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Abstract

In this work, we investigated solutions to two important nonlinear evolution equations and
two coupled systems. Various analytical methods were employed to derive three classes of
exact solutions—hyperbolic, trigonometric, and rational—as well as optical solutions. The
use of computational software such as *Mathematica 11* significantly facilitated the
execution of complex algebraic manipulations and enabled the visualization of solution
surfaces, aiding in the interpretation of both the dynamic behavior and geometric structure
of the solutions.

The methods utilized in this thesis are standard, direct, and well-suited for computer
implementation. Overall, these techniques are recognized as highly effective and powerful
mathematical tools, with broad applicability in solving a wide range of nonlinear partial
differential equations. Moreover, they can be extended to various domains, including
mathematical physics, engineering, and other nonlinear scientific fields.

It is our hope that the solutions obtained in this work will contribute to a deeper
understanding of certain nonlinear physical phenomena.

Résumé

Dans ce travail, nous avons étudié les solutions de deux importantes équations d'évolution
non linéaires ainsi que de deux systemes couplés. Diverses méthodes analytiques ont été
utilisées pour obtenir trois classes de solutions exactes — hyperboliques, trigonométriques
et rationnelles — ainsi que des solutions optiques. L'utilisation de logiciels de calcul tels que
*Mathematica 11* a grandement facilité I'exécution de manipulations algébriques
complexes et permis la visualisation des surfaces de solutions, contribuant ainsi a
I'interprétation du comportement dynamique et de la structure géométrique des solutions.

Les méthodes employées dans cette thése sont standards, directes et bien adaptées a une
mise en ceuvre informatique. De maniére générale, ces techniques sont reconnues comme
des outils mathématiques puissants et efficaces, avec une large applicabilité a la résolution
d’un grand nombre d’équations aux dérivées partielles non linéaires. Elles peuvent
également étre étendues a divers domaines, notamment la physique mathématique,
I'ingénierie et d’autres sciences non linéaires.

Nous espérons que les solutions obtenues dans ce travail contribueront a une meilleure
compréhension de certains phénomeénes physiques non linéaires.
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Preface

In this thesis, we focus on the study of nonlinear partial differential systems and equations (in
particular, nonlinear evolution equations). This is done by seeking exact solutions-especially
traveling wave solutions-obtained analytically using new methods.

In the first chapter, we included the definitions and concepts of evolution equations and the
description of the modified exponential function method, provided basic ideas of the general-
ized exponential rational function method, described the improved generalized Riccati equation
mapping method, cited the basic ideas the Modified Exponential Function Method, as well as
the basic ideas of the Extended (G’/G)-expansion method.

In the second chapter, we studied the (1+1)-dimensional improved Boussinesq equation. It
is one of the most popular equations in soliton physics and has appeared in nonlinear model
equations governing two-dimensional irrotational flows of an inviscid fluid in a uniform rectan-
gular channel. It can also be encountered in other physical applications such as nonlinear lattice
waves, acoustic waves, ion-acoustic waves in plasma, and vibrations in a nonlinear string. Using
the generalized exponential rational function method, we obtained a variety of exact solutions.
In the third chapter, we focused on obtaining exact solutions for the coupled (1+1)-dimensional
Long-Short Wave Interaction equation, by applying the generalized Riccati mapping method.
This system of equations admits a variety of complex solutions (so-called optical solitons). It is
worth noting that this system is a mathematical model that describes the nonlinear interaction
between a long wave and a short wave. Such interactions are common in fluid dynamics, plasma
physics, nonlinear optics, and other fields where waves of different scales coexist and influence
each other.

The fourth chapter is devoted to the study of the coupled Klein-Gordon system. By using the
modified exponential function method, we were able to find new explicit solutions to this sys-
tem. This system of partial differential equations (PDEs) generalizes the standard Klein-Gordon
equation to include multiple interacting fields. These equations frequently appear in theoretical
physics, particularly in quantum field theory, nonlinear optics, and condensed matter physics.
Finally, in the fifth chapter, we addressed the (1+1)-dimensional integro-differential Ito equa-
tion. We implemented the extended (G’/G)-expansion method to derive new analytical so-
lutions. It is worth noting that the Ito equation models phenomena arising in shallow water

waves.
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Chapter 1

Introduction and Preliminary

1.1 Introduction

1.1.1 Nonlinear Partial Differential Equations

In mathematics and physics, a nonlinear partial differential equation (PDE) is a partial differen-
tial equation with nonlinear terms. These equations describe many different physical systems,
ranging from gravitation to fluid dynamics, and have been used in mathematics to solve prob-
lems such as the Poincaré conjecture and the Calabi conjecture. They are challenging to study:
there are almost no general techniques that work for all such equations, and typically each

individual equation must be studied as a separate problem.

1.1.2 Evolution Equation

An equation that can be interpreted as the differential law of the development (evolution) over
time of a system. The term has no exact definition, and its meaning depends not only on the
equation itself but also on the formulation of the problem for which it is used. An evolu-
tion equation typically allows the construction of a solution from a prescribed initial condition,
which can be interpreted as a description of the initial state of the system. The class of evolution

equations includes, first and foremost, ordinary differential equations and systems of the form:

u' = f(t,u), u” = f(t,u,u), (1.1)

etc., where u(¢) can naturally be considered as the solution to the Cauchy problem; these equa-
tions describe the evolution of systems with finite degrees of freedom. Accounting for sec-

ondary effects leads to integro-differential Volterra equations or differential equations with de-
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1.1. INTRODUCTION

layed arguments. The description of processes occurring in continuous media reduces to partial
differential equations of hyperbolic, parabolic, or elliptic types; here, alongside the Cauchy
problem, one can also pose a mixed (initial boundary value) problem. If the solution u(x, ) of
such an equation is considered as an element of a certain function space in x that depends on
a parameter ¢, then we arrive at abstract differential equations of the form (1.1.1). All these
equations, as well as their corresponding difference equations, generally belong to the class of

evolution equations.

1.1.3 Study Methods for Nonlinear Partial Differential Equations

A fundamental question for any PDE is the existence and uniqueness of a solution for given
boundary conditions. For nonlinear equations, these questions are generally very difficult: for
example, the most challenging part of Yau’s solution to the Calabi conjecture was the proof of
the existence of a solution to the Monge-Ampere equation.

Linear Approximation: Solutions near a known solution can sometimes be studied by lin-
earizing the PDE around the solution. This corresponds to studying the tangent space of a point
in the moduli space of all solutions.

Exact Solutions: It is often possible to explicitly write down certain special solutions in terms
of elementary functions (though it is rarely possible to describe all solutions this way). One
way to find such explicit solutions is to reduce the equations to lower-dimensional equations,
preferably ordinary differential equations, which can often be solved exactly. This can some-
times be achieved using separation of variables or by seeking highly symmetric solutions. Some
equations have multiple distinct exact solutions.

Numerical Solutions: Numerical solutions on a computer are almost the only method that can
be used to obtain information about arbitrary PDE systems. Much work has been done, but there
is still much to be done to solve certain systems numerically, particularly for Navier-Stokes and

other equations related to weather prediction.

1.1.4 PDEs and Computers

The study of partial differential equations (PDEs) dates back to the 18th century, following ana-
lytical investigations of a wide range of models (works by Euler, Cauchy, d’ Alembert, Hamilton,
Jacobi, Lagrange, Laplace, Monge, and many others). Since the mid-19th century (works by
Riemann, PoincarA©, Hilbert, and others), PDEs have become an essential tool for studying

other branches of mathematics. The most significant results in determining explicit solutions of
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CHAPTER 1. INTRODUCTION AND PRELIMINARY

nonlinear PDEs were obtained by S. Lie. Many analytical methods rely on Lie symmetries (or
continuous symmetry transformation groups). Today, these transformations can be performed
using computer algebra systems (e.g., Maple and Mathematica). Currently, PDE theory plays
a central role in the general advancement of mathematics, as it helps describe the evolution of
many phenomena in various fields of science, engineering, and many other applications. Since
the 20th century, the study of nonlinear PDEs has become an independent field developing in
many research directions. One such direction is the symbolic and numerical computation of
solutions to nonlinear PDEs, which is considered in this thesis. It is worth noting that the main
ideas for practical computations of PDE solutions were first indicated by H. PoincarA@© in 1890.
However, the techniques for solving such problems required technology that was either unavail-
able or limited at the time. In modern mathematics, there are computers, supercomputers, and
computer algebra systems (such as Maple and Mathematica) that can assist in performing vari-
ous mathematical operations for which humans have limited capacity, and where symbolic and
numerical computations play a central role in scientific progress. It is known that there are
different analytical solution methods for special nonlinear PDEs; however, in the general case,
there is no unified theory of nonlinear PDEs. There is no single method that can be applied to
all types of nonlinear PDEs. Although “nonlinearity” makes each equation or problem unique,
new processes must be discovered to solve at least one class of nonlinear PDEs. Moreover,
the functions and data in nonlinear PDE problems are frequently defined at discrete points.
Therefore, numerical approximation methods for nonlinear PDEs must be studied. Scientists

typically apply different approaches to study nonlinear partial differential equations.

1.1.5 Traveling Wave Solutions of Nonlinear PDEs

A traveling wave is a wave that advances in a particular direction while maintaining a fixed
shape. Additionally, a traveling wave is associated with a constant speed throughout its propa-
gation path. Such waves are observed in many fields of science, such as combustion, which can
occur as a result of a chemical reaction. In mathematical biology, apparent pulses in nerve fibers
are represented as traveling waves. Furthermore, in conservation laws associated with fluid dy-
namics problems, shock profiles are characterized as traveling waves. Additionally, structures
present in solid mechanics are typically modeled as standing waves. It is therefore important to
determine the dynamics of such solutions. A traveling wave solution is obtained when solving
a model corresponding to a system. Generally, these models take the form of partial differential
equations (PDEs), where the dynamics of the systems are understood when solving the solu-

tions. These traveling wave solutions are expressed in the form u(x, t) = U(¢), where & = x —ct.

© C. Lahouache 2025



1.1. INTRODUCTION

Here, the space and time domains are represented by x and ¢, with the wave speed given by c.
If ¢ = 0, the resulting wave is called a standing wave. Such waves do not propagate and are

typically observed when inducing a fixed boundary.

