< (g1 + gallyllo) [ 1K ¢ )l ds < M(gn + gallylo).

Therefore, from the Schauder fixed point theorem, we obtain the following result:
Theorem 4.1: Let dim X < oo. Suppose (Al) holds and consider equation (4) under
conditions (C1) and (C3). If
g M <1 (14)

for M given by equation (6), then equation (4) has a (w, ¢)-periodic solution y with

Mg
llyllo < T Mo ]wl .
— Mg2

Proof: Set B(rg) ={y € Z | ||yllo < ro} for

Mg,

To = —1 —Mg2

Then, for any y € B(r), the above computation gives

1Syllo < M (g1 + g2llyllo) < M(g1 + gar0) = 70.

Hence, S : B(ryg) — B(rg). The Arzela-Ascoli theorem implies the compactness of S. There-
fore, the Schauder fixed point theorem gives the result. The proof is finished.
Example 4.2: Consider the problem from Example 3.3. Then

lg(t,y)[l1 = la| (| sint cos(yr + y2)| + | cos 2t sin(yy — y2)|) < 2al,
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so we have g; = 2|a|] and go = 0. Consequently, there is a m-antiperiodic solution y for any
0 # a € R with
ly(t)|l1 < 3.47767|a| for any t € R.

Note that when equation (13) holds, we have a unique such solution.

Example 4.3: In this example, we consider the case for ¢ = —1, w = 7, and g(t,y) =
(91(t,y), g2(t, ) = (asint(|ly; +y2| + 1), acost|y; — yo|), and A from Example 3.3. We again
consider 3 standard norms on R? to estimate g;, g2, and M.

Case 1. ||y|l1 = |y1| + |y2|. Then we derive

lg(t, y)llx = la| ([sint(yr + ya| + )| + [cost - [y1 — yal|)
<la| ([sint[([y1 + y2| + 1) + |cost|[yr — y2])
< la| + |a| (| sint| + [ cost|) |yllx
< |al +v2[al[lyx
= |a| + 1.41421|a| ||y ;.

Hence g; = |a|, g2 =~ 1.41421|a|, and M is given in Case 1 of Example 3.3. So condition (14)
holds if
la| < 0.406656. (15)

Case 2. ||Y||oc = max{|y1], |y2|}. Then we derive

19(t, y)llco = |a| max {|sint(|ys + y2| + 1), |cost [yr — val[}
< |al max {|sint| - |y; + yo| + |sintl|,| cost| - |y1 — ya|}
< |almax {|sint| - (Jy1 + yo| + 1), [cost| - [y1 — o[}
< la|] + 2]a| max {| sint|, | cost|} ||yl
= la| + 2[al[[y[|s-

Hence g1 = |a|, g2 = 2|al|, and M is given in Case 2 of Example 3.3. So condition (14)
holds if
la| < 0.335414. (16)

Case 3. |lyll2 = \/y? + y3. Then we derive

lg(t, )ll2 = laly/sin® t(]ys + gl + 1) + cos? g — ya)?
< |a|\/2 sin?t + 2sin® t(y1 + y2)? + cos? t(y; — y2)?
< \/§|a| + |a|\/2 sin? t(y; + y2)? + cos? t(y; — yo)?
< V2|a| + v2|a| max { V2| sint], | cos ¢} [ly]|,
< V2[al +2lal[ly]-

Hence g1 = v/2|a|, go = 2|a|, and M is given in Case 3 of Example 3.3. So condition (14)
holds if
la] < 0.35553. (17)
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Consequently, the best estimate from equations (15), (16), and (17) is (15), corresponding to
the norm || - ||;, when there is a m-antiperiodic solution y(¢) which is nonconstant.

Related results to Examples 3.3-4.3 are given in Battelli and Feckan (1996); Feckan et al.
(2007), Franco et al. (2003), but our analysis is different since we focus in these examples on
finding optimal norms.

In this section, we extend the above results of equation (4) by assuming the following condi-
tion:

(A2) A is an infinitesimal generator of a strongly continuous semigroup of bounded linear
operators {S(t)}ier, in X, as stated by Pazy (1983).

We know from Pazy (1983) that there exist constants () > 1 and v € R such that

ISl < e, t=0. (18)

Thus, we consider in the above definitions and assumptions R, = [0, 00) instead of R. Then,
we look for a (w, ¢)-periodic mild solution y(t) € C(R4, X) of equation (4), i.e., y solving the
equation

y(0) = S0+ [ S(t = 9)gls, y(s)) ds (19)

for some yg € X and any t € R,.

