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ABSTRACT

Fractional calculus is a generalization of classical calculus that extends the concept of
derivatives and integrals to non-integer orders. In the first chapter, we studied the Rie-
mann—Liouville and Hilfer fractional derivatives, as well as fractional integrals and their
properties , and in Chapter 2 We consider a basic fractional differential inequality in-
volving a fractional derivative known as the Hilfer derivative and a polynomial source
term. A nonexistence result for global solutions is proved in a suitable functional space,
and in chapter 3 ,Mohammed D. Kassim and Thabet Abdeljawad analyze a system of
nonlinear fractional differential equations involving two types of fractional derivatives:
the Caputo derivative and the Riemann-Liouville derivative. The source terms are non-
local in time, making the system more general than those usually studied. The authors
establish nonexistence results by using the test function method, specific properties of
fractional derivatives, and integral inequalities .

keys words and phrases : non Existence result, fractional system , fractional differ-
ential equation, Riemann-Liouville fractional derivative, gobal solution , integral frac-
tionnaire de Riemann-Liouville
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CONTENTS

0.1 General Introduction

Integer-order derivatives and integrals generally have clear physical and geo-metric in-
terpretations see [ 1 3], [20] . This is why their use in solving applied problems in various
scientific fields is straight forward. The absence of an answer to this question has made
the theory of fractional differentiation and integration quite mysterious. Consequently,
it has remained one of the open problems in the field. Fractional differentiation and inte-
gration are generalizations of classical integer-order differentiation and integration. For
this reason, it would be very interesting to have physical and geometric interpretations
of fractional-order opera-tors, which would provide a link to the classical interpreta-
tions of integer-order calculus. The physical interpretation of fractional integration and
differentiation relies on the use of two types of time : cosmic time and individual time,
, whereas classical differential and integral calculus is based on the use of mathematical
time

Recently, several papers have been published on the study of differential equations
involving the derivative of Hilfer. . The applications of fractional derivatives of this
type are numerous. However, relatively little has been published on the Hilfer-type
derivatives.

The present thesis is structured into three chapters .
chapter 1, contains the definition of functional spaces then we moved on to the left and
right fractional operators and their properties . [24]
In the chapter 2 , we study the Cauchy problem of fractional order with a polynomial
nonlinearity:

DIPu) 1) > A", >0, m>1, SR (1)

and we present some definitions, lemmas, properties, and notation that will be used
in our results. [0]

Chapter 3, we study the non existence of nontrivial global solutions for a system of
fractional differential equations with a nonlinear source term and two fractional deriva-
tives of different orders. More precisely, we consider the following system:

{Dg‘ml(«;)

f1[%.Df ui (%), D5ux (t)]

0 )
£ 0D (0. 00m@], @)

Dyu(1)

Finally, this study ends with a general conclusion.
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CHAPTER 1

BASIC CONCEPTS

1.1 Functional Spaces

Let 0 <y < 1. We introduce the following functional spaces:

CMa,b] = {f(x) : (a,b] = R|(x—a)'f(x) € Cla,b]},

which is a Banach space with the norm

Ifllcr=sup [(x—a)"f(x)].

x€la,b]
C"a,b] = {f € C"'a,b] | ) € CVla,b]},

which is also a Banach space with the norm
n—1 .
Ifller = Y 1Ol + 1/ v, nEN.
k=0
Moreover, C%V[a,b] = C[a, D).

1.2 Left and Right Fractional Operators and Their Prop-
erties

In this subsection, we introduce the definitions of the left and right fractional operators
of Riemann—Liouville, along with their main properties.
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Riemann-Liouville Fractional Integral

Let f be a continuous function on the interval [a,b]. We consider the following integrals:

W5 = [ s,

According to Fubini’s theorem, we obtain:

150 = 1, [P s,

By repeating this process n times, we get:

1) f(¢) = / L / "ty / " ) dn
e A

=

(1.1)

(1.2)

(1.3)

(1.4)

(1.5)

for any integer n. This formula is called the Cauchy formula. Since (n—1)! =T'(n),
Riemann realized that the last expression could also make sense when n takes non-

integer values.

It was therefore natural to define the fractional integration operator as follows:

Definition 1. Let f € L'([a,+o[), with a € R and o. € R*,.. The left and right Riemann—

Liouwville fractional integrals are defined as follows:
The Liouville fractional integral of order o. is defined by:

B A0 = g 0= man, as
and
_ b
10 = g /t (t—0)% ' f(1)dv, 1 <b.

Moreover, we have:

L f(e)=1)_f(t) = f(r),

ie. 12 | IS the identity operator.
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Remark 2. By the change of variable s =t —1, we observe that I, can be written
in the following form:

1

S0 =g [ =)

Definition 3. . Leibniz’s Rule for Differentiation is defined by:
d b(t) , b(1) 9
([ pemdx) = b)) v+ [ 5 fx)ds
dt \Jo 0o Ot

Riemann-Liouville Fractional Integrals of Some Common Functions

Property 1. If oo > 0 and B > 0, then:

17 (¢ —a)B’l = &(t _a)BJroH

1% (h—p)p = %(b—t)ﬁw—l.

Proof. 1. Let f(t) = (t—a)P~', t > a, witha € Rand B > 0:

Iy f(t) = ﬁ/t(t—t)o‘_l(‘c—a)ﬁdt.

a

Using the change of variable T = a + (t — a)s, where s varies from 0 to 1, and the
Beta function, we get:

50 = 57 | == s ot - P —a) s

1
— ﬁ(t—a)‘”ﬁ/o sB(l —s)“flds
_ ﬁ(t—a)‘“'BB(B—i—l,oc)
. F(B+1) (l— )OH—B
“Tlosprn Y
Hence,
« RAGER) &
I (t—a)P = m(z‘—a) B, (1.6)
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For a = 0, we have:

rp+1)
e By “\PT) odf 1.
0.f ! r(oc+B+1)t .7)

By the same method we can show that

1% (b= = %(@-r)ﬁwl.

Note that the fractional integral of the constant function f(z) = C is demonstrated as
follows

1 t
IO‘C:—/ r—1)*!cd
a F(OC) a( T) T

:ocF((x) (t—a)
C (04
“ a9
Thus,
o C PR
1a+c_—r(a+1>(t a)®. (1.8)

Property 2. If o > 0 and B > 0, then the following equations hold:

18, (1, 10) = 15P70), B (r()) = 1P £ 0).

These relations are satisfied at almost every pointt € [a,b) for f(t) € LP([a,b],RY),
with 1 < p < oo,
If o+ B > 1, then the above relations hold at every point of [a, D).

Properties of the Riemann-Liouville Fractional Integral

In this section we study the properties of the left fractional integral of Riemann-liouville
then we will do the same thing on the right side

10
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Theorem 4. If f € L'[a,b] and o. > 0, then I f(t) exists for almost every t €
la,b], and we have:

I feL'a,b]

Proof. Soit f € L'[a,b], on a:

50 = g5 [ =0 r0as= [ s—mn

avec —oo < g <t < oo, tel que :

uafl

, si0<u<b—a,
g(u) = { I'(a)
0,

siue R\ (0,b—a),

et

) f(u), sia<u<b,
h<”)_{o, siucR\[a,b].

Comme g,h € L!(R), alors I%, f € L![a,b].

Theorem 5. For f € L'[a,b)], the Riemann-Liouville fractional integral satisfies
the following semigroup property:

12 (8.1) (0 =12+ £),
for o> 0and 3 > 0.

Proof. Let f € L'[a,b], with o > 0 and B > 0. Then we have:

1 (1.0) 0= s [ =0 (i.1) @)ae

o

— ﬁ/al(t—’c)“_l {ﬁ /at(’c—s)ﬁ_]f(s)ds] drt

= m/at(t—’c)o‘_1 [/;(’c—s)ﬁ_lf(s)ds] dr.

11
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Remark 6. The Riemann-Liouville fractional integral can also be expressed as a
a—1
convolution product of the power function hy(t) = 12(—0() with the function f(t):

Iy f(t) = /azha(t—’c)f(’c)d‘tz (ho* f) (2).

Proposition 7. The operator I3 is linear.

Proof. Indeed, if f and g are two functions such that Ig‘+ f and 12‘+ g exist, then for any
real numbers ¢ and ¢,, we have:

ﬁ [0 @ reg) @

- o [0 rdne 22 [ -0 smas

= alg f(t)+ el g(t).

I5, (c1f +c28) (1) =

Proposition 8. Let f € C([a,b)). Then we have:

LA f))=>I"f) (), a>1

2. limg_yo+ (I f) (t) = f(1), a>0.
Proof. 1. Let us apply the Leibniz rule for differentiation (definition 2). We obtain:

G0 =5 (e [ -0 o)

o—1

- Fg L= s

a

o—1 d o
:—F((oc—l)%—l)/a(t_w 2f(t)dt
1

2. For the second identity, since f € C([a,b)), we have:

I f(t) = /t(t — )% 1 f(1)dr.