1.1.6 Types of Traveling Wave Solutions

The study of equations that model wave phenomena requires the study of displacement wave
solutions. The traveling wave solution is a permanent-shape displacement solution with a con-
stant speed. Traveling wave solutions are generally obtained by reducing nonlinear evolution
equations to their associated ordinary differential equations. This is mainly handled using the
ansatz u(x, t) = U(£), where &€ = x — ct, and c is the wave speed, which transforms the PDE in x
and ¢ into an ordinary differential equation in £ that can be solved by several appropriate meth-
ods. There are many types of traveling wave solutions that are of particular interest to soliton
wave theory, which is rapidly developing in many scientific fields, from shallow water waves to
plasma physics. As mentioned earlier, traveling waves appear in many types, and only some of
these types will be addressed:

Solitary Waves and Solitons: Solitary waves are localized traveling waves moving at con-
stant speeds and shapes, asymptotically vanishing at large distances. Solitons are special types
of solitary waves. The soliton solution is a spatially localized solution, so U’(&), U” (&), and
U”(E) — 0as & - +oo, & = x — ct. Solitons have the remarkable property of maintain-
ing their identities when interacting with other solitons. The KdV equation is the pioneering
model of the solitary wave, where the analytical solutions are bell-shaped. The soliton solution
u(x,t) = sechz(x — 1), - < x,t < «, has infinite support or infinite tails.

Periodic Solutions: Periodic solutions are traveling wave solutions that are periodic, such as
cos(x — t). The standard wave equation u,, = u,, yields periodic solutions. As noted earlier,
because this standard wave equation is linear, it admits the d’ Alembert solution, and the com-
ponents can be superimposed. A periodic solution u(x,t) = cos(x — ), -7 < x,t < « for a
standard wave equation.

-Kink Waves: Kink waves are traveling waves that rise or fall from one asymptotic state to
another. The kink solution approaches a constant at infinity. The standard dissipative Burgers
equation u,+uu, = uu.,, where u is the viscosity coefficient, is a well-known equation that yields
kink solutions. Other equations also provide kink solutions, such as u(x,t) = 1 — tanh(x — 1),
—10 < x,t < 10 for the Burgers equation with u = 0.5.

Peakons: Peakons are peaked soliton wave solutions. In this case, the traveling wave solutions

are smooth except for a peak at a corner of their crest. Peakons are the points at which the spatial
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derivative changes sign so that the peaks have a finite jump in the first derivative of the solution
u(x,t). This means that the peaks have discontinuities in the x-derivative, but the one-sided
derivatives exist and differ only by a sign. Peakons are solitons that retain their shape and speed
after interaction. Peakons have been studied and classified into periodic peakons and peakons
with exponential decay. The integrable Camassa-Holm (CH) equation u, — u,,; + (b + uu, =
bu Uy + uu,,, for b = 2 and b = 3, respectively, admits peaked soliton wave solutions. The
(CH) equation has peaked soliton wave solutions of the form u(x, t) = ce™*1,

Cuspons: Cuspons are another form of solitons where the solution exhibits cusps at their crests.
Unlike peakons, where the derivatives at the peak differ only by a sign, the derivatives at the
jump of a cuspon diverge. Unfortunately, no explicit expression for cuspons could be found.
Instead, a virtual expression was used to represent it graphically. The assumption is that a
cuspon can be represented as u(x, t) = ce"x‘”'k, k> 1.

Compactons: Compactons are a new class of solitons with compact spatial support such that
each compacton is a soliton confined to a finite core. Compactons are defined by soliton waves
with the remarkable property that after colliding with other compactons, they reappear with
the same coherent shape. These particle-like waves exhibit elastic collisions similar to soliton
collisions. It has been found that a compacton is a solitary wave with compact support where
nonlinear dispersion confines it to a finite core, so the exponential wings vanish. The truly
nonlinear dispersive K(n,n) equations, a family of KdV-like nonlinear equations, are of the
form u; + a(u"), + ") = 0, a > 0, n > 1, which support compact traveling soliton structures
for a > 0. The definitions given so far for compactons are: 1. Compactons are solitons of
finite wavelength. 2. Compactons are solitary waves with compact support. 3. Compactons are
solitons without exponential tails. 4. Compactons are solitons characterized by the absence of
infinite wings. 5. Compactons are robust soliton-like solutions.

An example of a compacton is u(x,t) = cos*(x — £), 0 < x,¢t < 1. The remarkable discovery
of compactons has led to intense study in recent years. The study of compactons can provide
insight into many scientific processes, such as super-deformed nuclei, cluster preformation in
hydrodynamic models, fission of liquid droplets, and inertial fusion. Stability analysis has
shown that compacton solutions are stable, where the stability condition is satisfied for arbitrary
values of the nonlinearity parameter. The stability of compacton solutions has been studied
using both linear stability and Lyapunov stability criteria. Moreover, compactons are non-
analytic solutions, whereas classical solitons are analytic solutions. Solitons and compactons,
with and without exponential wings, respectively, are named using the suffix ”-on” to indicate
that they have particle-like properties, like phonons and photons.

Optical Soliton: An optical soliton is an electromagnetic pulse propagating without distor-

© C. Lahouache 2025



1.1. INTRODUCTION

tion. By its very nature, it is a stable solution to the propagation equation in the medium it
traverses (typically an optical fiber). Theory shows that it has a hyperbolic secant shape. As
an example, the Peregrine soliton is a mathematical solution to the Gross-Pitaevskii equation,
which is equivalent to the Schrédinger equation with an added nonlinear term. This solution
was established in 1983 by Howell Peregrine, a researcher in the mathematics department at the

University of Bristol. It is used in optics, hydrodynamics, and plasma physics.

Example Curves for Different Types of Traveling Wave Solutions

(a) Graphic of soliton solution sechz(x — (b) Graphic of periodic solution cos(x — 1), —m <
),nm<xt<nm x,t<m

Figure 1.1: Surfaces of soliton solution and periodic solution , for (x,t) € [—m, 7] X [-7, 7]

=5

(a) Graphic of kink solution 1 — tanh(x — (b) Graphic of peakon solution
1),-5<x,t<5 exp(—|x—1),-2<x,t<2

Figure 1.2: Surfaces of solution kink solution and peakon solution ,for (x,7) € [-5,5]° et
[-2, 2]° respectively
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(a) Graphic ~ of  cuspon solution (b) Graphic of compacton solution cos? (x—1), 0 <

exp(-Vx—1).,-2< x,1<2 x <1

Figure 1.3: Surfaces of cuspon solution and solution compacton solution ,for (x,7) € [-2,2]* et
[0, 1]? respectively

(a) Soliton’s shape while propagating
with N = 1, it does not change its (b) Soliton’s shape while propagating with N = 2,

shape it changes its shape periodically

Figure 1.4: Surfaces of optical soliton solutions %32?‘; + ig—z + N?%|al*a = 0.

1.2 Preliminary
1.2.1 An Overview of the generalized exponential rational function method

Let us state the main steps of GERFM [11 3 4, (3, 20, 21]] as follows.

e Step 1: Let us take into account the nonlinear partial differential equation (NPDE) in the

© C. Lahouache 2025
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form given by
PWU,U,,U,U,,...)=0. (1.2)

Using the transformation U = U(¢) and € = kx — wt, it is possible to reduce the NPDE to

the following ordinary differential equation:
NWU, U U”,...) =0, (1.3)

where the values of k and w will be found later.

e Step 2: We look for a solution of Eq (I.3) with the following structure:

M
U@ =49+ ) Aig(©), (1.4)
i=1
where

pleqlf + pzequ

¢ = (1.5)

pSeQIf + p4eq2§'

The values of constants p;,q; (1 < i < 4), Ag,A; and B; (1 < i < M) are constants to be
determined. By considering the homogeneous balance principle, the value of M can be

determined.

e Step 3: Substituting Eq (T.4)) into Eq (T.3) and collecting all terms, the left-hand side of
Eq (13) is converted to an algebraic equation P(Z,,Z,,Z3,Z4) = 0 in terms of Z = el
for (j = 1,...,4). Setting each coeflicient of P to zero, a system of nonlinear equations is

constructed.

e Step 4: solving the above algebraic equations using any symbolic computation software,
the values of p;,q; (1 <i <4), Ay, A; and B, for (1 <i < M) are determined.

To get the solutions of the considered NPDE (I.2), we put the values of these parameters
(Eq (L.4)).

Group 1: We obtain p = [i,—i, 1, 1] and ¢ = [i, —i, i, —i] so (1.3) turns to

siné&

$() = -

cos&’

Group 2: We obtain p = [-1,0, 1, 1] and ¢ = [0, 0, 1, 0] so (I.3)) turns to

14
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&) = -

Group 3: We obtain p = [i,—i, 1, 1] and ¢ = [i, —i, i, —i] so (I.3) turns to

siné

¢ = -

cosé

Group 4: We obtain p = [-1,3,1,—1] and ¢ = [1, -1, 1, —1]so (L.3) turns to

cosht—2 sinhrt

$(é) =

sinh 1

Group 5: We obtain p = [-3,-2,1,1] and ¢ = [0, 1,0, 1]so (I.3) turns to

-3 —2¢f
1 +e

$(&) =

Group 6: We obtain p = [1,2,1, 1] and ¢ = [0, 1,0, 1] so (T.3) turns to

1+ 2é°
1 +ef

$(&) =

Group 7: We obtain p = [-1 —i,1 —i,—1,1] and g = [i, —i, i, —i] so (I.5)) turns to

cosé +siné
siné

¢(&) =
Group 8: We obtain p = [-2 —i,2 —i,—1,1] and g = [i, —i, i, —i] so (I.5)) turns to

cosé +2siné
siné& '

¢(&) =
Group 9: We obtain p = [1 —i,—1 —i,—1,1] and g = [i, —i, i, —i] so (L.5)) turns to

cosé —siné
siné

$(¢) =

1.2.2 Description of the improved generalized Riccati equation mapping
method

We suppose that a nonlinear PDE is in the following form:

© C. Lahouache 2025
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P(u, uy, Uy, Uy, Uyy, ...) = 0 (1.6)

where u = u(x,t) is an unknown function, P is a polynomial in u = u(x,t) and its partial
derivatives in which the highest order deivatives and nonlinear terms are involved. Let us now
give te main stepes for solving Equation (I.6) using the improved Riccati equation method
(6,143, 141,42, 144].

e Step 1: We look for its traveling wave solution in the form:
ulx,t) =UE), &=kx+ wt (1.7)

where k, w are constants. Substituting (I.7)) into Equation (I.6]) gives the nonlinear ODE
for U(¢) as follows:

Hu,u',u”,..)=0 (1.8)
where H is a polynomial in U(¢) and its total derivatives u’, u”’,u’”, ..., such that U’ = fl—?
n _ d*U »

and U"” = PR

e Step 2:We suppose that the solution of the ODE (I.8)) can be expressed as follows:

m

U© =) a0l (1.9)

i=—m

where a; (i = 0,%1,+2,...,+m) are constants to be determined such as a,, # 0, and

0 = Q(¢) is the solution of generalized Riccati equation:

Q =r+pQ+qQ° (1.10)
where r, p, g are constants, such that g # 0.

e Step 3: We determine the positive integer m in (T.9)) by balancing the nonlinear terms and

the highest order derivatives of u(¢) in Equation (1.8).

e Step 4: substituting (1.9) and along with Equation (I.10) into Equation (I.8) and then
equation all the coefficients of Q' (i = 0,1, +2,..., +m) to zero yield a system of alge-
braic equations which can be solved by using the Maple or Mathematica to find the values

of the onstants a;(—m, ..., m) and k, w.
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e Step 5: It is well-known that Equation has many families of solutions as follows:

e Type 1: When A = p? — 4gr > 0 and pg # 0 or gr # 0 We have:

1
Q,(6) =~

p + VAtanh (if]}

D,(¢) = —i [p + \/Zcoth(—g)]
[p+ VA (tanh( VAS) + isech(VA9))|, i= V-1,

N

D3(8) = —

Dy(€) = —i [p + VA (coth( VAE) = csch( VAS))|.

q)S(é:) — _% 2p + \/_(tanh (if] coth (@f) l >
| VAA? 1 B?) — A VA cosh( VAS) |
Ds(€) = —|-p+ ’
2g Asinh( VA¢) + B
. m+AVZcosh(V_§)
Q&) =—|-p- .
2g Asinh( VA¢) + B

where A and B are two non-zero real constants satisfying B> — A% > 0.