Lemma 5.1: Suppose (C1). If there is y € Z satisfying equations (3) and (19), then the
unique extension y € ), . of y(t) to R, satisfies equation (19) on the whole R,.

Proof: The unique extension y(t) is given in the proof of Lemma 2.2. Setting

(6) = S+ [ S0t = $)gls,y(s) ds
and using .
S(w)yo +/0 S(t—s)g(w,y(s))ds = y(w) = cy(0) = cyo,
We derive for t € R,

At +w) = St +wyo +/ S(t+w — 8)g(s, y(s)) ds

t+w
yo+/ (t+w—s)g(s,y(s))ds + S(t+w—s)g(s,y(s))ds

— 5t ( @+ [ 8= 9)gls,5() ds) + [ S = s)gls +w, s +)) ds
= eS(t)yo + /0 S(t — $)g(s + w, cy(s)) ds

= el +c | " S(t = 8)g(s, y(s)) ds
= cz(t).



2.6 Extension to Mild Solutions 38

Consequently, it holds that z € ), .. But z(t) = y(¢) on [0,w], and the (w, c)-periodic
extension of y(t) is unique, so z(¢) = y(t) on R,. This means that y(t) satisfies equation (19)
on R, . The proof is finished.

By the above lemma, to find a (w, ¢)-periodic mild solution y(t) € C(Ry, X) of equation
(4), it is equivalent to search for y € Z satisfying equations (3) and (19). Then we get

(el = S@yo = [ S(w = s)gls,y(s)) ds.

So, extending (A1) to (A3) ¢ ¢ o(S(w)), we get

y(t) = Sl = 5@) " [ 5= )gls,y(s)ds + [ St~ s)gls.u(s)) ds

_ /Ot S(t=5) (el = S(w)) 7 S(w) + 1) g5, y()) ds+ [ St t=5)(cT=Sw) " g(s,y(s)) ds

_ /Ot eS(t — s)(el — S(w)) g(s, y(s)) ds + /tw S(w 4+t — s)(cl — S(w)) (s, y(s)) ds.
Giving y
y(t) = [ Gt 9)g(s.y(s)) ds (20)

for
G(t,s) = cS(t—s)(cl — S(w))™! 0<s<t<uw,
TS -9l - Sw) T 0<tes<w

Next, using equation (18) for any f € Z, we derive

[ at9)16)ds < [ 1669 6) 1 ds

< [MeS(t = s)(el = S@) T f@)lds + [T1SE -+t - s)el — Sw)) 7 (s)] ds

t w
< Qlitel = S@)MAlo (Jel [ 4 ds+ [7 et as)

— Qlltel - S@) Il (\cwev e )

< Ul fllo-

Hence, we arrive at

/0 G(- 8)f(s)ds < U] fllo
for any f € Z, where

U {Q(“?l) (el — S(w) " max{|c|, 1} 7 #0, o

Qull(cl = S(w))~" || max{c|, 1} v =0.
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Now we can extend Theorem 3.1 as follows:
Theorem 5.2: Suppose (A2), (A3), and consider equation (4) under conditions (C1) and
(C2). If

LU < 1, (22)

then equation (4) has a unique (w, ¢)-periodic mild solution y satisfying

Ul 0l

1-LU (23)

lyllo <

where U is given by equation (21).

Remark 5.3: Note that under (A2) and (C2), there is a unique mild solution of equation
(4) on Ry for any yo € Y, depending continuously on y, (Pazy, 1983).

If we consider instead of (A2) the following assumption

(A4) A is an infinitesimal generator of a strongly continuous group of bounded linear
operators {S(t) }ter in X (Pazy, 1983),

then we replace R, with R in the above results.
Example 5.4: We consider a nonlinear heat equation with a forcing term

3

Y .
gt —L  _asint, 0£acR, y0.8)=y(m ) =0, t>0, zcl0x]. (24
0t g = asint, 0£a€R 00,0 =yl re o 20
Now, we have ¢ = —1, w = 7, and X = L?(0,7) with the norm
Iyl =/ [y dz
and