() Ja

12
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According to relation (remark 2), we can write:

(t—a)®
MarD)

o
a4

as o0 — 07. Thus, for some & > 0, we have:

I f(t) -

(1 —a)*
INo+1)

f(t)

Ir@

On one hand, since f is continuous on [a,b], we have:

Ve > 0,38 > 0,Vr,T € [a,b] with [T—1| < d=|f(T) — f(1)| < &.

This implies:

t %

/tts(t—fc)oc1|f(r)—f(t)|d‘t§g/t (I—T)afldr: =

On the other hand:

[0 -0

where M = supgc(, £ )]

|dt <

=

(o)
<2 sup |f

-

Gela]

(04

Combining (1.9), (1.11), and (1.12), we get:

I (1) =

(r—a)*
I'o+1)

10)

IN

IN
=

ol (o)
1

(o +

1

(S

-0

t—0
| =0 (r@l+ o) e
[

tzaf® &

<)

€% +2M ((t —a)* — 8%)]

D

[€8% +2M ((r — a)® — 8%)].

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

13
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Letting o — 0", we obtain:

€

I* ft)— ft)| < =————, Ve>0
which shows that:
. o .
Tim 1% £(6) = £0)
Letting o — 0", we obtain:
€
I* f)— f)| < =——— 0

which shows that:

lim ¢

Tim 12 (1) = (1),

The following lemmas provide some properties of /% .

Lemma 9. For o.> 0, I maps Cla,b] into Cla,b).

Lemma 10. Let o0 > 0 and 0 <y < 1. Then I is bounded from Cya,b] into
Cy[a,b]

Lemma 11. Let . > 0and 0 <y < 1. If y < 0, then I, is bounded from Cy|a,b]
into Cla,b).

Lemma 12. Let 0 <y < 1 and f € Cy[a,b]. Then

I f(a) = xl_i)rtrll+lg+f(x) =0, for0<y<a.

Proof. (lemma 12)
Note that, according to Lemma 11, I% f € Cy[a,b]. Since f € Cy[a,b], it follows that
(x—a)Yf(x) is continuous on [a,b]. Therefore, there exists a constant M > 0 such that

|(x—a)"f(x)| <M, forallx € [a,b].

14
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Hence,
1% f(x)| <M 1% (1—a)"].
By the lemma, we have

F(l _Y) (x—a)aiY.

M oy

Since o > v, the right-hand side tends to 0 as x — a™. []

1.2.1 Left and Right Fractional derivatives and Their Properties

Definition 13. (Left and right Riemann-Liouville fractional derivatives.)
The left and right Riemann-Liouville fractional derivatives Dg‘+ f and D} f of order

o € R are defined by

d" [ i 1 ar o
D £ = 3 (1770) = Fr—es [a=syeis@)ds, 1>,

di" n— o) dit
and
dn o, _1 n dn b O
Di 10 = (-1 (15 0) = o o [ =0 0yds. v <,

where n = [ + 1 and [o] denotes the integer part of O..
In particular, when o = n € Ny, we have:

L fe)=1 ft)=fQ),
I f)=f"), and Ii f(t)=(-1)"f"),

where f) (t) denotes the usual derivative of order n.
If0 <o <1, then:

10 = gmgr i | =) f0ds 1>
b
1% £(t) = —ﬁ%[ (s—1)“f(s)ds, t<b.

Remark 14. [f f € C([a,b],RY), it is clear that the Riemann-Liouville fractional
integral of order a. > 0 exists on |a,b]. On the other hand, following Kilbas et
al.[13], the Riemann-Liouville fractional derivative of order a. € [n— 1,n) exists
almost everywhere on [a,b] if f € AC"([a,b],RY).

15
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The left and right Caputo fractional derivatives are defined via the dabove Riemann-
Liouville fractional derivatives

Definition 15. (Left and right Caputo fractional derivatives).
The left and right Caputo fractional derivatives D_f(t) and D} f(t) of order o. €
R+ are defined by

n=1 ¢(k) (4
D%, f(t) = DY, <f(t)— f ”(z—a)k),

n—1 (k)
D f)= D5 (f(t) Sy 20 <b—t>’<) ,

respectively, where

n:{[oc]Jrl z:focgéNo, 13
o if o € No.

In particular, when 0 < o < 1, then:
DY, f(t) =D (f(1) - f(a)),

“DJ_f(1) = Dy (£(1) = £ (b)).
The Riemann-Liouville and Caputo fractional derivatives are connected by the fol-
lowing relations.

Property 3. (i) If o € Ng and f(t) is a function for which the Caputo fractional
derivatives D% _f(t) and D} f(t) of order oo € RT exist, together with the
Riemann-Liouville fractional derivatives DY, f(t) and D}}_f(t), then:

n—1 &) (4
DES0) = DES 1)~ T gy -0

n—1 (k)
D) =D 10) - L gl -0

where n = [0 + 1.

In particular, when 0 < a0 < 1, we have:

D, f() = D&, f(1) — LY (1 —a)e,

I'l—o)
D F10) =D F(0) =y s b=1) ¢

16
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(ii) If o =n € Ng and the classical derivative f () (t) of order n exists, then the Caputo
derivatives reduce to:

Dy f(6)= "), and CDy_f(t) = (=1)"f"(1).

Property 4. Let o. € RT and let n be given by (1.3). If f(t) € AC"([a,b],RN), then
the Caputo fractional derivatives D%, f(t) and “D}_f(t) exist almost everywhere on
[a, D).

(i) If o € Ny, the Caputo derivatives are represented by

DESO = a0 5)as)

and

D 10 = s ([0 ) as).

where n = o] + 1.
In particular, when 0 < o < 1 and f(t) € AC([a,b],RY), we have:

DESO = i ( [ —s>-°°f'<s>ds) ,
and

DY 10 =g ([ -0 s 0)as).

(ii) If a=n € Ny, then D%, f(t) and CDg_f(t) are given by (1.4). In particular,

DY, f(t) =“D)_f(t) = f(r).

Property 5. If o.> 0 and B > 0, then

D%t —a)P! = &a —a)Prel o>,

Ir'B+o)
D(ax+(t_a)B_l :%(t_a)ﬁ_a_]a o=>0,
D% (b—1)P 1 = %(b—t)ﬁw—l, o >0,
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In particular, if B = 1 and o. > 0, then the Riemann—Liouville fractional derivatives
of a constant are, in general, not equal to zero:

t—a)™® o, _—1)"
r(l—a)’ Db’l_l“(l—oc)’

On the other hand, for j=1,2,... o]+ 1,
DY (t—a)* /=0, D} (b—1)*'=0.

The semigroup properties of the fractional integration operators D,}* and D;f‘ are
given by the following results.

Property 6. (i) Ifa.>0and f(t) € LP([a,b],RN) with 1 < p < oo, then the following
equalities hold almost everywhere on [a,b):

DB (D %f(t)) = f(t), and D (D,%f(t)) = f(1).

(i) Ifo.> P >0, and f(t) € LP([a,b],RN) with 1 < p < oo, then the following relations
hold almost everywhere on |a,b|:

Db, (D70 f()) = (1), and Df_ (D 1)) =D, * P (1),
In particular, when B =k € NT and o > k, we have:
Dk, (D7 r(0)) =D r(0), and D (D £(1)) = (~1) D5+ (1),
To present the next property, we use the function spaces I, (L”) and I} (L”), defined
foroo>0and 1 < p <o by
I (LP) ={f: f=Da 1%, ¢ € L"([a,b],R")}

and
IE(LP) = {f: f =D, ", ¢ € L (la,b], R) },

1.2.2 Hilfer Fractional derivative

Definition 16. The Hilfer fractional derivative of order 0 < a0 < 1, and type 0 < B < 1,
of a function f(-) is defined as:

Do) = (B (1P ) (),

_d

=
The Hilfer fractional derivative is considered an interpolator between the Riemann—Liouville
and Caputo derivatives. The following remarks illustrate the relation with Caputo and
Riemann—Liouville operators.

where

18
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Remark 17. [5] We have

(i) The operator Dgf can also be written as:

1— 1-B)(1— 1— .
Dgcf :Ig_s_ (X)DI(+ B)( (X) :Igj- (X)DZ_H Wlﬂ’l'Y: (X+[3_(XB-

a
(ii) If B = 0, we obtain the Riemann—Liouville fractional derivative:

o _ o0
Da—l— _Da+'

(iii) If B = 1, we obtain the Caputo fractional derivative:

CD2+ = Iél °D.

19
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CHAPTER 2

LNON-EXISTENCE OF GLOBAL SOLUTIONS FOR A
DIFFERENTIAL EQUATION INVOLVING HILFER
FRACTIONAL DERIVATIVE

Introduction

In this chapter [6], we study the Cauchy problem of fractional order with a polynomial
nonlinearity:

DPu) () > Blu@)™, >0, m>1, SR 2.1)
with initial condition:
(DY, u)(0) =b >0, (2.2)
where
(DFPy) () = (IES“) < (Iéi[”““)f)) (x) (2.3)
is the Hilfer fractional derivative (HFD) of order 0 < o < 1 and type 0 < 3 < 1, with
Y=o+B—op,
and I(‘)’ " for 6 > 0, is the standard Riemann—Liouville fractional integral of order G.