2r cosh (%f)
Ds(§) = W L
VA sinh (TAf) — pcosh (TAf)
—2rsinh (%5)
Po(6) = —— = L
psinh (TAf) — VAcosh (TAf)
2r cosh (\/7%)
= . Q= V-1,
) = R sinh ( VAE) — peosh (VAE) = i VA 1
2r sinh (\/TKf)
®y(6) = A s
—p sinh ( \/Zf) + Acosh( \/Zf) + VA
D) - 4r sinh (Y2¢) cosh (2¢)

—2p sinh (‘/Tgf) cosh (%g) + 2 VA cosh? (‘/756) - \/Z

Type 2: When A = p? —4qr < 0 and pg # 0 or gr # 0 We have:
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1 V-—-A
D3(6) = 2% -p+ v—Atan( 2 5)},

1 V-A
‘1)14(5):—% p+ V_ACOt( 5 fﬂ,

Dy5(&) = i[—p + V=A(tan( V=A¢) £ sec( V=A%),

1

16(6) = =5 [P+ V=A(cot(V=49)  ese(V-29))].

D7) = % —2p+ V-A (tan( “;Ag) - cot(—';A J)l :

» + V-A(A% — B*) — AV-A cos( «/—Ag)l

+ ,
Asin(V-A¢) + B

o
D3(8) = 2 -p

1| + V-A(A? — B?) — AV-Asin( V=A¢)
D)= —|-p- : :
2q | Asin( V-A¢) + B

where A and B are two non-zero real constants satisfying A% + B> > 0.

2rcos (‘/TTA;T)
Do(¢) = - : ,
V-Asin (‘/T‘jf) + pcos (VT‘jf)
2rsin (\/T_Tf)
0y () = e =
—psin (Tg) + V-Acos (Tf)
2rcos (\/TTASC)
D) = - : ,
Msm(ﬂf) +pcos(ﬁ§) + V-A
2rsin (\/T_jf)
Dy3(8) = : ,
—psin ( Mf) + V-Acos ( Mf) + V-A
OuE) = 4rsin (‘/T_jf) cos (‘/T_jf)

—2psin (VT_Tf) cos (VT_Tf) +2V-Acos? (‘/T_jf) ~V-A

e Type 3: When r = 0 and pg # 0 we have:

18
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Dy5(8) = q[d + cosh(pé) — sinh(pé)]’
_ plcosh(pé) + sinh(pé)]
Doe(&) = —

q |d + cosh(pé&) + sinh(pé&)]’
where d is an arbitrary constant

e Type4: Whenr=p=0andg #0

-1
gé + ¢y

Q0 (&) =

where c is an arbitrary constant.

e Step 6: Substituting the well know solutions of Equation (I.10) listed above in step 5 into
(T.9) we have many families of exact solution of Equation

1.2.3 Description of the Modified Exponential Function Method

(33,134,135, 136,137,138, 39]
The general nonlinear evolution equation, say in (1 + 1) independent variables x and ¢, is given
by:

P(u, D,u, u,, D*u, u., Dyu,,...) = 0, (1.11)

where u = u(x, t) is an unknown function, and P is a polynomial in u and its partial derivatives,
including nonlinear terms and the highest-order derivatives. To find the exact solution of Eq

(L.TT)) using the Exp(—®(n))-expansion method, we follow these steps:

e Step 1: To obtain the exact solution, the following complex transformation is applied:

ulx,) =U®m), n=kx-ot, (1.12)

where k and w are constants to be determined later. Then, Eq (I.T1)) reduces to the fol-

lowing nonlinear ordinary differential equation (ODE):

NU, -wU' kU, *U" , K*U"”, —wkU’,..) =0, (1.13)
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where U™ = 24,
n

Step 2: Assume that the solution of Eq (I.13]) can be expressed as a finite power series of

the form:
Y ico ai(exp(=®(m))’
U = =2 ., (1.14)
M) bj(exp(~0(n))
where ag,aq,...,ay (ay # 0) and by, by, ...,by (by # 0) are constants to be determined
later. Let @ = ®(n) satisfy the differential equation:
D' (1) = pue®? + e 4 9, (1.15)
where u and A are constants to be discussed later.
The general solutions of (I.13) can be written in the following forms:
— A/ 22-4ptanh( L \A2—4u(n+C))-2
log ! (22# k) J A2 —du>0,u#0,
V=22 tan( § \4u-2(+0))-a
log( . (22/.4ﬂ il ) ), A2 —4u<0,u%0,
d(n) = ) (1.16)
“2((+C)+2) _
lOg(W), /12—4/1—0,/1?&0,/1?50,
—log (sinh(/l(n+C))+josh(/l(71+C))—1 ) J A —4p#0,u=0,2%0,
log(n + C), A2 —4u=0,u=0,1=0,

where C is an arbitrary real constant.

Step 3: The positive integers N and M can be determined by considering the homoge-
neous balance between the highest-order nonlinear term and the highest-order derivative
term in Eq (T.12). Suppose the degree of U(n)) is N — M, then the degree of other expres-

sions can be evaluated as follows:

DWUP)=N-M+p, DUPU?PY)=(N-Mp+sN-M+q).

Step 4: Substitute Eq (I.14) using Eq (I.13)) into Eq (T.13). Then, collect the coefficients
of the same power of ¢"®™ (n = 0,1,2,...). A system of nonlinear algebraic equations is

obtained by setting each coeflicient to zero. The resulting algebraic system is solved

20



CHAPTER 1. INTRODUCTION AND PRELIMINARY

using Mathematica to determine the values of the unknown constants ag,a,...,ay,
b(),bl, . ,bM, k, and w.

e Step 5: Substitute a,, k, and w into (T.14) using to obtain all exact solutions of the

nonlinear evolution equation (I.TT).

1.2.4 Description of the Extended (%)-Expansion Method

(431132} 140]

The general nonlinear evolution equation, say in two independent variables x and ¢, is given by:
P(”? ul’ ux’ utt? MXJH ut)ﬁ uxxxa .. ) = Oa (117)

where u = u(x, t) is an unknown function, and P is a polynomial in u and its partial derivatives,
including nonlinear terms and the highest-order derivatives. To find the traveling wave solution

of Eq (I.T7) using the extended (%)—expansion method, we follow these steps:

e Step 1: To obtain an exact traveling wave solution, the following complex transformation

is applied:

u(x,t) =UE), &=kx—wt, (1.18)

where k and w are constants to be determined later. Then, Eq (I.T7) reduces to the fol-

lowing nonlinear ODE:

P(U,-0U’ kU, 0*U" , K*U",—-wkU’,...) = 0, (1.19)

m — d'U
where U = e

e Step 2: Assume that the solution of Eq (I.19) can be expressed as a finite power series of

the form:

N G n
U@ =), an(g) , (1.20)

n=—N

where G = G(¢) satisfies the second-order linear ODE:

G" +AG" +uG =0, (1.21)
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where A and u are constants to be discussed later, and ag, aj, . . .

to be determined later.

,ay (ay # 0) are constants

The general solutions of (I.21)) can be written in the following forms:

¢ (A sinh (1€ /22 = 4u) + A, cosh (1£/A2 = 4p)).
G(é) =qe2¥% (Az sin (%f \au — /12) + A, cos (%f \au — /12)) ,

(Axf + Ay)e 24

which gives:

4
2

Al smh(éf VA%- 4;4 +A> cosh( E22- 4;1)
(A| cosh(;f V42— 4;1)+A2 smh(zf V- 4;1)]
9, — (Az cos| éf Vau— /12)+A1 sm( E\4u— /12))

4u— /12) Alcos( £ 4;1—/12)

b

—4
2

Ay sm 3¢

A2§+A1

where A and A, are arbitrary constants.

—4u > 0,
Lodp<0, (122)
/12—4/120,

—4u > 0,
_ 4 <0, (1.23)
A2 —4u =0,

e Step 3: The degree N of the power series (I.20)) is determined by considering the homoge-

neous balance between the highest-order nonlinear term and the highest-order derivative

term in Eq (I.19).

e Step 4: Substitute Eq using Eq (T.21) into Eq (I.19). Then, collect the coeffi-

cients of the same power of (%)n (n=0,%1,£2,...

,N). A system of nonlinear alge-

braic equations is obtained by setting each coefficient to zero. The resulting algebraic

system is solved using Mathematica to determine the values of the unknown constants

ap, di,...,ay, k, and w.

e Step 5: Since the general solution of (T.Z1)) is now known, substitute a,, k, w, and (I.23))

into (T.20) to obtain three types of exact traveling wave solutions of the nonlinear evolu-

tion equation (L.17).
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Chapter 2

Application of generalized exponential
rational function method to the improved

Boussinesq equation:

The improved Boussinesq equation [10, [L1} [12} 13 [14] is a refined version of the classical
Boussinesq equation, which models nonlinear wave propagation in dispersive media, particu-

larly in shallow water waves and elastic solids. Its general form is of the shape

Ou(x, 1) B Ou(x, 1) B *u(x, 1) —u(nt) Ou(x, 1) B ou(x,t) 2 _o. 2.1
or? ox? ox*or’ ox? Ox
We will Now attempt to find exact solution using the GERFM
2 2 ” 1 2772 2 2
k(—w)U(f)—EkU(§)+(w —K)UE =0 (2.2)
Balancing U? with U”, we get N = 2
So the solution is in the form
U() = a(é)’ + a1¢(€) + ag (2.3)
Where ; ¢
eql + qu
#(&) = D1 D2 2.4)

p36111§ + p4equ.