AY = Yzay D(A) ={y e X [y,y" € X, y(0) = y(x) = 0}.
Clearly, condition (C1) holds. It is well-known that the sequence {? sin(kx)}keN is an

orthonormal basis of X. If

V2 .
yo(x) = Y yor—— sin(kz) € X, |lyoll = [D_ ¥
keN T keN

then

_ V2 , _
Sty =Y ey ~—sin(kz) = [|S{t)yol = 1/Z e~ tyd < e lyol-
keN n keN

Thus, @ = 1 and 7 = —1. Moreover, o(S(7)) = {e"™ Ve, so (A3) is verified. Next, we
derive
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(=1 = S(m)yo= -3 Hi_mymﬁf sin(ke) = [|(~1 — S(x)7! = 1.

keN
Hence, U =1 — e ™ (see equation (21)). Now, the function y — 327 Das a Lipschitz
constant %, so we have L = & in (C2). Thus,
9(1 —e ™
LU = <166) ~ 0.538192 < 1,

and condition (22) is verified. By Theorem 5.2, equation (24) has a unique m-antiperiodic
mild solution for any 0 # a € R satisfying

9+ Te"

max [ly(-£)]| < 16(e” )V (

tel0,m

> la| ~ 3.67222|al.

Example 5.5: We consider a nonlinear Schrodinger equation with a forcing term

1 ly|?

gyt—ym—l— = a(l+sin’z)e’* 0#a€C, y(a,t)=y(x4+2r,t)=0, t>0, zcR

5(lyl+1)
(26)
Now we have ¢ = ei’ = 1 + \[ ,w=m,and X = L?(0,27) with the norm

2m
Iyl =/ [ lue)P de

and

Ay = iya, D(A) ={y € X |y, ¢" € X, y(0) = y(n), ¥'(0) = ¢'(m)}.
Clearly, condition (C1) holds. It is well-known that the sequence { L ek“}kez is an

V2
k:m' 2
Zy()k €X, llwl = Z?/om
kez V2T kEZ

1 .

— k2t . ki

:E e 1Yok e = ||S yoH— E?J —HZJOH
keZ V2m kezZ o

Hence, @ = 1 and v = 0. Note that now (A4) holds. Moreover, o(S(7)) = {£1}, so (A3)
is verified. Next, we derive

orthonormal basis of X. If

then

. —1

? 1 1
14+ —=I—-98(m = .
( V2 ( )> . kez 1 + % —G*”kziy()k\/%e

. —1
) 1
= 1+—=I—-S8 =4/1+ — = 1.30656.
( V2 m) V2

kxi
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Hence, U = W\/@ ~ 4.10469 (see equation (21)). Now, the function H(y) =
|y|2yﬁ, where H : C — C, has a derivative

2, %
DH(y)v = (Jy[* + 2y + L
(y)v = (|yl ly|*)v STEL 1)

for v* denoting the complex conjugate of v € C. Hence,

4 2
I +3Jyl* 9

DH L —|v|.
Thus, H has a Lipschitz constant 4%, so we have L = 4% in (C2). Thus,
97 1
LU = —/1+ — ~0.923555 < 1
o\ " V2 ’

and condition (22) is verified. By Theorem 5.2, equation (26) has a unique (7,1 + %)-
periodic mild solution for any 0 # a € C satisfying

20v/38
max [ly(-, 1)) < —o¥55
t€]0,27] (24 V2)73/
Finally, we extend Theorem 4.1 as follows.
Theorem 5.6: Assume (A2), (A3), (C1), (C2), (C3) along with (A5) that S(¢) is compact
for any t > 0. If

(80 = 9V2(2 + v2)) |a| & 207.421]a|.

Qli(cl = S(w))~Hle™ (€% —1) <1, (27)

then (4) has a (w, ¢)-periodic mild solution.
Proof: Recalling Remark 5.3, we denote by y(yo,t), t € R, the unique mild solution of
(4) and introduce a mapping

Plyo) = (1 = S@) ™ [ 8w = 5)g(s,ulw0, 5)) ds. (28)

0

Note that yo = P(yo) is equivalent to y(yo,w) = cyo, so fixed points of P determine
(w, ¢)-periodic mild solutions of (4).
Next, equations (18), (19), and (C3) imply

t
ly(o, )] < Qe llwoll +Q [ (g1 + golly(yo, 8)||) ds
0
t . [t [t
= QM lwoll + Qare” /0 ¢ ds + Qgoe /0 ly(yo, s)||e™"* ds.

t
< Qe lyoll + Qaiewel™ + Qgoe [ ly(yo, 5)lle ds.