This type of derivatives were introduced by Hilfer in [5] [21] These references provide
information on the applications and origins of this operator. It is easy to observe that this
derivative interpolates between the Riemann—Liouville fractional derivative (for § = 0)
and the Caputo fractional derivative (for f = 1) [13] [20]. The special case B = 0 has
been discussed in [23]. In this chapter, we determine the range of values of m for which
solutions to the problem do not exist globally. We also establish an optimal exponent
(in a certain sense), by showing that solutions exist beyond this bound in an appropriate
function space.

20
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2.1 Preliminaries
In this section, we present some definitions, lemmas, properties, and notation that will
be used in our results.

Definition 18 ([13]). [Weighted Space] Let Q = |a,b] be a finite interval and 0 <7y < 1.
We introduce the weighted space Cyla,b) of continuous functions f on (a,b] defined as

Cla,b] = {f : (a,5] = R | (x—a)'f(x) € Cla,b]}.
The norm in the space Cyla,b] is given by
Iflle, = l(x=a)'f(x)llc;  Cola,b] = Cla,b].

Definition 19 ([ 1 3]). [Riemann—Liouville Left-Sided Fractional Integral] The Riemann—
Liouville left-sided fractional integral I, f of order o. > 0 is defined by

(I% f)(x) == l_<1a) /: (xfgt))l_a dt, (a<x<b,a>0),

provided that the integral exists. Here, T'(a) is the Gamma function. When oo = 0, we
define Ingf = f. In fact, it can be shown that I f — f as 0. — 0.

Definition 20 ([ | 3]). [Riemann—Liouville Left-Sided Fractional Derivative ] The Riemann—
Liouville left-sided fractional derivative DY, f of order o. € [0, 1) is defined by

(0%, ) = 5 (11%F) (o),

that is,

(D%, )(@:ﬁ%/j(xf_(—?wdr, (x>a,0<0<1).

When oo = 1, we have D}Hf:Df, and when o. = 0, we define D2+f:f.

Definition 21 ([ | 3]). [Riemann—Liouville Right-Sided Fractional Derivative | The Riemann—
Liouville right-sided fractional derivative Df;_f of order o, € [0,1) is defined by

(D)) =~ (1747) @),

that is,

b
(Dy_f)(x) = —ﬁ%/x (tf—(ic))“ dt, (a<x<b,0<a<l).

In particular, when o. = 0, we have Dgi f=f [Space C%(*Y[a, b|] We define the space

Cy Vla,b] = {y € €' Va,b] | DY,y € C'"a,b]} .

21
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Definition 22 ([13]). (Space C\](—Y[a, b)) We define the space
Cy "a.b] = {y € C'[a,b] | DY,y € C'V[a,b]}.

Lemma 23 ([22]). LetO <o <land 0<y< 1. If f € C;, the space of continuous
functions on |a,b] whose derivatives belong to Cy, then the fractional derivatives DY,
and D} _f exist on (a,b] and [a,b), respectively, and can be represented as:

a 1 f(a) * (1)
800~ 7 e+, e
1 f(b) bof(t)
(1 —o) (b—x)o‘_/x (t—x)ad’]'

Lemma 24 ([19]). [Semigroup Property of Fractional Integration.] Let o> 0, B > 0,
and 0 <y< 1. If f € LP(a,b), for 1 < p < o, then the equation

(Dp_f)(x) =

_l’_
Ig+lg+f = Ig+ Bf

holds almost everywhere on [a,b]. When a.+ B > 1, this relation holds at every point
X € [a,b).

Lemma 25 ([19]). [Fractional Integration by Parts.] Let o >0, p > 1, g > 1, and
117+é <1l+a(withp#1, q# 1 when })%—é =14+a). Ifo € LP(a,b) and y € L1(a,b),
then

b b
/a O(x) (I35 y) (x) dx = /a w(x) (I @) (x) dx.

Definition 26 (Caputo Fractional Derivative). The Caputo fractional derivative CDg '\
of order o € R, 0 < o < 1, on [a,b)] is defined by

C 1—
Dg+f = Ia—l—ana

_d
where D = I

Theorem 27 (Young’s Inequality). If a and b are nonnegative real numbers and
p,q > 0 such that 11—9-1— ‘13 =1, then

22



CHAPTER 2. NON-EXISTENCE OF GLOBAL SOLUTIONS FOR A
DIFFERENTIAL EQUATION INVOLVING HILFER FRACTIONAL DERIVATIVE

2.2 Non-existence Result

In this chapter, we establish sufficient conditions ensuring the nonexistence of global
solutions. In particular, we determine a range of values for the exponent m for which
solutions cannot be continued for all time. The proof is mainly based on the test function
method developed by Mitidieri and Pohozaev [ 7], along with suitable manipulations of
fractional derivatives and integrals. In addition to the results stated in the Preliminaries
section, we require the following lemma.

Lemma 28. If o> 0 and f € Cla,b), then

(I (@) =lim(IE f) () =0, and (I, f)(b) =lim(l f)(1) = 0.

t—a t—b

Proof. Since f € Cla,b], we have |f(t)| < M on [a,b] for some positive constant M.
Therefore,

P01 = o [ =9 1f)lds < s [1=9)% Vs = (- a)°
at ~T(a) Ja (o) ol (o)
Since o > 0, it follows that:
th_r}}l( a—i—f)( ) =0.
The second identity is proved similarly. ] ]

o0+1
Theorem 29. Assume that d > —and 1 <m < ﬁ. Then, Problem (1.1) does not

admit global nontrivial solutions in C}(_y when b > 0.

Proof. Assume, on the contrary, that a nontrivial solution u exists for all # > 0. Let
@ € C'([0,)) be a nonnegative, non-increasing test function such that:

ol0) ::{1, t€0,7/2),

0, t€[T,o),

for some T > 0. Multiplying the inequality in (1.1) by @(¢) and integrating over [0, 7|
yields:

[ webuwena > [ duwrowar o

From the definition of (D, B u)(t) (see (1.2)), we can write:

/ O (1) e = | "Bl o(t) . (32)
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By Lemma 7, we can deduce from (3.2) that:

/OTj, (1 ! )(f) (1&_17“)@) (t)dt > /OTts\u(t)qu;(;)d;_

An integration by parts yields:
[(5:70) @ (R 0) 0] - [ () 0 (B 0)
0+ T— ¢ —0 0 0+ dr \T— ¢
T
> [ Pu(o)"o() dr
0
Using Lemma 8, we know that (IE(_I_(X)(p) (T)=0and

(zg;m) (0) = (Dg;1u> (0) = b,

so we get:

5 (B 00) O~ [ (1) 00 (B Ng) (e [ Futr o)

From Definition 9, it follows that:

T
b (B D0) 0+ [ () 0 (D2 e) W= [ o)) ar

And from Lemma 5, we have:

—b Tl oc +/ [1 Y [ “3<11_(x)] ((T_;;;(IT[)S(I_OC)
_/r mﬁ%dS)}dt

> /T 2|u(t)"o(t) dt. (3.4)
0

Since @(T') = 0, relation (6) becomes:

b (B 9) (0) - /0 (17) ) (B 0) e = | ' Olu(e) "g(r) .

Lemma 7 allows us to write:

b (B 0) )~ [0 (B ) ez [ Aluto)mgtear,

T
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and by Lemma 6:

b (IEQ “)cp) (0) — /0 ) (15;%,) (t)dt > /0 LA e)dr. (35)

Note that:

_/OT<p’(t) <15+0c >(t)dt:_ﬁ/;(p’(r) (/Of (;u_(i))ads) s

Since @(¢) is nonincreasing, we have @(s) > ¢(¢) for all t > s, and:

1
(p(s)l/’"gcp(t)l/m’ 0<s<t<T, m>1.

Also, we have ¢/(1) = 0 for 7 € [0,T /2]. Therefore:

- [0 (1) 0 < s [T ([ 1 et s ) .

(2.4)
T et ([l
ST (x)/o @' ()]e(r)! (/0 (t_s)a(p(s)]/md>dt
(2.5)
1 r ., O]
Sm/”zm) (t)|([)(l)1/ (/0 (t_s)oc(p(s)l/mds) dt.
(2.6)
Hence,
T
- [ e Ouwar < [ 16! (14 ")) (ar
By Lemma 7

- [eoaennas [ (B (5 ) wen e co)

(Note that we may assume |¢’(¢)|@(r)~'/" is summable even though @() — 0 as

t — T; otherwise, we consider ¢, (¢) with a sufficiently large exponent A.)
Next, we multiply inside the integral on the right-hand side of (8) by 1d/my

- [y < | / (1;—a ( (L?/L )) ol St

fﬁ/m:
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For —a, < 8 < 0, we have t~9/™ < T=3/m (since t < T), and for & > 0, we have

¢70/m < 2d/mp=8/m (pecause T/2<1),

ie.,
79/ < max{1,2%/my7=8/m

Therefore,
T

_ / ¢ (1) (%) (1) dr < max{1,28/m)7~8/m
0

T (o 9] 8/m (1 /m
x /T /2<1T_ (W))(t)t o))/ u(r)|dr. (3.7

A simple application of Young’s inequality (Theorem 3) with m and m’ such that
+ L =1 gives:

m

3=

[ o was [ Fowlua

T/)2

1 28/m , T / m'
+ (maX{ }) —5m /m/ (1}_a ( |(1p/,|n>> (I) dt
T/2 ()

/ 2 ()|u(t)|™ dt
m

(max{l,za/'ﬂ}) omtm [T (e (19"
+ p T/ /T , o o (t)dt.