To get the solutions of the considered NPDE (1.2), we put the values of these parameters (Eq

(L.4)).

Group 1: We obtain p = [i,—i, 1, 1] and g = [i, —i, i, —i] so (2.4) turns to
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¢(€) = — tan(é). (2.5)

By using the Mathematica software, we obtain a polynomial. By setting the coefficients of
this polynomial corresponding to the same powers to zero, we derive a system of algebraic

equations for ay, a;, a;, w .

—2a,k*w?* — %aékz — apk* + apw® = 0,
a1k w? + apa kK> + a1k* — ayw* =0,
- 8a,k*w? — %a?kz — agark* — axk* + a,w® = 0, (2.6)
20K w? + ajark? = 0,
— 6ark*w? — %aﬁkz =0.
After solving the resulting algebraic system and with help of Mathematica, we obtain the

following results:
Case 1:

b ek o
_ — a —_—, W L — .
W e T T e VI —ae

Putting these results in Eq (2.3) and (2.5) leads to

4k* sec?(¢)
=" 7 2.8
U = 5 2.8)
Thus, the propagating solution of the PDE given by (2-1)) can be achieved as
2 cap? R
WD) = 4k” sec (k( —F x)) 2.9)
’ 4k? — 1 '
where & = kx — wt
Case 2:
12k2 12k2 k
. 0, —_— — 2.10
{“0_’ ey N7 T T ~/74k2+1} .10
Putting these results in Eq (2.3) and (2.5) leads to
12k? sec*(€)
= 2.11
U =5 2.11)
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FUNCTION METHOD TO THE IMPROVED BOUSSINESQ EQUATION:

Thus, the propagating solution of the PDE given by (2.1)) can be achieved as

12k? sec? (k( L_ ¢ x))

Vil
1) = — 2.12
U 1) 42+ 1 (2.12)
where € = kx — wt
Case 3:
0 k + ! (2.13)
ag— —=,a; > 0,a, > ——, k> ——,w—>t—— .
0 2 2 1 2 2 2 2 2 2 2 ﬁ
Putting these results in Eq (2.3) and (2.3) leads to
1 2
U() = 5(=3)sec’(9) (2.14)
Thus, the propagating solution of the PDE given by (2.1)) can be achieved as
3
u(x,t) = — p (2.15)
cos (% + x) +1
where € = kx — wt
Case 4:
0 k ! + ! (2.16)
ay— ——,a; > 0,ap > = k> -, w—> +—— .
0 5% a2 5 5 i
Putting these results in Eq (2.3) and (2.3) leads to
1 2
U(§) = 5(=3)sec’(9) (2.17)
Thus, the propagating solution of the PDE given by (2.1)) can be achieved as
3
u(x,t) = — 5 (2.18)
cos (% F x) +1
where € = kx — wt
Case 5:
{a0—> 5 - 0,a, — 5,](—) —%,w—%l_-ﬁ} (2.19)
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Putting these results in Eq (2.3) and (2.5)) leads to

3sec?(¢) _

U@ =—7

1 (2.20)

Thus, the propagating solution of the PDE given by (2-1)) can be achieved as

3
u(x,t) = - -1 (2.21)
cosh (ﬁ + x) +1
where & = kx — wt
Case 6:
- ! -0 — 3 k i — + ‘ (2.22)
~ ) =K — 7, W - .
ao 5 ai a 3 ) V2
Putting these results in Eq (2.3) and (2.5) leads to
3 2
U = 25 (2.23)

2

Thus, the propagating solution of the PDE given by (2-1)) can be achieved as

u(x,t) =

-1 (2.24)
F x) +1

o

cosh (

where & = kx — wt

Group 2: We obtain p = [-1,0, 1, 1] and g = [0, 0, 1, 0] so (2.4) turns to

#(&) = — (2.25)

e +1

By using the Mathematica software, we obtain a polynomial and By setting the coefficients
of this polynomial corresponding to the same powers to zero, we derive a system of algebraic

equations for ag, a;, a, w .
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a@k* + atk® + ask? + 2apk® — 2apak* — 2a,k* + 2apa:k* — 2a,1a,k* + 2a,k* — 2a0w* + 2a;,0* — 2a,w* = 0,
a>k* + 2apk* — 2apw* = 0,

- 2a,K*w* + dagk® + 8aok® — 2apak* — 2a,k* — 8ayw® + 2a,w* = 0,

8ark*w* + 6agk® + @ik + 12apk® — 6agark* — 6a,k* + 2apark’ + 2a,k* — 12apw* + 6a,w* — 2a,w* = 0,
20K w? — dark*w? + 4a§k2 + 2a%k2 + 8agk? — 6aga k> — 6a,k*

+ dagark® = 2a a,k* + dark? — 8apw? + 6a,w* — 4arw® = 0.

(2.26)

After solving the resulting algebraic system and with help of Mathematica, we obtain the

following results:

Case 1:
12k? 12k2 k
{ao - 0,(11 - m,az g m,(u — =+ m} (227)
Putting these results in Eq (2.3) and (2.23)) leads to
6k>
U = — 2.28
© (k* — 1) (cosh(é) + 1) (2.28)
Thus, the propagating solution of the PDE given by (2.1I)) can be achieved as
3k*sech” (1k (2= F x
i (x,1) = - k(g = 5) (2.29)
k-1
where & = kx — wt
Case 2:
2k? 12k? 1242 k
{“0 B S R E R E R Y s 1} (230
Putting these results in Eq (2.3) and (2.23)) leads to
2k*(cosh(é) — 2)
U =- 2.31
© (k2 + 1) (cosh(¢) + 1) 23D
Thus, the propagating solution of the PDE given by (2.1)) can be achieved as
k? (3sech” (1k (= ¥ x)) -2
u(x, 1) = ( (2 (\/k2+1 )) ) (2.32)

K +1

© C. Lahouache 2025



where & = kx — wt

Group 3: We obtain p = [i,—i, 1, 1] and ¢ = [i, —i, i, —i] so (2.4)) turns to

(&) = —tan(§) (2.33)

In this group, we find the solutions as those in Group 1.
Group 4: We obtain p = [-1,3,1,-1] and ¢ = [1, -1, 1, —1]so (2.4) turns to

1
¢() = 5(coth(£) - 2). (2.34)

By using the Mathematica software, we obtain a polynomial and By setting the coefficients
of this polynomial corresponding to the same powers to zero, we derive a system of algebraic

equations for ag, a;, as, w .

— 16a,k*(w* + 2) — 32a¢(k* — w?) — 16a3k* — 16aik* — 16a5k* + 32apak* = 0,

32a,k* - 32apark* + 32a,a:k* — 32a,0* + 32a,w* = 0,

= 8a, (*(1 = 8w?) - w?) - 4a}k* - 24a3k* - Bapark® + 24a kK = 0,

— 48a,k*w* — a5k = 0, (2.35)
- 32a, P w* + 64ak*w* + 8ask® — dajak* = 0,

16a,(K*Qw* — 1) + w?) - 32a,(K*Rw* — 1) + w?) = 0,

+ 164 k> + 32a3k* — 16apa,k* + 32apa,k* — 48a,a:k* = 0.

After solving the resulting algebraic system and with help of Mathematica, we obtain the

followin results:

Case 1:
36k* 96k> 48Kk> . k (2.36)
a — a4 > ) D 5, W > E——— .
O a1 T a1 T Ak - Nwye
Putting these results in Eq (2.3) and (2.37) leads to
12k%csch?(&)
= — 2.37
U@ =~ 237)
Thus, the propagating solution of the PDE given by (2.1)) can be achieved as
12k%csch® (k (= ¥ x
u(x, 1) = k(= ) (2.38)

4k — 1
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where & = kx — wt

Case 2:
AR 96k 48k k
a —-—a —-—a —_—— W +—
LR TR T I Y I | Vi + 1

Putting these results in Eq (2.3) and (2.37) leads to

4k2 (1 = 3 coth® (k (== 7 x)))

42+ 1

U =
Thus, the propagating solution of the PDE given by (2.1)) can be achieved as

452 (1 — 3 coth? (kx + \/%))
4k + 1

u(x,t) =

where & = kx — wt

Case 3:

11 1 1
ay— ——,a; = —12,a, » 6,0 > +—— k — ——}
{ 2 2V2 2

Putting these results in Eq (2.3) and (2.37) leads to

2k?*(cosh(&) — 2)

U = _(kz + 1) (cosh(¢) + 1)

Thus, the propagating solution of the PDE given by (2.1)) can be achieved as

3
nenn) = _cosh(\%2 ix)—l -

where & = kx — wt

Case 4:

9 . .
{ao — E’al - 12,a, > 6,w — iL,k—> —i}

2V2 2
Putting these results in Eq (2.3) and (2.37) leads to

3csch2(§)

U@ =—>

Thus, the propagating solution of the PDE given by (2.1)) can be achieved as

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)
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where & = kx — wt
Case 5:

9 . )
{ao - E’al - 12,a, > 6,0 — iL,k—> i}

2v2 2
Putting these results in Eq (2.3) and (2.37) leads to

3CSCh2(§)

V@) =——

Thus, the propagating solution of the PDE given by (2-1)) can be achieved as
3

cos(%?ux)—l

u(x,t) =

where € = kx — wt
Case 6:

11 1 1
{ao - — - -12,a, » 6,0 > t——,k —> —}

2V2 2
Putting these results in Eq (2.3) and (2.37) leads to

UE) = —%SCschz(f) -1

Thus, the propagating solution of the PDE given by (2.1)) can be achieved as

3
neen = _cosh(% -Tx) -1 -

where & = kx — wt
Group 5: We obtain p = [-3,-2,1,1] and ¢ = [0, 1,0, 1]so (2:4) turns to

-3 -2
1+e

$(&) =

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

By using the Mathematica software, we obtain a polynomial and By setting the coefficients

of this polynomial corresponding to the same powers to zero, we derive a system of algebraic

equations for ag, a;, a, w .
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ak* + 9aTk? + 81a5k* + apk® — 6apak* — 6a,k* + 18apark* — 5S4a,ark* + 18a,k* — 2apw’

+ 6a,0* — 18a,w* = 0,

agk® + 4aik? + 16a5k> + 2aok” — dapa k* — da,k* + 8apark> — 16a,a,k* + 8ark* — 2apw*+
da,w? — 8arw® =0,