This gives

t
ly(yo, )™ < Qllyoll + Qgrwel™™ + QQQ/O 1y (o, s)lle” ds
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for t € [0,w], so by the Gronwall inequality, we get

ly(yo, )1l < Q (llwoll + grewe) (@20t € [0,w].

Then, equation (28) has the estimate

1Pl < ll(el = S@) [ 1186 = )l (91 + gally(or )1 ds
< QU(el = S@) [ (91 + 5@ (Il + grwe ™) el40%) s
< QlItel = 5@ (g1 + g27Q (Il + gueoe™) [ e ds)

= Qll(el = S@) I (grew + € (llyoll + grewe™) (2 = 1))

= QH(CI—S<W)>_1”e’yw(ngw_l)”yO”+Q‘|(C[—S(w))_1” (glehlww + e'Yngwe|’y|w(€Q92w B 1>> .
Hence, by (27) and taking yo € X such that
QH(CI S( ))—1” (g16|7|ww + evaglwelvlw(nggw _ 1))

1= Qf(cl = S(w))~H|er(e@ew —1) ’

we get ||P(yo)|| < Z, ie., P: B(E) — B(E). We already know that P is continuous. Now,
we show that P is also compact. For any n € N,n > %, we set

Ioll < E=

—1

Palo) = (e = S@)™ [ S(w = 9)g(s.y(yo. 5)) ds.
Then

Palyo) = St (el = S(@)™ [ S(w—n"" = s)g(s, y(o, 5)) ds.

0
Since

-1

(el = 5(w))” /W%Aﬂw—”l—)ﬂﬁﬁmﬁnﬁ

= Ql(el = S / - - (91 + 920 (E + 91we|7|w) €(Qg2ﬂ)s) ds

< QlI(el — S(w)) M lwe™ (g1 + 2@ (Z + gravehle) el@2)2)

for any yo € B(Z), by (A5), P,(B(Z)) is precompact. Furthermore, we derive

HP(yO) (y(])H < QH(C[ S 1”/ (= 5) 91 +ggQ( —|—glw€"7|w) e(ng+’y)s) ds
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< Ql(cl = S()) e (g1 + 52Q (E + grewel) (@02t ) L,

hence P, = P uniformly on B(Z). This gives the precompactness of P(Z). Summarizing,
we can apply the Schauder fixed point theorem to P, which finishes the proof.

For illustration of Theorem 5.6, we consider a parametrized version of Example 5.4 in the
form:

Example 5.7: We consider a nonlinear heat equation with a forcing term

U= Yau + 0y’ (P +1) =asint, 0#acR, y(0,t)=y(m,t)=0, t>0, xel0n],

for a parameter n > 0. Then, we have L = %7 in (C2). Thus,

LU = M'
8n

and (22) is verified for

8
0<n<g (1—¢7") ~0.929036. (30)

By Theorem 5.2, (29) has a unique m-antiperiodic mild solution for any 0 # a € R and 7
satisfying (30).
On the other hand, for any y € X = L?*(0,7), we have

3
. ny . g 2
asint — ——— < |al|| sin ¢|| + / 6(¢) (y2(t) +1)"dt
S < st + oy 0 620 +1)

m d T
< Jaly/5 +m [ 2@ =[5 +alyl.

Thus, (C3) is verified for g; = |a|\/§ and go = 7. Then, (27) has the form

e (e —1) <1,

i.e.,

In(1 i

~ 1.01347. (31)

Next, since e ¥t — 0 as k — oo for any ¢ > 0, by (25), the compactness of S(t), t > 0,
is clear and well-known. By Theorem 5.6, (29) has a m-antiperiodic mild solution for any
0 # a € R and 7 satisfying (31), and it is unique when (30) holds.
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This work investigates the existence and uniqueness of (w,c¢)-pseudo periodic solutions for
first-order differential equations, with a focus on the Lasota—Wazewska model that describes
the dynamics of red blood cells. The model is analyzed under the influence of an ergodic
and unbounded oscillatory production, which reflects complex biological rhythms. Using
tools from functional analysis and fixed point theorems, we demonstrate that, under suitable
conditions, the system admits a unique (w,c)-pseudo periodic solution. This extends the
classical framework to more realistic, non-periodic settings.