Thus,

T
/(p D)) dr >~ [ n)|u()|" di

m.Jo

B (max{ll,nZ/ 1) T—Sm/m/ (I}_“( |(1P/r|n>> (t)dt.
T/2 ¢
(3.8)

Clearly, from (3.5) and (3.8), we conclude:

o (BlI-) (max{l,Zs/m})m/ am'/m/T o |¢] "
b(IT_ (p) (0)+ " T ) I~ —(pl T (t)dt.

We have:
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> (1—%) [ Buore)a,

or, since b > 0,

LT s m 28\\" U swm [T (o 191 \\"
_ < JR— — .
m,/o Slu(r)| (p(t)dt_(max{l,m}> T /T/Z o))
Therefore, by Definition 7, we obtain:
T 25\
/ t5|u(t)|m(p(t)dt§(max{l,—s}> T /m
0 m

X /sz (ﬁ/;(s—t)_“(ﬂ)(@s/%dgm dt.

Letting 6 = %, we get:

T m' ,
/ 2lu(t)|™(r) dr < <max{1,2—8}) T /m
0 m
1 1 oT / m’
x/ <—/ (s—oT)™® 9 (s)] ds> Tdo.
2 \T (=) Jr o)1/
Making another change of variable s = rT, we have:
T m' )
/ Slu(t)mo(t) dt < <max{l,2—6}) T3 /m
0 m

X /1/12 (ﬁfcl (rT—GT)“%Tdr)mITdG,

which gives:

T 28 m' 1—oun'—8m' /m
8y, (M < -0
/0 lu(®)|"o(t)dt < (max{l, . }) (1 =)

Sl ke e
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It is clear that we may assume the integral term on the right-hand side is bounded,

1.e.,
1 1 / m
/ (/ (r—c)aMdr) do <K,
12 \Jo o(r)l/m

for some positive constant K. Otherwise, we consider @, (r) with a sufficiently large

Hence,

T 4 ' _&m'
/ Slu(t)"o(t) di < KT~ =8 m.
0

where

/

K = (max{ %6})’” I (1-)Kk;.

Ifm< %, then:
/

m
1 —am' —— <0,
m

and consequently T!-om'=8m'/m _y () a5 T — co. Therefore, from the previous in-
equality:

T
lim [ 2u(t)]"o(t)dt = 0.
T—o0 /0

This is a contradiction since the solution is supposed to be nontrivial.
In the case m = ?_i(lx, we have
om’
l—om —— =0,
m
and relation (3.10) ensures that
g )
lim [ °u(t)|"(t)dt < K. (3.11)
T— J0

Moreover, it is clear that

/sz (1}_a (%) (t)> O ep(t) /" |u(r)] dr <

(KA DR

1/m
U t5<p(t)|u(t)\mdr] @)
T/2
28
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This inequality, together with relations (3.5) and (3.7), implies that

1/m
[ Potwlutoyirar < ks { / j2r8<p<r>|u<r>|'"dr] ,

for some positive constant K3, with

T
lim [ ¢(0)|u(r)|™dt =0,
T—eo JT)2

due to the convergence of the integral in (3.11). This leads again to a contradiction. The
proof is complete.
[]
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CHAPTER 3

LNON-EXISTENCE RESULTS FOR A NONLINEAR
FRACTIONAL SYSTEM OF DIFFERENTIAL
PROBLEMS

3.1 Introduction

This chapter devoted to the study of the nonexistence of nontrivial global solutions
for a system of fractional differential equations with a nonlinear source term and two
fractional derivatives of different orders. More precisely, we consider the following
system:
D'uy (t) = fi [, Df u1 (1), D us(t)] >0 (1)
DRus(t) = f> [7, D' u1 (1), DG ua (7))
where 0 < p1,p2 < min{ot,0} , and DY denotes the Riemann-Liouville fractional
derivative of order «.
Furati and Kirane [?] studied the following system of fractional differential equa-
tions:

(1) +€DJ'u(t) = [v()]9, >0, 0<pi<l, g>1,
V(1) +CDEv(T) = |u(t)|?, >0, 0<pa<l, p>1, 2)

where CDg denotes the Caputo fractional derivative of order k¥ > 0.
It turns out that if g > 0 and vy > 0 and either of the following conditions holds:

1 1
1__<_pz+p1 or 1——<—p1+p2,

Pq p pPq q
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then the system (2) admits no global solutions.
In 2021, Kassim and Tatar [ 12] studied the following problem:

T\Y
DXu(t) + DPu(t) > (m-) u(@)l, 1>a>0, O<pi<ai<l, g>1, 3)
a
with the initial condition

I;_alu(’c)‘ _=uy,

where D% denotes the Riemann-Liouville fractional derivative of order o, and IJ_(’”
denotes the corresponding fractional integral.

It has been shown that if y; > —g, then problem (3) admits no global solutions when
ug > 0.

The subject of this chapter is to prove that there is no nontrivial solution under
appropriate assumptions on the parameters p,q,p;, &;,Y;, for i = 1,2, and on the initial
conditions in a suitable function space, which will be precisely defined.[14] [ 18] There
are many findings regarding the existence of solutions to various classes of fractional
differential equations, [9][10][3][!], [16][!]. Concerning the problem of no solutions
to fractional differential equations, we refer to [&], [7]

3.2 Nonexistence Result

[?]

We begin by establishing several lemmas that will be instrumental in the demon-
stration of the nonexistence Result of problem . The proof is mainly based on suitable
manipulations of fractional integrals and related inequalities, fractional derivatives, and
the test function method developed by Mitidieri and Pohozaev [17].

Definition 30. [/3] The space of absolutely continuous functions on the interval [a, ]
is denoted by ACla,y]. The space AC"[a,)], for n € N, is defined by

AClax] = {f:lax] > R; /™) € AClax]}
Definition 31. [ /3] We introduce the following function spaces:
Clax)={f:(ax] > R|(t—a)'f(r) €Cla,x]}, O0<y<I,
C’la,x) = Cla,x],

C*lax) = {f € AClax] | Dif e Clay]}. n=—|-al.

and

Cr glax] ={feC*ayx] | Dyf €eC"%ax]}, n=-—|[-al
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Definition 32. [/5] The left-sided and right-sided Riemann—Liouville fractional inte-
grals (RLF1Is) of order o, > 0 are defined respectively by:

1 E s
I2o(7) := Mo /a G ipi))la ds, t>a,o>0,

Lio(1) == F(loc) /x G ipg)]_a ds, T<Yy, aa>0,

provided that the right-hand sides exist.
When o = 0, we define:
Ro=nLo=0¢.
Definition 33. [ /7] The left-sided and right-sided Riemann—Liouville fractional deriva-
tives (RLFDs) of order o. > 0 are defined by

d n
Dio(®) = () %0, t>a

d\"
Do) = (~52) 1 (0. w<r,
where n = —|—o..

Definition 34. [ /5] The left-sided and right-sided Caputo fractional derivatives (CFDs)
of order o. > 0 are defined by

n—1 (k) a
o) - ¥ LW ap|, 1>a
k=0 :

“De¢(t) = DY p

n—1 (k)
Do) =% o))~ ¥ T Wy vf| . ey

where n = —|—ao..

Definition 35. [/5] Let oo > 0 and n = —|—a|. If ¢ € AC"[a,)], then the Caputo
fractional derivatives € D%@ and CD%(p exist almost everywhere on [a, Y], and are repre-
sented by

“Dio=1;""D"p, “Dyo=(-1)"L; “D"e.
Property 7. [/5] Let o0 > 0 and p > 0. Then the following formulas hold:

Ig(’t—a)p*1 _ &(T_a)9+0€71, I)((X(X_,c)pfl _ I'(p) (X—T)era*l,

G STt
Dg(T_a)p_l = %(T_a)p—a—l’ D%(X_T)P—l — F(l;(f)a) (x—1)P %!,
DYr-ap ! = (0P, Dfa—p = Bl gpe
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Lemma 36. [27] Let oo > 0, m > 1, n > 1, and suppose that

1 1 1 1
—+—-<1+a, withm+#1andn+# 1 when —+—-=1+4aq.
m n m n

Ife e L™(a,x) and y € L"(a,y), then the fractional integration by parts formula holds:

X
/ o(t) (I2y) (t)dt = / y(T) (I%(p) (t)dt
Lemma 37. [/9] Leto.> 0 and n = —[—o. If f, I, %g € AC"[a,X], then

=Y

/xg(t)cpgf(r)d‘c:/xf( dT+Z[ OL = lg(f)}

Lemma 38. [/9] Let oo > 0 and n = —|—a. If f, [l"% € AC"[a,)], then
x o x Cpo = n+i [Hoti—n n—1—i =X
| r@pgs@ac= [Te@DEr@dr- Y (~1) DI gm0 )]
a a i=0

or equivalently,

=X

[ 1 ptaan= [ e nrans E 1) [0 08 eto)]

T=a )
Lemma 39. /4] [/5] For any positive real numbers €,¢ and real number A, we have:
e IfO< AL, then

M1+ oM < (e+ ) < et + oM

o IfA>1, then
8}\'—{-([)}” < (S_i_(p)?u < 27‘_1(87‘+(p7“).
Lemma 40. If ¢ € Cla, )], then

I2%¢(a) = lim I“(p( )=0, fora>D0.