- 2a,kK*w* + 8ark*w* + 4a(2)k2 + 2()a%k2 + 96(Jz§k2 + 8agk? — 18apa k* — 18a,k* + 40agak*
— 88a,ak* + 40a,k* — 8apw® + 18a;w* — 40a,w* = 0,

8ark*w® + 6agk® + 37atk* + 216a5k* + 12apk” — 30apa, k* — 30a,k* + T4apak* — 180a,a,k>
+ T4ark* — 12ayw* + 30a,0w” — T4a,w* = 0,

20,k w* — 12a,k*w* + 4alk® + 30ak* + 216a5k* + 8apk® — 22apark* — 22a,k* + 60agak*
— 162a,a,k* + 60axk* — 8apw® + 22a,w* — 60a,w* = 0

(2.55)

After solving the resulting algebraic system and with help of Mathematica, we obtain the

followin results:

Case 1:
72k* 60k> 12k? k
{—) m,al - —m,az - m,(u + m} (256)
Putting these results in Eq (2.3)) and (2.54)) leads to
12k2 (4€f +5) (5ef + 6)
U = > (2.57)
(K2—-1)(es+ 1)
Thus, the propagating solution of the PDE given by (2.1)) can be achieved as
2 1 r - 1 [ —
38 (tanh (3k (755 F 1)) + 9) (tanh (34 (5 7 x)) + =11)
u(x,t) = (2.58)
K> —1
where & = kx — wt
Case 2:
T4k* 60k* 12k k
{“O B R s e R I R Y - 1} (2:59)
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Putting these results in Eq (2.3) and (2.54)) leads to

K?sech’ (£) (30 sinh(¢) — 151 cosh(&) — 148)

ve = 2+ 1

(2.60)

k
Vi2+1

When v — Thus, the propagating solution of the PDE given by (2.1)) can be achieved as

kZ [60 sinh(k(x— @))4—6 ~ 302]

cosh{i{ -~ 1

l/ll(x, t) = k2 +1

(2.61)

where € = kx — wt

k

And when w — _\/ﬁ

Thus, the propagating solution of the PDE given by (2.I) can be

achieved as

K (60 tanh (1 (= + x)) + 3sech® (3k (=== + x)) - 302)

y(x, 1) = o (2.62)
Group 6: We obtain p = [1,2,1,1] and ¢ = [0, 1,0, 1] so (2.4)) turns to
1+2€
= . 2.63
(&) T+ o (2.63)

By using the Mathematica software, we obtain a polynomial and. By setting the coefficients
of this polynomial corresponding to the same powers to zero, we derive a system of algebraic

equations for ag, a;, a, w .

ak* + @k + ask? + 2apk® + 2apa kK + 2a1k* + 2apa,k* + 2a,a,k* + 2a:k* - 2apw® - 2a,0* - 2a,0* = 0,
2a,k°w* + dar kP w* + dagk® + 6aik* + 8ask* + 8aok® + 10apa, k*

+10a,k* + 12apa,k* + 14a,a:k* + 12a,k* — 8apw* — 10a,w” — 12a,w* = 0,

ayk? + 4aik? + 16a5k> + 2apk® + dapa,k* + 4ak* + 8apark* + 16a,a:k*

+ 8axk* — 2ayw* — 4a,w? — 8a,w? = 0,

8ark*w? + 6agk® + 13ak* + 24a5k* + 12apk* + 18apa  k* + 18a,k*

+ 26apak* + 36a,a,k* + 26a,k* — 12a0w* — 18a;w* — 26a,w* = 0,

- 2a,Kw* - 8ark*w* + dagk® + 12a7k* + 32a5k> + 8aok® + 14apa, k>

+ 14a,k* + 24apak* + 40a,a:k* + 24a,k* — 8ayw® — 14a,w* - 24a,0* = 0.

(2.64)
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After solving the resulting algebraic system and with help of Mathematica, we obtain the

followin results:

Case 1:
24k? 36k? 12k> k
Putting these results in Eq (2.3) and (2.63)) leads to
6k>
U =- 2.66
© (k* — 1) (cosh(¢) + 1) (2.66)
Thus, the propagating solution of the PDE given by (2.1)) can be achieved as
3k*sech® (k (= T x
u(x, f) = — (3 (i = ) (2.67)
k> -1
where & = kx — wt
Case 2:
26k? 36k* 12k> N k (2.68)
- - > ) > ———, W = £ .
O ey T e T T N
Putting these results in Eq (2.3) and (2.63)) leads to
2k*(cosh(é) — 2)
U = — 2.69
©) (k2 + 1) (cosh(¢) + 1) ( )
Thus, the propagating solution of the PDE given by (2.1) can be achieved as
2 2(1 t —
et = 2 (3sech® (3k (= 7 x)) - 2) 0.70)
’ k2 +1 '
where & = kx — wt
Group 7: We obtain p = [-1 —i,1 —i,—1,1] and g = [i, —i, i, —i] so (2.4) turns to
d(€) = cot(é) + 1. (2.71)

By using the Mathematica software, we obtain a polynomial . By setting the coefficients of
this polynomial corresponding to the same powers to zero, we derive a system of algebraic

equations for ay, a;, a;, w .
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1 1
—2a,k*w* - Eaékz - Ea Eagkz — apa1k* — a\k*

— apark® — ayark® — ark? — apk® + apw? + a1 w* + arw? = 0,

1
e -

— 8ak*w? — %a%kz - 3a§k2 — apark® = 3a1axk* — ark? + arw? = 0,

- 20,k w* - dar kW - a%k2 - 2a§k2 — apa1k* = 2apark* = 3a axk* = 2a,k* — a1k* + a10* + 2a,w* = 0,
- 2a1k°w* — dark*w* - 2a5k* — ayark’ = 0,

- 6aykw* - %a%kz = 0.

(2.72)

After solving the resulting algebraic system and with help of Mathematica, we obtain the

following results:

Case 1:
16k? 24k> 12k? N k (2.73)
S - - g )
DT T T T e T T o
Putting these results in Eq (2.3) and (2.71)) leads to
4k*(cos(2€) + 2) csc?(€)
Ue) = 2.74
€3, 121 (2.74)
Thus, the propagating solution of the PDE given by (2.1)) can be achieved as
2 2 t - _
e = 42 (3 ese? (k (L= 7 x)) - 2) 075)
’ 42— 1
where € = kx — wt
Case 2:
24k? 24k2 12k> N k (2.76)
ay— —————,a1 > ————, ) > ———— W D E———— :
O a2 T T MR AR+ VIR + 1
Putting these results in Eq (2.3) and (2.71)) leads to
12k? csc?(€)
U¢)=———— 2.77
(9] FTER| (2.77)

Thus, the propagating solution of the PDE given by (2-1)) can be achieved as
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2 2 t -
WD) = 12k csc (k( F x))

where & = kx — wt
Case 3:

3 1 1
{ao — =3,a; > 3,a, — _E’k_) -—w = i—}

2 2V2
Putting these results in Eq (2.3) and (2.71)) leads to

1
U = 5(—3)0562@)
Thus, the propagating solution of the PDE given by (2.1I)) can be achieved as
3

cos(\/%¢x)—l

u(x,t) =

where & = kx — wt
Case 4:

3 1 1
ap— -3,a1 =3, a0 > ——, k> -, 0> +——
{o 1 2 > 5 2\5}

Putting these results in Eq (2.3) and (2.71)) leads to

1
U = 5(—3)0802(5)
Thus, the propagating solution of the PDE given by (2.1)) can be achieved as

3

£

cos(ﬁ¢x)—1

u(x,t) =

where & = kx — wt
Case 5:

i i
{ao —2,a > -3,a, > =, k> —=, 0w — i—}

2’ 2 212
Putting these results in Eq (2.3) and (2.71)) leads to

3csc?(€)
-

U@ =

(2.78)

(2.79)

(2.80)

(2.81)

(2.82)

(2.83)

(2.84)

(2.85)

(2.86)
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Thus, the propagating solution of the PDE given by (2.1)) can be achieved as

3
Henn = _cosh(\/% ¢x) -1 -

where & = kx — wt
Case 6:
3 i i
ay— 2,a1 > 3,4 > -, k> -, 0> +t——
Putting these results in Eq (2.3) and (2.71)) leads to

3 csc?(€)
-

1

U =

Thus, the propagating solution of the PDE given by (2.1)) can be achieved as

u(x,t) = —

oo

cosh (

where € = kx — wt

Group 8: We obtain p = [-2 —i,2 —i,—1,1] and ¢ = [i, —i, i, —i] so (2.4)) turns to

$(§) = cot(¢) + 2.

Group 9: We obtain p = [1 —i,—1 —i,—1,1] and ¢ = [i, —i, i, —i] so (2.4)) turns to

$(§) = cot(¢) - 1.

(2.87)

(2.88)

(2.89)

(2.90)

(2.91)

(2.92)
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(a) (b)
Figure 2.1: 3D Plot (a), (b) of some exact solutions of (Z.1)) given by (2.9) and (2.58).
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Chapter 3

Application of generalized Riccati
mapping method to the long-short wave

interaction equation

The long-short wave interaction equation (LSWIE) 26l 27,128} 29, 30] is a mathematical model
that describes the nonlinear interaction between a long wave and a short wave. This type of
interaction is common in fluid dynamics, plasma physics, nonlinear optics, and other areas
where waves of different scales coexist and influence each other. General Form of the Long-

Short Wave Interaction Equations One common form of the LSWIE system is:

Ou(x, 1) N 0u(x, 1)
! ot 0x?
2
ov(x, t) N ov(x, t) N 0lu(x, t)| _
ot 0x 0x

—u(x,Hv(x,t) =0,
(3.1)
0.

We will proceed to solve this equation using the generalized Riccati mapping method.