Applications to Abstract Integral and Differential Equations in Banach Spaces

Consider the integral equation (see [21]):

t

u(t) = [ R(ts)f(s,u(s)) ds, (3.)
where f and R satisfy the following hypotheses.
(H1)

f(t,z) =g(t,x) + h(t,z), where g(t+w,cx)=cg(t,z) and h e A, (X, X),
and satisfies the condition
ftx) = fty) < Lyllz —yll, teR, =zyelX,

where Ly > 0.
(H2)

hi(z) :== " (=t)h(t,c"(t)x) is uniformly continuous for = € any bounded set of X uniformly in ¢ € R

and
1 (T
lim

= A A _
% o Jpg € (=t)hy, *(t)xdt =0, for x € any bounded subset of X.
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(H3) The kernel R satisfies the inequality
R(t,s) < MEk(t—s), t>s, M >0,

where k ~ (t) = ¢"(—t)k(t) € L*(]0, 0)).
(H4) R(t,s) is bi-periodic in the sense of

R(t +w,s+w) = R(t,s), t>s. (3.2)

Note that, for an arbitrary periodic function a, the kernel defined by the following relation

t
R(t,s) := exp </ a(r) dr)
satisfies hypothesis (H4).
Theorem 3.0.1. Assume that (H1)-(H4) hold. Then, if LyMk ~ 1 < 1, the integral equation

(3.1) u(t) = /t R(t, s) (s, u(s)) ds

has a unique (w, c)-pseudoperiodic solution.

Proof: We define G : PP, .(X) — PP, .(X) by

t

(@u)(t) = [ R(t9)f(s,u(s))ds
for u € PP, (X) and t € R.
First, we prove that the operator G is well-defined. Indeed, let ¢(-) = f(-,u(:)). By
Theorem 2.25, we have that ¢ € PP, .(X). Then,
t

t
|G ullpwe < Sup/ "(=t)R(t, s)p(s)ds < Msup | (= (t = s))k(t — s)c"(=s)p(s) ds
teR J—o0 teR J—oo
t t .
< M sup k(t — s)c(—s)p(s)ds < M||¢]|pwe sup/ k(t —s)ds < ||¢|lpwekr < 00.
teR J/—oo

teR J—00

Now, since ¢ € PP, .(X), there exist functions ¢; € P, (R, X) and ¢y € A4, (X) such
that

Y =1+t P2
Then we can split G = G + Go, where
t t
(Gru)(t) := /_ R(t,s)p1(s)ds, (Gau)(t) := /_ R(t, s)pa(s) ds.

First, we prove that Gy € P, .(R, X). By (H4), we have that

t

(Gru) (tw) = /t " R(t4w, )1 (s) ds = /t TRt 8)gi(s)ds = ¢ / R(t, )1 (s) ds = c(Gru)(1).

“+w —00

It follows that Gy € P, (R, X).
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Next, we prove that Gy € Ay, (X), that is,

: 1 r A —
Yll_r&ﬁ € (—t)(Gau)(t) dt = 0.

By (H3), we have that

N)G)(t) < [ eI~ (t = s)R(E )|l (~5)pa(s) ds
< M/ M (=(t — $))k(t — 8)|c](—s)a(s) ds
= ]\4/_0O E~(t — s)c™(—s)pa(s) ds.

Since o € AAp, c(X), the conclusion follows from Convolution Theorem 2.21. Therefore,
G(PP,c(X)) C PP,c(X). Now, if u,v € PP, c(X), we have

G(w) = G(0hae =519 (sup|e] A (=1) [ Rits)fuls) = fooo(s)ds).

—00

SMLf/ ko~ (s)ds < MLiu—vyk ~ 1.
0

It follows from the Banach Fixed Point Theorem that there exists a unique u € PP,c(X)
such that Gu = u, that is, u(t) = [*_ R(t,s)f(s,u(s)) ds.

The previous results can be applied to obtain (w, ¢)-pseudo periodic solutions to the semi-
linear evolution equation

u(t) = Au(t) + f(t,u(t)), teR.
We assume the following condition.

(H;) The operator A generates an exponentially stable Cy-semigroup (7(t)):>o,
that is, there exist constants M > 0 and « > 0 such that
T(t) < Me ™ for each t > 0 and ¢ > e ©.

Thus, we have the following theorem.