T—a

Proof. 1If @ € Cla, ], then there exists A > 0 such that |¢(t)| < A. Thus,

o 1 t o— A t o—
1500 < gy [, (=9 owlds < s [y
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We compute: B
[l aptas= [ e
a a s=a o
Therefore, ( o
A T—a
I* < :
o< gy g

Since o, > 0, we conclude that

lim I$o(t) =0.

T—at
[]
We consider the test function
(X_K)(X_T)K7 OSTSX7 K>07
o(r) = { .
, T> Y.
In the next lemma we prove our first estimation.
Lemma 41. Let o > 0 and () be the test function defined as in . Then
l+x) _
I1%(T) = K(y _ )kt
and (14 %)
Cno o +K _x KoL
Dio(t) =Dy¢(1) = ————— —7)
Proof. The result follows directly from Property 7. O]

Lemma 42. Let o0 > 0, n = — | —a, and let § be the function defined as in with K >
max{0,a— 1}. If f € AC"[0,%], where }, > O, then

o T(k41)

X X . .
Cna _ o N —ati+1 £(i)
D dt= D d 0).
, e B @ds= [ i@ Do e T 00
Proof. From Lemma 41, we know:
i I'(1+x) _ L
Do 1 — K(n __ ~\K OH—I-H.
v =i argt XY
Then evaluating at T = 0, we get:
i I'(1+x) o L
DOC i—1 0 — o+i+1 d DOC i—1 — ()
The result follows by applying Lemma 37. [l
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Lemma 43. Ler o, >0, n= —|—a, and let ¢ be as in 3.1) withk >n— 1. If [} *f €
AC"[0,x], with x,> 0, then

X o _/X C o (= FK+1 —z o—i—1
| e Dir@an= [ s o ZZ(')F(K+1 g1 (0).
Proof. We compute:
. : _ _ . - T(k+1) i
(i) —(_1)i 1Y (e Ky o \K—i ¢ qNi_“\MT 1) =Ky K
DEo(E) = (=1l =1)-- (=it D 0e=0)" " = (=) = "o
Hence ( )
. . T(xk+1 : i
(i) _(_1)i —i (i) _
D(0) = (~1)' Fr ot and DY) =0
The result follows from Lemma 38. ]

q)(T):{(X_K)(X_T)K? OSTSX7 K>07 (31)

0, T> ).

Lemma 44. Let ¢ be as in (3.1) with k > max{p(p —a) — 1,p — 1}, where p, ot > 0 and
p > 1. Then

X -
/ PP (1) | EDRo(t )} dt = CEh o= PHPPITL - yphere y(1—p) 41> 0,
0 L

and

crr = I(k+1) ]pl“(p(oc—p)—H(Jr1)F(y(1—p)+1)

T(a+x—p+1) C'(yl—p)+pla—p)+x+2)

Lemma 45. Let ¢ be as in (3.1) withk>pp—1,p>0,y(1—p)+1>0, and p > 1.
Then

/X 1=P)pl=P (1) [D;‘Zq)(r)} Par = Cl’,’SxY“"’)"’p“,
0

where

Cy,p:l [(e+1) }”F(n—ppﬂ)ﬂv(l—p)ﬂ).
POT(k—p+1)]  T((1—p)+x—pp+2)

Lemma 46. Let o > 0, n = —|—a, and let ¢(t) be as in 3.1) with x >n—1. If
I"%f € AC"[a,x], then

o (K+1) —K X K—O
[enirman= g [ e ae

v T(k+1) DY
_Z C(k+1— ) Do £(0).
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Proof. 1t follows from Property 7 and Lemma 43 . ]

Lemma 47. Let o. > 0, n = —| —o., and ¢(7) be as in (3.1) with x > max{0,o. — 1}. If
f€AC"a,x), then

F(K+1) —x [* K—at
nl r(1+1<)
_;‘)F(K—Oc—i—i—FZ)

X*OH’i‘Flf(i) (O) .

Proof. It follows from Property 7 and Lemma 42 . [
Lemma 48. Let a,p > 0 and let (1) be as in (3.1) with x+ 1 > p. Then

I(k+1)

o P —
b Dro(®) = I(l+x+a—p

TR R

Proof of Lemma 48. By using Lemma 41 , we have

F(l +K) )XfK(X _ ,C)K*P‘

Dy0(1) = Fl+x—p

By virtue of Property 7, we get

I'l+x _
I'DYo(t) = ﬁx “LH(x— 1)<
Since I D
_ K—p+ _
Ol \K—P _ _ \K+o—p
IX (X T) F(K+a_p+1)(X T) )
we conclude that
I['(1+x) _ -
o P — K(ny _ £\O+K—=p

Proof. By using Lemma 41, we have

I'(1+x)

mX_K(X —T)* P,

Dyo(t) =
By virtue of Property 7, we get

Fd+x) 1%

Ty -p
F(l—l—K—p)x x=7" "

I'DYo(t) =
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Using the fractional integral formula, this becomes

I'(1+x)

—X(n _ ~\O+K—p
F(1+K+oc—p)x =7 '

L'DYo(t) =

]

Lemma 49. Let 0(t) be as in (7) withk >gp—1,p >0, y(1 —q)+1>0and g > 1.
Then

/X =) (y — )45 P) =4 (7) g1 = K]\gg yHIFa(k=r=p)

O )

where

Cx+1-pg) L(v(1—g)+1)
I(v(1-q) +x—pg+2)

Kip =
Proof. We have from (7):

(x — 1)1 P4 (1) = ( — 1)1 P) [x ¥ (x —1)¥]

Then

I—q — X_K(] -q) (x _ T)K_pQ_

/X =) (y — )4 P! =4(7) gg =y *(1-9) /X 1=a) (y —1)<Pa g,
0 0
Make the substitution T = {), so dt = yd(, and the limits become from O to 1. Then:

_ = K(1=q) 4 ¥(1—g)+x—pg+1 lv(l—q) _ £\k—pgq
=X X /OC (1= P1dC.

So we have:
_ Xy+1+q(1<—y—p) ) C(k+1—pg)l(y(1—q)+ 1)'
I'(y(1—¢g)+x—pg+2)

]

Lemma 50. Let 0(t) be as in (7) withx >gp—1,p >0,Y(1 —q) > —1 and g > 1. Then

/X =) gl=a () [DS(7)] 19t = C}Z:%XY(l—q)—PqH’
0

where

v,q:F(KH—pq)F(Y(l—q)H)[ L(1+x) ]q
P TRHY(1-g) +x—pg) |[T(1+x—p)]
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3.3 Non existence Result for the System with Riemann-
Liouville Derivatives

In this section, we discuss the system 1 with Riemann-Liouville fractional derivatives
(RLFD). We will prove a nonexistence result for global solutions of the system 1 under
the following assumptions:

f1 (0,05 w1 (), D ua (7)) = 2 uz (0)[”? = DG wi (1), ©>0,
f2 [0.DF wi (1), DY ua(7)] = T ur (0)|P' = MoDfPua(t), >0,

for some p; > 1 and A;,y; € R, j = 1,2. The problem is considered in the space
CH . [0,00) x C2 , [0,00), where C*_[0,0) is defined as in equation (5).

n—o n—ok
That is, we consider the system:

D'y () + M Dy uy (T) = T2 |up(T)[P2, 0 < py <ouy, T>0, ®)
Duy (t) + MDD ua (1) = M uy (T)|P1, 0 < pa < 0, T>0,
subject to the initial conditions:
i—k :
Dy uj(v)| _,=bjx€R, j=12, k=1,...n=—|[-0;. 9)
Theorem 51. Assume that
1 1
1— <Pl+pz+Y_1+ V2 or 1— <pz+p1+ﬁ+ Y1 (10)
pip2 P1 pr P1P2 pip2 P2 P2 Pip2

where p; > 1 and ¥; < pj—1, j=1,2. Then, the problem (8) - (9) does not admit
nontrivial global solution in Cy"' [0,00) x C,2,[0,00), provided that bj > 0 for all
=12 k=1,....n=—|—0,].