Applying the traveling wave transformation where

& =kx - tw,

6 = pt + nx,

u(x,t) = U) = e’U(¢) = """ U(kx — tw),
v(x,t) = V(&) = V(kx — tw)

(3.2)

to reduce Eq (3-1)) into the following NLODEs:
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kU&)?
RU e -+ p) U =0 (3:3)
kU(&)?
Ve = 2O (3.4)
w-k

where w = 2nk.
By balancing U” with U?® we have N = 1 Hence the formal solution of Eq (3:3) takes the form:

UE) = (3.5)
¢ Q(E)
Where
Q') = pO&) +qQE&)’ +r (3.6)
Proceeding as indicate in the method, we get a system of nonlinear algebric equations
ak  6a_ k
—aon” + a_1k*pq + a)k*pr — —2— — d-ididott app =0,
w—k w—k
a k 3a? apk
+2a k4 — — = 0, +3a_,K2pr - —1 = 0,
w—k w—k
3a_ja’k  3a®,ak
—aaPan + P+ 2aKRgr- ——— - =" 4 p=0, 3.7)
w—k w—k
3a_1a’k  3dlak
—a1772+a1k2p2+2a1k2qr— o St V. —ap=0,
w—k w—k
3agatk a’k
3a1k’pq — 1~ 0,20,/ - ; =
w—k -k

The resulting algebraic system Eq.(3.7)is solved with the help of Mathematica to determine

the values of the unkown constants agy, a;,a_1, k, w,p,n
Vow 1
a0—>—\/_p a1—>0a1—> V2 Vir Vo k,p = —-n —Ekz(p —4qr>}

(3.8)

{ \/_p a1—> \/_\/_q\/ -k,a_; = 0,p > n——kz(p —4qr)
{ \/_p a1—>0a1—>\/_\/%rv k,p — n—%kz(p —4qr)}

\/_p a1—>\/_\/_q\/ -k,a_y = 0,p— n—%kz(p —4qr)}
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Insertion Eq.(3-8)) with the aid of Equation (3.6)) into equation (3.3) we get the following system

of algebraic equation:

Type 1:A = p?> —4qgr > 0, pq # 0, pr # 0:

‘/Ep\/w—ki V2 Vkr Vo -k
\/5 i \/p2—4qrtanh(% \/p2—4qr(kx—tw))+p (3.9)

2q

Y 2
xexp(l(—ik (p —4qr)—77 t+nx)),

up(x, ) =+

Vip Vo —k 2 Vkr Vo — k(% \/p? — 4qrtanh (% Vp?* — dgrkx — tw)) + p)
¥
V2 2q

. 12 2 2
xexp(z (_Ek (p —4qr) -7 t+77x)),

up(x, ) =+

(3.10)
u (xt)—+\/%p\/w—_k¢ V2l Vo
2,1 Ay e
V2 P Agreot (3 At - )+ |
2q

1
X exp (i (—Ekz(p2 —4gr) -t + nx))

Vikp Vo -k . (\/E\/%r\/a) - k)(\/p2 - 4qrcoth(% \p? — 4qrkx — ta))) + p)
V2 2q

. 1 2 2 2
xexp(z(—ik (p —4qr)—n t+nx))

uz,z(x, t) = [i

(3.12)

Vkp Vo —k _ V2 Vkr Vo — k
\/i ot M(tanh( A /p2_4qr(kx—tw))iisech( vV p2_4qr(kx—tw))) (3.13)

X exp (i (t (—'72 - %kQ (p2 - 4qr)) + nx))

© C. Lahouache 2025
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\/lgp w—k

/)
Usp ()C, t) = _ ( V2 vVkq M)(p+ \/p2—4qr(tanh( \/pzilqr(kx—tw))j:isech( \/p2—4qr(kx—ta)))))
+

2q

X exp (i (r(—n2 - %18 (- 4qr)) + nx))

i\/%p\/cu—k$ V2 Vkr Vo —k

ug1(x, 1) =

\/5 \/ p? —4qr(c0th( \/ p? —4qr(kx—tu)))icsch( p2—dqr(kx— tw)))+ p

2q

conlio - 2 ) o)

+ Vkp Vo—k
T V2

u4,2(x, t) = _ ( V2 Vkq \/E)( V p2—4qr(coth( p2—4qr(kx—tw))icsch< \/p2—4qr(kx—tw)))+p)
¥

2q

X exp (i (r (—772 - %kz (p2 - 4qr)) + nx))

us (x, 1) =+

V2

\/l;p\/a)—k$ V2 Vikr Yo — k
vV p2—4qr(tanh(% p2—4qr(kx—tw))icoth(£ A\ p? —4qr(kx—tw)))+2p

4q

X exp (i (r (—:f - %kz (- 4qr)) + nx))

i\/lgpm

\f
us (X, 1) = _(V2vkg m)( vV p2—4qr(tanh(§ 4/ p2—4q2r(kx—tw))rcoth(% \/ p2—4qr(kx—tw)))+2p)
F i7

X exp (i

Uue1(x,1) =

TR A

Nip Vo k| Vi VB Vo=

\/§ o \ / (A2 +B2 ) (p2 74z]r) -A sz —4qr cosh( vV ]72 74qr(kxftu;))
-p

Asinh( VpZ-4grkx—tw) )+B
(

2q

X exp (i (t(—n2 - %kz (p2 -~ 4qr)) + nx))

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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Asmh( Vp2—agr(kx— tu)))+B

_ (V2 kg m)[ NV (4282) (#2-dar) AN dareomn(( Vi ~darten) ]
U (X, 1) = | Nip ok

V2o 2 (3.20)
1
X exp (i (t (—7]2 - Ekz (p2 — 4qr)) + nx))
Vkp Vo—k V2 Vkr Vo—k

+ F -
Uy l(-x l) — \E \/(32 AZ)([,Z 4qr)+A Vp2- 4qrco<h( Vp —4qr(kx—rw))
’ ’ Asmh( \/pz —4qr(kx— tw))+B

% (3.21)

X exp (i (t(—n2 - %kz (p2 - 4qr)) + nx))

(V2 VEq M)(‘/(Bz ) (P tar) AN oV ko) | J}

Asmh( Vp2—agr(kx— tm))+B

M7’2(.X', t) = {+ \/];pm T

V2 2 (3.22)
1
. 2 2 2
X exp (l (t (—77 — Ek (p - 4qr)) + nx))
—A? + A and are B are two non - zero real constants satisfying B> — A% > 0
\fp F V2 Vikr Vo—k
ug, l(x t) V2 2rcosh(% Vp2—4qr(kx—tu)))
\/p2—4qr sinh(% \/p2—4qr(kx—tw))—p cosh(% \/p2—4qr(kx—tw)) (3 23)
1
. 2 2 2
oot
s (e 1) = + Vip vk N V22 \&qr\/wfkcosh(% p2—4qr(kx—tcu))
A R/ B \/p2—4qrsinh(% \/p2—4qr(kx—tw))—pcosh(% \/p2—4qr(kx—tw)) (3.24)
| .
. 2 2 2
X exp (l (t (—n - Ek (p - 4qr)) + nx))
L Vip vk VE VTR
Ug, l(x t) V2 2rsmh(% Vp2—dgr(kx— tw))
psinh(% Vp —4qr(k\ 1‘(4)))—\/274qrcosh(2 2 —4qr(kx— tw)) (3 25)
1
. 2 2 2
X exp (z (t (—n - Ek (p - 4qr)) + nx))
_ Vip ok _ V22 Vikgr Vo kslnh(1 \ p2-4qr(kx— tw))
Ugr(x,1) =<+ B T T
psmh(f p2—4qr(kx—tw))— 2V p2—4qrcosh( p? 4qr(kx—tw)) (3.26)

X exp (i (t (—'72 - %kz (p2 - 4qr)) + nx))
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L NEpNaE VI Vi VaE
up (x, 1) =4 V27 2rcosh( § VpZ-4gr(ki-1))
\/;72—4qr sinh( sz —4qr(kx—tw))—(/7cosh( \/pz —4qr(kx—tw))ii Vp2—4qr) (3 27)
1
X exp (i (t (—nz - Ekz (p2 - 4qr)) + nx))
( ) VEp Yok V22 Vikgr mcosh(% \/p2—4qr(kx—tw))
u X, 1) =<%£ +
10.2 V2 \/p2—4qr sinh( \/p2—4qr(kx—tw))—(p cosh( \/p2—4qr(kx—tw))ii \/p2—4qr) (3 28)
| .
X exp (i (t (—772 - Ekz (p2 - 4qr)) + nx))
+ ‘/];P Vw—k + V2 Vkr Yo—k
ull,l(x, [) =~ V2 - 2rsinh(% \/p274qr(kxftw))
( \/p2—4qrcosh( \/172—4qr(kx—rw))i \/pz —4z1r)—p sinh( \/172—4qr(kx—tw)) (3 29)
1
X exp (i (t (—772 -~ ikz (p2 - 4qr)) + nx))
. Vip VR V22 x/%qr\/afksinh(% p2—4qr(kx—lw))
.25 N V2 o ( \/p2—4qr cosh( \/p2—4qr(kx—tw))i \/p2—4qr)—p sinh( \/p2—4qr(kx—tw)) (3.30)
{ .
X exp (i (r (—772 - Ekz (p2 - 4qr)) + nx))
L Vep Vo B VE VR
upi(x,t) =47 V2T arsinh(( oy Vp2—dqrikr-i)) cosh( § VpZ-dqrike-1))
2\/p2—4qrcosh2(% \/p2—4qr(kx—tw))—2p sinh(2—l4 \/p2—411r(kx—tw)) Cosh(% \/p2—4qr(kx—tw))—\/pz—4qr

X exp (i (t(—n2 - %kz (p2 — 4qr)) + nx))

(3.31)
u (x l‘) =<+ Vkp Vo—k + V24 \/l?qr\/uﬁsinh(ﬁ vV p2—4qr(kx—tw))cosh(% Y p2—4qr(kx—tw))
12,235 o V2 T2 \ p2-4qr coshz(% \/p2—4qr(kx—ta)))—2p sinh(i \/p2—4qr(kx—ta))) cosh(% \/p2—4qr(kx—tw))— \/ p2-4qr

X exp (i (t(—;f - %kz (- 4qr)) + nx))

(3.32)

Type 2:A = p*> —4qr < 0,pq # 0, pr # 0
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_ +‘/§p\/afk+ V2 Vkr Yo—k
e e L (R = ey

conlio - 20 ) o)

(3.33)

32(x, 1) = {_ Vipsomk o SV (= (p7 = Agr) tan (4 = (07 = 4gr)(kx - w)) - p)}
X exp (i (t (—172 —~ %kz (p2 - 4qr)) + nx))

(3.34)
_ e YepVok o oVl vk
u14,1(x9 t) -3\ V2 zlq(\/wcm( \/W(kx tw))+p) (3 35)
X exp (i (t (—172 - %kz (pz - 4qr)) + r)x))

Uso(x, 1) =

fi BT PNV (T gy con (3 \E G Ak - @) +8)) (a6
X exp (i (t (—772 - %kz (P2 - 4qr)) * nx))

+ \/lgp w—k
-2
uys (x, 1) = + V2 Vikr Vo—k

_7( —(p2-4qr (tan( -(p?- 4qr)(kx—tw))isec( —(p2—4qr)(kx—tw)))—p) (3.37)

e S -] o

ujsp(x, 1) =

1 o o
{ f@ﬁ(m(tan(m(m_tw))+sec(w/_(p —4gr)(kx - tw))) - p) }

X exp (i (z (—772 - %18 (- 4qr)) + nx))