Theorem 3.0.2. Assume that (H1) and (H5) hold. Then Eq. (3.3) has a unique (w, ¢)-pseudo
periodic solution whenever B
MLy < |k,

where k(t) = c¢(—t)e "t

3.0.1 Lasota—Wazewska Model with Unbounded Oscillating and
Ergodic Production of Red Cells

The theory presented above can be extended to the semilinear abstract problem with delay:
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y(t) = (1), te[-70]

where 7 > 0 and for which a mild solution is a solution of the integral equation

{y<t> = Ay(t) + f(t,y(t — 7)), t>0,

o(t) = T(0)y(0) + [ Tt — ) f(s,y(s — 7)) ds, t>0.

Here, we need to know the history ¢. Note that y(t — 7) = @(t — 7) for t € [0, 7], and
if y is (w,c)-pseudo periodic, then y(t — 7) also is. As an example, we study the im-
portant Lasota—Wazewska model with (w,¢)-pseudo periodic variable coefficients. The La-
sota—Wazewska model is an autonomous differential equation of the form

y(t) = —oy(t) + he VT ¢ > 0. (3.1)

Wazewska—-Czyzewska and Lasota [?] proposed this model to describe the survival of red
blood cells in the blood of an animal. In this equation, y(t) describes the number of red
blood cells in the blood at time ¢, § > 0 is the probability of death of a red blood cell, A and
~ are positive constants related to the production of red blood cells per unit of time, and 7
is the time required to produce a red blood cell.

In this section, we study the following model:

y(t) = =8y(t) + h(t)e* =D ¢ >0, (3.2)

where 7 > 0, h(t) and a(t) are continuous and positive functions. Equation (4.2) models
several situations in real life and the references therein. We are looking for positive (w, c)-
pseudo periodic solutions for certain w > 0,¢ > 0. Let

f(ty) = h(t)e @

and assume the following conditions:

Remember that if y(-) € PP,.(X), then y(- — 7) € PP,.(X). By (d) and (e), we have that
f(t,y) = h(t)e*®¥ satisfies the hypotheses of Theorem 3.2, since

[F(t91) = F(t,92)] < a(t)h(t)|yr — 2l

for y1,y2 > 0, and its (w, ¢)-pseudo periodic part g satisfies

gt +w,cy) =cg(t,y).
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By the variation of constant formula:

o(t) = ey(0) + [ e (s, (s — 7)) ds,

we can deduce that y(0) > 0 implies y(¢) > 0. Note that condition (d) is necessary for positive
c-periodic solutions y. In fact, (4.5) and h(t) > 0 imply y(t) > e~%y(0), which evaluated at
t = w implies (d) since [c — e %]y (0) > 0.

Moreover, taking y(0) = [°_ e f(s,y(s — 7)) ds, which is well-defined, we have that y
satisfies

w0y == [ e ps (s — 7)) ds.

Then, by Theorem 3.2, we have that this equation has a unique solution y*, which belongs
to PP,.(X). Hence, y* is also a solution of type PF,.(X) of equation (4.2). Moreover, y* is
exponentially stable. Indeed, for any solution y of (4.2), z = y — y* satisfies

Note that
fty") + 2= f(t,y") < a(t)h(t)]z].
Then, taking ah,, < 9, z verifies that

2t) e sup z(s))|

to—7<s<to

fort >ty >0and 0 < a < 6 — ahs.
We have proved the following theorem.

Theorem 3.0.3. Assume that conditions (a) to (e) hold. Then the Lasota—Wazewska model
has a unique (w, c)-pseudo periodic solution.



Conclusion

To conclude, our work focused on the study of (w,c)-periodic and (w,c)-pseudo periodic
functions, which generalize the classical notion of periodicity to settings where exact repetition
is replaced by more flexible recurrence conditions. These classes of functions are crucial
in modeling phenomena where behavior repeats in a controlled, yet not strictly periodic,
manner—such as in biology, control theory, and signal processing.

We began by introducing the basic definitions and illustrating the motivations for consid-
ering such generalized periodic functions. We then explored their key properties, including
linearity, translation invariance, and their role in the stability analysis of solutions to differ-
ential and integral equations.

In the second part, we established the existence and uniqueness results of (w, ¢)-periodic
and (w, ¢)-pseudo periodic solutions using fixed point theorems such as Banach and Schauder.
These theoretical results show the richness of the functional framework and provide a solid
foundation for future analytical and numerical applications.

Finally, this study opens the door to further research, including the extension to functions
with values in Banach spaces, the study of pseudo almost periodic analogs, or the analysis of
delay differential equations within this framework.
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