Proof. We argue by contradiction. Assume that (u1,u,) is a global solution. Let @(7)
be as in equation (7), with

.(x.
K>max{n—1,h—1}, i=1,2.
pj—1

Multiplying the system (8) by @(7) and integrating over (0,%), we obtain:

X X X
b= /O 1y (1) |9 (x) dt = /O D&y (1)(T) dT+ My /0 DY u(t)e(t)dr, (11)

X X X
I = /O Wy (1) [P 0(t) dt — /0 DLy (1)(T) dT+ A /0 DR uy(t)p(t)dr.  (12)
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Define
X o
Jj ::/ DY u;(v)9(r) dr, (13)
0
X 4.
Hj:= xj/ DYuj(t)o(t)dt, j=1,.2. (14)
0
We now estimate J; and H;, for j = 1,2. From Lemma 46, we have:

C(k+1) o T(k41)

X .
- —K K0 . P -
J F(K+1_aj)x /0 (X T) JMJ(T)dT ;‘()F(K_’_l_l)b],lx ) .] 172
(15)
Now, multiply inside the integral in (15) by
TYj/ij)(»C)l/Pj
il Pig(t)/ri Y
to obtain
x X
| =0 gy dn= [l @) e - i)

Using Holder’s inequality with conjugate exponents p; and p;-, where pij + 1‘% =1,
J
we get:

1/pj

[ oo < ([“oo@l@rar)
1/p)
: (/ XT"’””P«p(r)‘P?'/Pf(x—r)“‘“"’”‘“)

0

By Lemma 49 , it follows that:

, Jj=1,2.

/ .

R 0 R v 1
Yj:P PR A
X J J

v
y4 —L :
/) (X _ T)K—Oc.fuj (’C) dT S |:KK70(]_ . P I}/pj

Therefore from (15) and (16), we get:

1 j

Yj
—,'—Otj-i-j—f 1/p;: 1T 1 . .
Jj < Kjxpj g pj]j/pj _Z?:()l %bﬁx Lo i=1,2,(17)
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With
. T(x+1)
7T T(k+1—ay)
Since b;; >0, j = 1,2, then

L — —0o+ L’ —Yj L
<K j=1,2, (18)

Now, we turn to Hj, j = 1,2. First, by Lemma 40, we see that
Dy’ "uj(0) = Iy Puj(0) = Iy Pl Mu(0) =0, j=1.2,

because I, 4y i(0) € AC"[0,%]. From Lemma 43 , we can write

=, / (t)DYu;(t)dt = A {/Oxuj(r)cngq)(r)d'c

K—|—1 _l pj—i—1

x CryPi ,
:xj/ ui(t)CDYo()dr, j=1,2. (19)
0
Again from Lemma 46 ,we can write

[Nk+1)

=N T=))

x
[Py =12
Similarly to J;, i = 1,2, we have

7_pj+7{_’Yj

H<K’x1 7 Ij’f j=1,2. (20)

with

I'lk+1 A
K= ,&[KWJ}”J j=1,2.
F(K—l—l—pj)

We use (18) and (20) to write (11) and (12) in the form:

€1

1 d+3—y

L <Ky " "I'(x—oq+x—p1), (21)
1" +L2_72 »

L <Ky 7 LR (x— o241 - pa), (22)

with

K} =max{K; K}, j=1,2.
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Consequently, (21) and (22) become

-1 1o by Ly B B

1P < KR T (o oy — o) i (3 — o X — p1).
(23)

And

11 I . Y1 _n 1

1 ””’2<1’<”(K”)"2%P2 A i ) 2 (=0 4% —Pp1)P2 (X — 02+ % — P2).
(24)

Using Lemma 39 with 0 < A < 1, we estimate (23) and (24) as:

1

1——1 1 7+ Yz/ -2 — Q0 -
1, " SK{’(K&’)MX p1p2 Py Pl (X 2 +X Pz) (X —ou+x—p1),
P1 P1
and
- L i,+, o= (X~ O —
Il P1P2 SKé’(K{’)ﬂzxpz r p2py 1’21’1 P2 (X 3 1+szpl) (X_OCZ +X—p2)’

or in simplified notation,

1

——
I R A S S AR A0F (25)
and 1
— L
I " <K (KDY (S 4%+ x0T+ o), (26)
where:
o 1 1
31:__2_(x+ +Y 'Y /_{_LI_PY_Z,
P1 pl P1 pip, Pi1p, D1
o 1 1 ) p)
S =———p1+— +Y —Y1+ ,+Y—,—y—,
P1 Pl Pl pPiP, P1p, D1
1 1
=2ty 2P
P1 p1 pl pPip, P1pp D1
2 1 1 1 ) )
S4=—p——p1+ +Y -Y1+ ,+—Y,—Y—,
P1 p1 pl pip, Pip, D1
o 1 p) 1 1 1
$s=———0+— +Y——Y2+ ,+Y—,—y—,
P2 pz Pz p2py  p2py P2
o 1 1 1 1
§6 = —— —pP2+— +Y T+ ,—|—Y—,—Y—,
P2 Pz Pz p2py pP2p7 P2
1
S7=—&—0€2+ +£—Y2+ ,+—Yl,—£,
P2 Pz p2 p2py pP2py P2
1 1 1 1 1
38:_p——p—|‘ —|-Y —Y2+ ,+Y—,—Y—
P2 P2 P2 p2py  p2py P2
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_ PH—Pz Y Y2 B . . Pz+pl
I P1P2 < + o 1 50 then sy, <0, form =1,2,3,4; orif 1 — plpz < +
72 —l— p}(;z then sm < O for m=15,6,7,8, and therefore y*» — 0 as y — oo. Then

X
lim [ t0o(T)|u;(t)|Pidt=0, j=1,2.
Jim [0l (7) j

This means that u; = 0, j = 1,2. We reach a contradiction. ]
Theorem 52. Assume that

11 Pt M 1 el I R |

pip2~ P P1 - DiD2 pip2 ~ M P2 pip2’

where
(I—pjpj—1<yj<pj—1, j=172.

Then, the system (8) admits no global nontrivial solutions in the space

Cpl g, [0,00) x C,2

n—ol

[0,00)
whenbjo>0, j=1,2.

Proof. From the previous theorem (see equations (25) and (26)), we have:
1

B < KK G0 %),

and |

7 < YR P 0+ ),
If

1 PP M, W 7
pPip2 D1 P1 P1p2
then s, <0, form=1,2,3,4; orif

1 PP P M
pip2 P2 P2 pip2

then s, <0, form =5,6,7,8. Therefore, I; and I, are bounded.
Now, using equations (11), (12), (17), and (20), we obtain:

1 —

1—

b+ Y- L—p+ - T+ Dby
I < Ky o A 'YlIll/Pl +K{Xp1 P o 71111/1?1 . Z FEK‘—:: 1)_11-7)1 i
and
1 k%) 1 k%) n—1
AL it ZI ) S sy P e S W Fk+1)by; _;
I < Ky 2 ) I K5y "2 ) I — _ .
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Or, more compactly:

Sk p ST+ Db
L+ by o < max{K;. K Yy? i Ty TP P Y s ey
2+010= max{ 15 1} (X +X ) 1 ;F(Kle—i) ’
LYy "I T(k+Dbayi

I} + byo < max{Ky, Kb}y * —0y | W —p2) /P2 _ :
1 +by0 < max{Kz, K3} (x X1 ;F(K—Fl—z)

Since I; > 0 for j = 1,2, we deduce:

FAN A "I+ Dby,
b1, < max{Kj, Kl} AR (x—a1+x—91)111/171 . Z F( +1)b1;
i=1

(k+1—-0)" ~

A "IC(k+ )by

b27o§max{K2,Ké}xp p2 (™% + %P2 1/pz Z et 2)1 i
=1

As x — oo, the right-hand sides of the above inequalities tend to zero. Thus, we
obtain a contradiction:
0<bjp<0, j=1,2.