(3.38)
+ \/lzp‘/iw—k
Ui, (X, 1) =4 V2 Vikr Vo k
ziq( \/W(cot( \/m(kx—tw))icsc( —(p2—4qr)(kx—tw)))+p) (339)

X exp (i (t (—772 - %kz (p2 -~ 4qr)) + nx))
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U (X, 1) =

+ Vkp Vo—k
- V2
{—”F (V=7 = 447) (cot (\= (7 = 4ar)lex = 1)) = esc (V= (7 = dqr)(lex = 1)) +

X exp (i (z (—;f - %kz (- 4qr)) + nx))

(3.40)

+‘/§pm
)

ur7,1(x, 1) = + V2 Vir ok
(\/ (p2 4qr)(tan( \/ (p2 4qr)(kx tw)) Cot(l (p2—4qr)(kx—ta))))—2p) (341)

ot

upro(x, 1) =
o Yep Vork \/IEpm
{”ff(moan( NG ke 1) - ot G Tk 1)

X exp (i (z (—:f - %kz (p* - 4qr)) + nx))

(3.42)

+ \/Ep Vow—k
- V2
V2 Vir vk

[ V=) ) APy o VPso)eo) J
As h( (p2 dqr )(k Iw)) +B P

X exp (i (t (—7]2 - %kz (p2 - 4qr)) + nx))

uig (x, 1) =

(3.43)

+‘/§pm

ulg’z(x, t) V»\fq\/i ,\/(Az 32)( (pz 4qr)) A\/ (p2 4qr)cos(\/ (p2 4qr)(kx tw))
2q Asinh(—(p2—4qr)(kx—t1w))+B -p (3.44)

X exp (i (t(—n2 - %kz (p2 -~ 4qr)) + nx))
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+ Vip Vo—k
V2

Upg (X, 1) =qF V2 Vkr Yo—k

+ ‘\/(AZ—BZ)(—(p2 —4qr))—A \/—(p2—4qr) Sin( \/—(p2 —4qr)(kx—tw))
21!’[ A sinh(—(p2—4qr)(kx—tw))+8 -P (3 .45)
1
. 2 2 2
X exp (z (t (—77 - Ek (p - 4qr)) + nx))
+ ‘/lgp w—k
Uroo(x, 1) = \f\fqﬁ = \/(42-82)(~(r*~ 4‘1’))—A\/ (r?=4ar) sin{ V=(r?=4ar) kx-10)|
Asinh(-(p2-4qr)(kx—tw))+B P (3.46)
1
. 2 2 2
X exp (z (t (—n — Ek (p - 4qr)) + nx))
—A? + A and are B are two non - zero real constants satisfying B> — A% > 0
+ Vkp Nw—k T V2 Vikr Vo—k
MQO,I(X, t) = \/E 2rc.os( '\[7(])2 4q))(kx lw))
\/ (p2 —4qr sm( \/ (p2 4qr (kx— tm))ﬂuos( \/ (p2 4qr)(kx tm)) (3.47)
1
. 2 2(.2
X exp (l (t (—77 - Ek (p - 4qr)) + nx))
Vkp Vow—k
T
Uz2(x, 1) = . V22 Vkgr Vo cos( 3 /=(p—dar) kx-10)
\/ (p*- 4qr)sm( \/ (p2-4qr)(kx— tw))+pcos( —(p2-4qr)kx- tw)) (3.48)
1
. 2 2 2
X exp (l (t (—77 - Ek (p - 4qr)) + nx))
\//;p w—k
i
u21’l(x, t) =17 2r sin(% \[ (p —4qr )(kx— tw))
- (% (P—ar) k- ,m)) ,( NaE=m . ,w)) (3.49)
1
X exp (i (t (— - Ekz (p2 4qr)) + nx))
Vkp Vo—k
R
Uy 2(x, 1) = V22 Vigr Vo ksln( V-(p2-4qr)kx— tw))
\/ (p*- 4qr)cos( \/ (p*-4qr)(kx— ta))) psm( —(p2-4qr)kx- tu))) (3.50)

X exp (i (t (—772 -~ %kz (p2 - 4qr)) + nx))
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+ 2
¥ x/T
up (x, 1) =1F —
( ) 3.51)
VG V- (v T e B e T Sa )]
X exp (i (t (— r)) + nx))
4 Vkp Vo—k
- W2
upo(x,1) = _ V22 Vikgr mcos(% \/—(p2—4qr)(kx—tw))

N \/—(p2—4qr) sin( \/—(p2—4qr)(kx—tw))+(p cos( —(p2—4qr)(kx—ta)))i \/m) (3 52)

X exp (i (t (—nz - %kz (p2 - 4qr)) + nx))

vk D Vo —k . V2 Vkr Vo — k
\/Q - 2r sin(% -(p? —4qr)(kx—lw))
( \/—(p2—4qr) cos( \/—(p2—4qr)(kx—tw))i '\/—(pz—élqr))—p sin( \/—(p2—4qr)(kx—tw))

ol 36 sa0) )

ux(x,1) =+

(3.53)

Vkp Vo—k
S

2
Uzspn (x,0) = N V22 Vkgr Vo—k sin(% \/—(p2—4qr)(kx—tw))
N ( \/—(p2—4qr) cos( \/—(p2—4qr)(kx—tw))¢ \/m)—p sin( \/W(kx—tw)) (3.54)

X exp (i (t (—nz - %kz (p2 - 4qr)) + nx))

4 Vkp Vo—k
- \FZ
Upg(x, 1) =4 =% ( NEE= )(k _,w) (Z \/mac rw)
2= (p?-4ar)cos ( V(2 -tar)es "‘”)) = —fw)) (1 2 —dqr ) (kx rw)—\/m

ol 2]

(3.55)
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CHAPTER 3. APPLICATION OF GENERALIZED RICCATI MAPPING METHOD TO
THE LONG-SHORT WAVE INTERACTION EQUATION

+ \/Ep w—k
2
M24’2()C, 1 = V2 vVkq \/E(élr sin(% \/—(p2—4qr)(k2x—tw)) cos(% \/—(p2—4qr)(kx—tw)))

* 2 \/—(T—élqr)COSZ(% \/m(kx—tw))—Zp sin(% m(kx—tw)) cos(% \/m(kx—tw))— \/m
1
X exp (i (t (—7]2 — Ekz (p2 - 4qr)) + nx))

(3.56)
Type 3:r = 0, pg # 0 we have:
uxs(x, 1) = i% exp (i (—7]2 - %kzpz) t+ nx) (3.57)
( VkpVw —k _ V2d VkpgVw — k )
Uysp(x, 1) =[+ ¥ .
V2 q(d — sinh(p(kx — tw)) + cosh(p(kx — tw))) (3.58)

1
X exp (i (—772 - Ekzpz) t+ nx)

Vip Vo —k _ V2 Vkg Vw — kp(sinh(p(kx — tw)) + cosh(p(kx — tw))))

U2 2(x, 1) = (i \2 q(d + sinh(p(kx — tw)) + cosh(p(kx — tw)))

1
X exp (i (—nz - Ekzpz) t+ nx)
(3.59)

Type4 :when r = p = 0, g # 0 we have no nontrivial solutions

Remark 3.0.1. We substitute the value of u; j(x, t) for each case into Eq (3.4) to obtain the value
of vi j(x,1)
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Figure 3.1: 3D Plot (a), (b) and (c) of some exact solutions of (3.1) given by (3.10).
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CHAPTER 3. APPLICATION OF GENERALIZED RICCATI MAPPING METHOD TO
THE LONG-SHORT WAVE INTERACTION EQUATION

Figure 3.2: 3D Plot (a), (b) and (c) of some exact solutions of (3.1I) given by (3.33).
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Chapter 4

Application of the Modified Exponential
Function Method to the coupled

Klein-Gordon equation

The coupled Klein-Gordon equations [[15, [16} 32, 24, 24} [19, 22| 22, 23, [25] refer to a system
of partial differential equations (PDEs) that generalize the standard Klein-Gordon equation to
include multiple interacting fields. These equations often arise in theoretical physics, especially

in quantum field theory, nonlinear optics, and condensed matter physics In the form:

Pu(x,t)  0*u(x,t) 3
e a2l (1)~ ) + 2u(x, ) = 0, @.1)
v v ouED (4.2)
ot ox

We will proceed to solve this equation by using of the Modified Exponential Function Method.

We consider the following transformation

¢ =kx —tw, (4.3)
u(x,t) = U¢) = Ulkx — tw), 4.4)
v(x, 1) = V(&) = V(kx — tw). 4.5)

Where k and w are a constants

Then we Using transformation Eq (4.3)), then transformed into the following ordinary differen-
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tial equation

U (€ - w’U"(€) +2UE) - UE) +2UEV(E) = 0 (4.6)
_ wlU@
V() = —m. 4.7)

Balancing now the highest-order derivative U* and the nonlinear term U”” we obtain 3(N —M) =
(N — M) + 2 which simplifiesto N — M = 1. If we set M = 1 this yields N = 1 meaning the

solution takes the form:

ae”®® + q,e72%® 4 g,
ble‘q’(f) + by

U@ = (4.8)

By using the Mathematica software, we obtain a polynomial in ¢"®(£) . By setting the co-
efficients of this polynomial corresponding to the same powers of ¢"®(£) to zero, we derive a

system of algebraic equations for ay, a;,a;, w .