]

3.4 4 Non-Existence of Solutions in the Case of Caputo
Fractional Derivatives

In this section, we consider the system

DYy (t) + MEDE Y1 (7) > T2y (T) P2, 0<pr <oy, T>0, (3.2)
“DY?y2(1) + MEDE2ya (1) > |y (D)7, 0<pa <o, T>0. (27)

with the initial conditions
WO =bjs, k=0,...n—1, n=—[o], bjxeR, j=12. (28

where, CDg is the Caputo fractional derivative of order 6, p; > 1, and y; € R, for j =1,2.
Theorem 53. Assume that
1 + 1 +
P2 P11 TV Y2 <&+Pz Yz+ Y1

- <Py + or 1— ,
pip2 D1 pP1 pP1p2 pip2 D2 p2 pP1p2

where p; > 1 and Y; < pj — 1 for j =1,2. Then, Problem (27)-(28) does not admit

nontrivial global solutions in the space C*1[0,00) x C*2[0,0), where C*[0,0) is as in

(4), when b >0, for j=1,2.
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Proof. We argue by contradiction. Suppose that a global nontrivial solution (y,y;) €
C*0,00) x C*2[0,0) exists for all T > 0.
Let ¢ be as in (7) with

K>maX{0,0cj—1, Pi% —1}, j=1,2.
pj—1

Multiplying equations (27) and (28) by @ and integrating over [0, %], we obtain:
X X X
| e@ @< [e@ Din@di+h [Tom Din@dr @)

X X
[Form@pac< [“om Dn@ar+ha [ o@ Dn@an 60)

Define:
X
L= [Cemmly@ma, =12 G
0
x c _
5= [Com Dy mar, j=12, (32)
Hj= x/ DYy (t)dt, j=1,2. (33)

By Lemma 42, we can write:

X o n=1 F(K—}-l)b'i oL
J:— (T\DYi dt — Js I+i—o; 34
/ /oyf(r) v P(r)dT ;)F(K—Otj—i-i-l—Q)x ! 4
X : ol T(k+1)b;; .
Hj=\; / (1D (%) dT— LL_y 1+ | 35
F=H [ o YD e(r)dT lzg) T(k—p;+it2)" (33)
O
where n’ = —[p;], j = 1,2. By Lemma 47, we obtain:
F(K+1) K/X K—0j N K+1 b 1+i—a;
L SV — ! 36
J F(K+1_aj)x 0 (X T) jy] ; K aj+ +2)X J? ( )
Tx+1) . [* - T(c+ D)bj, -
Hi=)\i— 7 K— p] 1+i Pj

(37)

Next, we multiplay by:
il Pigl/Pi . g Vi/PiQ=VPi j =12
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inside the integrals of (36) and (37) respectively , to get :
X X
/ (X —1) < %y,(t)dt = / yj(fc)(pl/qu;w/pj (X — T)K—aj(p—l/qu;—w/pj dt, (38)
0 0
x X
/ (x—7) Piy;(t)dt = / Y Q)@ Pigh/Pi (3 — 1)< PigT ! Pig NP gr. (39)
0 0
Applying Holder’s inequality, we get:
X % 1/p;
[ a=romar< ([ o@ebypa)
0 0
1/p]
% (/X@(T)P}/Pjtwp}/m (x _T>P}(K*0¢j) dr) !
0
1/p)

< I}/Pj (/X (p—p}/PjT—Yjp}/Pj(x_T)P.'f(“—o‘f)dfc) j=1,2
0

and ,

x X 1/p;
[a-oromman s [“o@oi@rar) (33)
0 0
1/p

% </X¢(T>—P}/Pj,c—71p_’i/ﬁj (% — T)P}(K—Pj) dﬂc)
0

1/pj X oy Sy / . 1/p}
SIJ J (/ (P—P_;/PJT_YJPj/PJ (X—’C)pj(K_pJ)dT> , ]: 1,2
0

(40)
Now, by Lemma 49, we find:
[a-orenma = (5%) B A R IR
By Lemma 49 , we have the estimate
/OX(X _ T)Kfp,»yj(r) dt < {KZJP,;;} 1/p I}/PjXK-Q-pl/j—Pj'i‘Zi_Yi, =12 (3.4)
and
ooy man < KL P
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Yoy D T
(K—aj+i+2) ’
1

C(k+1)bji 14y,

Y

Y

I(k+1) AR
g\ VA ) 4
(k41 —OC]‘> i

I'(x+1) AR
K — [\, P —1,2
=My (K] i=
As bj; > 0, we find from (40) and (41)
Dot I gy
<K T =12,
L0+ 1/p;
Hy<Kp 0T =1,

From (29), (30), (42), and (43), we have:

.
L< Ki/xp/ler,l 'YlIll/Pl (x4 4y,
a1.m
<KL (e P,
where
K} =max{K;K}}, j=1,2.
consequently(44) and (45) become :

1 SIS/ IVRTIS W - 3
1

L < K(KY) Py

Y. 1 I._."n

J=12,

j=12.

(40)

(41)

(42)

(43)

(44)

(45)

P pih | piph P1 (X—Otz/m +X—92/P1> (X—Otl +X_p1)’
3.5

B 1,7
]]1 P1P2 SKQ/(Ki/)I/pZXPQ 1) PPy ppy P2 (X—Otl/Pz _|_X_Pl/l72> (X—Otz _|_X—P2).

or
1

1——L1
LTS (RSP0 0 ).

(3.6)

(46)
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and 1
1-—— 1
I " <K (KT (0S4 T+ ) - (47)
where We have used Lemma 39 with 0 < r <1 and:

0 I m 1 2 T

S1=———(X1—|——,+—,—'Y1+ ,+ 7 s
P1 P1 P pPip, P1p, D1
o 1 1 ) p)
$2=——=p1+— +Y -1+ ,+—Y,—Y—,
P1 Pl Pl Pip, P1p, P1
1 1
=22 oy Ny 22
P1 pl p1 pip, Pip, D1
2 1 1 p) 2
S4=—p——P1+ +Y —Y1+ ,+Y—,—Y—,
P1 p1 p1 pip, P1p, D1
o 1 1
SSZ——l—Otz—i— +Y >+ ,—|——yl,—£,
P2 pz P2 p2py pP2py P2
(04 1 1 1
S6=——1—pz+ +Y Y2+ ,+L,—Y—,
P2 Pz P2 p2py PPy P2
1 ) 1 1 1
S7=—p—— 02+ — +y——Y2+ ,+Y—,—Y—,
P2 P2 P2 p2py PPy P2
1 1 1 1 1
TR N SV B (R
P2 pz pz p2py p2pp P2
If
1
- <Py 2
pPip2  Pi1 pP1 pip2

then s, < 0 and consequently y* — 0 as y — oo, form =1,2,3,4.
Similarly, s, <0, m=15,6,7,8, if

1
- <Pl N
pip2 P2 P2 Pip2

and therefore x*» — 0, m =5,6,7,8, as { — oo. Thus,

%
lim [ t9(t)|u;(t)|PPdt=0, j=1,2.
tim [“e0(0)lu;(x) j

This means that u; = 0, j = 1,2,we come to a contradiction contradicts the assumption.
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Theorem 54. Assume that

Lot w o L ptpr 2 M

I = = )
P1DP2 P1 P1 P1D2 P1D2 P2 P2 Dip2

where
((Xj—n—pj+1)pj—1<Yj<pj—1, j=12.

Then, the system (27) admits no global nontrivial solutions in the space Cg,[0,00) X
Ca,[0,00) when bjp,—1 >0, j=1,2.

Proof. From the previous theorem (see (46) and (47)) we obtained:

1
Izlim SKi/(Kél)l/pl(Xsl +st +X33 ""XM)?

and ]

B < KEKD VPO 4 4 ),

In this case, if

1 PP M, W 7
pPip2 D1 pP1 P1p2
then s, <0 form=1,2,3,4; or if

1 —

1—

1 cP2tPL M
P1p2 P2 P2 pP1p2

then s, < 0 for m = 5,6,7,8; and therefore /; and I, are bounded.
Now, from equations (11), (12), (17), and (20), we have:

i=0 -
and similarly,
i=0
Or, equivalently,
o < mas(i K G T T
i=1
i bag < max(Ko Kt T () Y E((till)fi) )
i=1
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Since I; > 0 for j = 1,2, then:

R "I T(c+1)by

b1 o <max{K ,K 4 —0 4 P 1P1 g 717
1,0 {K1, K }x* (x X ,Z{ K+1_l>

+L2 -1 L ”—IF(K+1)b2i .

bro < )W AV —02 —p2\ P2 _ =i
20 < max{Ka, K3 }% (X +x") L ;—F(K—i—l—i)

When ) — oo, we obtain the contradiction:

0<bjn<0, j=1.2.

OJ
4 Non-existence of solutions in the case of CFD
In this part, we discuss the system:
DY y1 () + A DY yi () > 12|y ()72, 0<pr <oy, T>0, o
“DFy2 (1) + M D2y (T) > Ty (T) P!, 0 < pa <2, T>0,

with initial conditions:
k .
WO =bja, k=0,..nj—1, nj=[0o;], bjxeR, j=12. (28

where CDS denotes the Caputo fractional derivative, p; > 1 and y; € R, for j = 1,2.
Theorem 55 (Theorem). Assume that

1 1
1——<& p-l-ﬁ . or 1——<& p-|-£+—Yl 5
pip2  P1 pP1 P1p2 pip2 P2 P2 P1p2

where p; > 1 and ¥; < pj — 1, for j = 1,2. Then, Problem (27)-(28) does not admit
nontrivial global solutions in the space

C%1[0,00) x C*2[0,00),
where C*[0,0) is defined as in (4), provided that bjx > 0, for j =1,2.