1
—2a,k*w* — Eaékz — apk® + apw® = 0,
2a,k*w* + aoa]k2 + a1k’ — a0’ =0,
1
— 8a,k*w? — Ea%kz — agark® — axk* + a,w® = 0, 4.9)
20K w? + ajark? = 0,

1
— 6ak*w* - Eagk2 =0

We find several different solutions and we take some of them:

\/b% 42(k( VaZ-auA\[k2 (42 -4;4)+2-uz +4k#)+2) \/ 1;542(1<( V2oau\[fK2 (42 —4p)+2—k/12 +4k;4)+2)
A2—ay

-4y

\2-3k2 (2—4p) bod \/2-3k2 (2—4u) ’
\/ bgﬂ(k( Va2-a \//m-kﬂ +4k#)+z)

2b; Ry

bod \2-3k2(12—4y) ’

\/ hgﬂ(k( V24 sz +4ky)+2) " . \/ b%/lz(k( N frrm W%ﬂmm)n)
1A+2bg

224y 24
V2-3k2 (=44 bod \[2-3k2 (>—4y) ’
” \/ bZA2 (k( V2 Zau\fK2 (42 —4y)+2—k,lz +4k;4)+2)
1 2

24y
bod \2-3k2(12—4u) ’
VE(A2-4p)+2

(b1 A+2bg)

ap — — sdp = —

a; — —

w— -

ap — ,a; —

a; —

w— -
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CHAPTER 4. APPLICATION OF THE MODIFIED EXPONENTIAL FUNCTION
METHOD TO THE COUPLED KLEIN-GORDON EQUATION

\/— (b1A4+2bg) \/—

B /12(k2 (2 —4;1)+k V24 A\[k2 (,12 74;1)+272) bE2 (k2 (12-au)+k ViZ-auf2 (a2 74y)+272)

24y 24y
ap — — a, — —
0 V2312 (2 —4y) $o bod \[2-3k2(12—4u) ’

h242(k2(12 4@+k\/f\/ﬂ(ﬂ 4;1)+2 2)

24y

bod \2-3k2(12—4u) ’
ViR (22 -4u)+2
_, NE(E-4)+

-

a; — —

\VA2-4u
\/ héﬂ(ﬂ(ﬂ-z&y)ﬂ\/ﬂ\ﬁm—z) e )\/ hglz(kz(lz_ém)ﬂm\/,m_z)
- | A+2b0) \|—
ap — Lot N Lo ;
V2-3k2(A2-4y) bod \[2-3k2(12—4u)
hgﬂ(ﬂ (12-4u)+k VaZ-a \/m—z)
2 bod \[2-3k2(12—4u) ’ Va2-4yu
Case 1: If we take A* —4u > 0,u # 0

bg/lz(k( a2 (P —ap) +2-k2 +4ky)+2)

pemey dpctanh (5 V= 4u(C + kx — tw)) + A% - 4p)

bod /2 = 3k% (22 = 4y) (22 = 4 tanh (3 22 = 4u(C + kx - tw)) + )
(4.10)

(/1 2 -

Uio(x, 1) =+

VI (2 = 4p0) + 2 (k (V42 = 4 I (2 = 4p1) + 2 — kA% + dkpt) + 2) (/22 = 4 tanh (1(C + &)

Vao(x, 1) =
2 (22 = 4y) (VK2 (A2 = 4p) + 2 + k2 = 4p1) (3K> (42 = 4u) — 2) (/22 — 4ptanh (3(C + €) -
.11
23212 12— 2_, 2( 12— —
\/_ bAA (k (2-4u)+k \{;_41/1 VR (2=dpu)+2 2) (/l ¥ tanh (% \/7(6' o tw)) P 4,u)
Uia(x,f) = +
oD bod 2= 3 (€ — 4p) (2 = dpatanh (3 B = 4(C + kx - 10)) + A)
(4.12)
VI (2 = 4p) + 2 (k2 (42 = 4p) + k22 = 42 (A2 = 4p) + 2 = 2) (A 4/42 = 4p tanh (4 /22
Viea(x, 1) = —
2(22 = 4u) (VI (2 = 4p) + 2 + k22 = 41) (3> (A2 — 4p) - 2) (/22 — dptanh (/22 =
(4.13)
Case 2: If we take 2> —4u < 0,u #0
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032 (V= (=) +2-k2 4k 12)

P (=4 vA4u — A2 tan (A = 2(C + kx — tw)) + 4> - 4y)
U , ( ’l') = +
- body2 =3k (% = 4u0) (A — VA — 2 tan (5 \Au = 2(C + kx - 1w)))
(4.14)

VI (2 = 4p) + 2 (k (VA2 = 4 2 (8 = 4p0) + 2 = kA® + 4kpr) + 2) (—A /4 — A2 tan (3(C + €)

Vi (x, 1) =
2 (22 = 4u) (V2 (2 = 4p) + 2 + k22 = 4) (3> (A2 = 4p) = 2) (A = A= P tan (3(C +
(4.15)
DRA2(K2(2—4p) +k N 2 —4p AJK2 (22 —4p) +2-2
Vet & - ( yem—y ) (—/l 4y — A% tan (% VA — 22(C + kx — tw)) + A% - 4,u)
o bod \2 = 3k2 (2 = 4p) (A = /4 — 2 tan (§ \Au = 22(C + kx — 1w)))
(4.16)

VI (2 = 4p) + 2 (k2 (42 = 4p) + k22 = A2 (A2 = 4p) + 2 = 2) (- A A = P tan (3(C + )

Vaa(x, 1)— =
2(22 = 4u) (VIZ (2 = 4p) + 2 + k /22 = 4u1) (3k> (A2 — 4p1) = 2) (2 = /4u — 2 tan ((C -
(4.17)
Case 3: If 22 — 4y = 0,4 # 0,1 # 0, we have no nontrivial solutions.
Case 4: If wetake 2> —4u #0,u=0,1#0
2 —
AEVE «/1;2242+2 Ka2)+2) coth ( % A(C + fox — ta)))
Uapy(x,1) =+ (4.18)
by V2 — 3k2A2
VIR + 2 (k( V2 VIR +2 = k%) + 2) coth® (FA(C + kx — tw))
Vi (x, 1) = (4.19)
202 (VIR2+2 + kV2) (3R2A2 - 2)
2 —
_bo/l2(k2,12+k\{l/?\/k2[2+2 2) coth (%/I(C o — tw))
U(3,4)(x, H =+ (4.20)

by V2 - 3k*2?
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CHAPTER 4. APPLICATION OF THE MODIFIED EXPONENTIAL FUNCTION
METHOD TO THE COUPLED KLEIN-GORDON EQUATION

NP +2 (kA2 + k2 Ve +2 - 2) coth? (3A(C + kx — tw))
202 (VICA2 +2 + kV2) 3R2A% - 2)

V(3,4)(x, t) = - (421)

Case 5: If we take 4> — 4u = 0,u = 0, A = 0, we have no solutions.

Figure 4.1: 3D Plot (a), (b) and (c) of some exact solutions of (4.1)) given by@.11)),(d.13) and
@E13).
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Chapter 5

Application of Extended ( )-Expansmn
Method to the (1 + 1)-dimensional

integro-differential Ito equation

The given equation is The (1 + 1)-dimensional integro-differential Ito equation [2} 6,7, 8}, 9] 45]

, written as:
Qule ) | Otulx) - ulx D Julx Pu(x,1)  0%u(x,1) | (Ou(x,0))
a2 T avar "0 Tax o M0 ar T3 e (T )T 6D

Where 9! := f(.) dx.
This is a nonlinear partial differntial equation (PDE) containing high-order integro-differential

terms.

It is an extension of the classical Ito equation , which appears in contexts such as fluid dynamics

and mathematical physics.

We consider the following transformation

& =kx — tw, (5.2)
u(x,t) = U¢) = Ulkx — tw), (5.3)
v(x,t) = V(&) = V(kx — tw). (5.4)

Where k and w are a constants Let

\Mﬁ—fwgnx (5.5)
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So L
U = _ZV@ (5.6)

Then we Using transformation Eq (5.3)) , then transformed into the following ordinary differen-
tial equation

33V (&)
w

KV (&) - —kwV(E) =0 (5.7)

Now we balancing V with V? yields 3N = N +2 so N = 1. Applying Extended (%)—Expansion

Method, the general solution takes the form

G’ G
V() = 0—1(6) + 611(5) + ag (5.8)

by collecting all terms of the same order together, the lefthand side of equation is converted into
polynomial and by settion each coefficient of each term to zero, we derive a system of algbrraic

equation for ag, ay,a_, k, w

a Akt + a_ Akt - 3a(3)k3 — 18a-1a0a1K°
- w w

3a’ | I° _

+ 2a_ kM - =0,
w

9a?  agk’
+3a_ kit - 27—,
w

9a_1agk3 961%1611](3

w
Ya_iak’  9ajak’

— apkw = 0,

a_, + k*2% + 2a_1k4,u - —a_1kw =0, (5.9

a; + kK*2% + 2a1k4u -

9apa’k’

+3akta - 22—,

w

3a3k3

+ 2akt - ——
w

—aikw =0,

=0

The resulting algebraic system Eq (5.9)is solved with the help of Mathematica to determine

the values of the unkown constants ag, a;,a_1, k, w

1 —0,a » -

K*A+A2 -4 k222 -4 1
ay — —¥,a M,w - —=k (/12 —4,u) .
2V3 V3 2
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CHAPTER 5. APPLICATION OF EXTENDED (%)-EXPANSION METHOD TO THE (1 +
1)-DIMENSIONAL INTEGRO-DIFFERENTIAL ITO EQUATION

1= =

A2 — 4 212 —
{GOH—M a u,a_l _,O,wﬁ_%k3(/12_4'u)}_

2V3 V3
k2 AA\JA%2 -4 kA2 -4 1
ap — ¥,a1 — 0,a_; — lﬂ—'u,w - —=K (/12—4,14) .
2V3 V3 2
k2 A+JA%2 -4 k? /A2 -4 1
ao—>—l 'u,a1—>—l 'u,a_1—>0,w—>——k3(/12—4,u) .
2V3 V3 2

Now, by subsituting the values ay, a;, a_1, w and using Eq (5.8) in Eq (5.6), we obtain types of
progressive wave solutions for Eq (5.1)) as follows:
Case1: If > —4u >0

Then the solutions are in the form

n. + 1
V/1274;1(A2 coth(%f \//1274/,1)+A1 ) 2

Ay coth( %f V,{274;1)+A2

uq2)(x, 1) =+ (5.10)
V3422 — 4y
l(Al tanh (% VA2 = 4du (%k3t (/12 - 4,u) + kx)) + Az)
U4 (x, 1) =+ 1 1 (5.11)
V3 (As tanh (3 VA7 =4 (1631 (22 - 4p) + kx)) + A))
Case 2. if > — 4u < 0,
Then the solutions are in the form
i3 2 _ _ 4u
N = 4| A= = VPP ) w)) )
1 cotl lm L 3{ 2—;4 +kx ) )-Ap
(1) = + o Vo PO )2 (5.12)
23w
{ik3 = (2 = 4u)* (A, sin (3 Au — 2 (363 (42 — 4p) + kx))
+A; cos (% v/4u — 22 (13t (A% — 4u) + kx
UG (X, 1) = £ € (51 ( )+ k) (5.13)
k

2\/§a)(A1 cos (% 4 — A2 (4
-A; sin(% 4u — /12( t
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Cases 3. if 2> — 4u = 0, there is no solutions

0.5

20 Refu(x,t)

Refu(x)] lo.ot 575

-0.5\

(a) (b)
Figure 5.1: 3D Plot (a), (b) of some exact solutions of (5.1)) given by (5.10) and (5.12).
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