Proof. We argue by contradiction. Suppose that a global solution (y;,y) exists for all
T > 0. Let ¢ be as in (7) with

K>max{0,oc,~—1, Pi% —1}, j=12.
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Multiplying (27) by ¢ and integrating over the interval [0, %], we obtain:

X
/(p (1) T2 |y2 (1) [P2dt < /(p 1) D! y.()dwm/o o(t) “DY'yi(t)dt,  (29)

/Ox(p(r)r% ly1(D)|Prdt < /Ox(p( T) DO (T )dr+k2/()x(p(1) Cl)gzyz(fc)dr.

Define: .
L= [Cemey@idr, j=1.2
0

1= [ o® DYy mas j=1.2

_x/ 1) CDYy;(t)dt, j=1,2.

Letn’ = [p;], for j =1,2. By Lemma 47 we get:

j= F(Z(JI:;L_ILJ)XK /O%(X —1)" Myj(v)dr

B '« L(k+1)bj; 1+i—o,
S T(k— 0y +i+2)

, J=12.

o I'(x+1)
7T (k+1—p))

n—1
K—l—l b;; .
—A DL __nl4i=pj i =12,
]Z K p]+ +2)X 9 ] 9

X /ox (x—0)*Piyj(r)dr

Next, we multiply inside the integrals in (36) and (37) by

Yi/Pigpl/pj
&:17 =12,
i/ Pipl/pi

to obtain:

(30)

€1y

(32)

(33)

(3.7

(36)

(3.8)

(37)

x x
/ (X—T)K_afyj(‘f) dt :/ yj(ﬂc)q)l/pfrvj/pj (X_T)K—Oﬂjq)—l/pjt—vj/pj dr, (38)
0 0

X X
/ (X — T)K—Pjyj (t)dt = / yi(1) q,l/pjr“/j/pj (x—1)<Pig~ Vpir=YilPi gr. (39)
0 0
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Applying Holder’s inequality, we obtain:

X ' X ‘ ‘ 1/p;j
[ a—oro@ars ([Cs@myepre)
1/p,
% (/Xq)—P/j/ijc_Yjplj/Pj(x_T)Plj(‘(_aj)dfc) &
0
1/}

:I}/Pj (/Xq)_P,j‘/PjT_Yjplj/Pj(X_T)P/]'(K_o‘j)dnc) =12
0

and similarly:

/ / ’ 1/p]
[o-wom@ans )/ ([forimm g —oeela) L=
0 0

Now, by Lemma 49 , we obtain:

x 1/p; K+, oc—i—, —Y;
/O(X—T>K_ajyj(1>d’c<{K;fx’} I]l/pfx ot T =1,

Continuing from the previous derivation, we also have:

X e Kp; l/p,f 1/p; P/"'{ —vj .

Then

+, v "D D(k+ )by, ,
Y ! i Y% i=1,2.  (40)

1/pj pi Y
J <KI J )
x Z Fk—oj+i +2)

1 n—1
1/p; =P+ K+1 b
H; <K..'"y’i _x 2:
I x C(k—pj+i P12

)x”"“’-f, j=12.  (41)

INx+1)

K,0f l/pl]
U Sl NV G i—1.2
7T T(k+1—ay) ]  J= A
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Ki=|A]—oon"
g ‘JlF(KJrl—Pj)

Since bj; > 0, for j = 1,2, we obtain from (40) and (41):

(k+1 P
LTI T [
YjsPj

i—(xj_.‘ / Yj l/pj

J <K]X / ] ) = 1727 (42)
1 ¥
T—P'+7—Y' .
Hy<Kp 75T =1 43)
From equations (29), (30), (42), and (43), we obtain:
1 L/4’1{*}771 1/p1 —0 —p
L<Kyxn " LT (M ), (44)
" it ) 1/p2/,,—a —p
L <Ky 72 "L (4P, (45)

where

K} = max{K;,K}}, j=1,2.

Consequently, (44) and (45) become: Consequently, equations (44) and (45) be-
come:

121 nn <Ky (Ké’)l/pl XL’] L}l_ +p11p’2+ﬂﬁ'z n (X—az/m +X—Pz/p1) (X—OH _|_X—pl)7
3.9
Ill_ﬁ <KY (K{/)l/mx Y2+P2P1 PZLQ i (X_(xl/PZ +X—Pl/172> (% _|_X—p(2) 7)
(3.10)
or, more compactly:
121_ﬁ <KY (K)o ), (46)
BT <K (K G 1), (47)

Where we have used Lemma 39 with 0 < r <1, and
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o 1 1 1 f) p)
S1:———O(.1—|——,—|—Y—,—Y1+ ,+—Y,—Y—,
P1 Py P pPip, P1pp D1
05) 1 1 1 f) b
S2=———pl+—,+y—,—v1+ + Y/—Y—,
P1 P P pPip, P1py D1
2 1 1 p) p)
==t Doy BB
P1 P1 P pPip, Pipp D1
2 1 1 p) p)
su=-2-pr— 4+l oy — 4 2B
P1 Py P pPip, Pi1pp D1
o 1 o) 1 1 1
SSI———002+—,+Y—,—72+ + y,—y—,
P2 Py P p2py pP2py P2
o 1 p) 1 1 1
S6= L pyt T
P2 Py D p2py PPy P2
1 1 p) 1 1 1
S7:—p——(X2—|——,—|—Y—,—’Y2+ ,+—Y,—Y—,
P2 Py Dy p2py pP2py P2
1 1 o) 1 1 1
S8=—p——Pz+—,—|—y—,—Y2+ 7+ Y,—Y—.
P2 Py P p2py p2py P2
if’ |
L Y SN T
P1D2 P1 P1 P1p2
Then all 5, < 0 form = 1,2,3,4, and hence
Y’ —0 asy — oo.
Similarly, if
1
1__<&_|_p2+£+i7
pip2 P2 P2 DPip2

then s, < 0 form =5,6,7,8, and again
x’™m —0 asy — co.

thus

X
lim [ t@(t)|u;(t)|Pidt=0, j=1,2.
Jin [0l () j

This means u; =0, j = 1,2, we come to a contradiction .
Theorem 56. Assume that
L _pitpr m 1 L _ptpr v

< or 1— < +—+ ;
pP1p2 pP1 pr Pip2 pP1p2 p2 P2 pPip2

1—

where (j—n—pj+1)pj—1<y;<p;j—1, j=1,2. Then the system (27) admits no
global nontrivial solutions in the space C*'[0,00) x C*2[0,00) when bj,—1 >0, j=1,2.
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Proof. From the preceding analysis, and using inequalities (46) and (47), we found:

1

1— L
I S RIRE) O0  ),

1——L
I " < KGR (0 x0T ).
in this case

If
1
<Pl+Pz+Y_1+ 12

pip2 = pi p1 pip2’

then s, <0 form = 1,2,3,4, and similarly, if
1 PP M 7
pip2 p2 P2 pip2

then s, < 0 for m = 5,6,7,8. In both cases, the integrals /; and I, are bounded.
From inequalities (29) (30), (40), and (41), we obtain:

1—

1 —

L_
<Kt AT gt
B nil F(K+ 1>bl,i XH_l‘_pl _nil F<K+ 1)b1>i —o+i+1
S T(k—p1+i+2) S T(k—oy+i+2)

—P1tr— 1/p1

b

and

1 2
r 0t 712 Pz+ -2
11<K2x1’2 ) 11/p2+[§’xp2 1/p2

_"Z_:] I(x+1 b21 1+ip2_ni] F(‘H'l)bli —Op+i+1
Fxk—p2+i+2) S T(k—op+i+2)

or, we have:

F(K—F 1)b1,n’71 n/ip] n F(K+ l)bl,nfl n—oy
Ixk—p1+n'+1) INk—oy+n+1)
Y1

1
Tt
< max{K1 Ki}xm n " (x ™ —l—x’pl)lll/pl

B Z L+ Dbii  14ip, _niz C(k+1)bii g 4it1
[k—p1+i+2) S T(k—oy+i+2)

Y

and ,
F(K—i— 1)b2,n/,1 W —ps F(K+ l)bz,nfl n—cty
I(k—pa+n'+1) INk—op+n+1)

P BT (o —a pa /P2
<max{K2 Kxz 2 T (R4

B Z L(k+1)by 1+ip2_ni2 D(k+Dboi _oppit1
Fxk—p2+i+2) S T(k—op+i+2) '
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Since I; > 0, j = 1,2, we obtain:

n-oq | L0+ Dbt Lt Dbiw—1  wpi—n+oy < max{Kj K’}X#FZ*}_"“
T(k—oay+n+1)  D(k—pi+n'+1) = ol
n'—2
_ _ F(K—l— 1)b1 i o
X (X‘l_i_ P1 Il/pl _ - ’ 1+ P1
1  h l;) T(k—pi+i+2)
_ni"z POt Dbri | —ayris
S T(k—oy+i+2) ’
and,
n—0a L+ 1)bon1 Tt 1)b27”/_1 n'—pr—nton | ~ max{Kj K’}XiJr%fyz
INk—op+n+1) TI(k—p2+n'+1) - 2
n'—2
% OLZ+ P2 Il/pZ_ = +i—p2
R D R pavi)
_niz D+ 1D)b2i  _gppi1
S T(k—0p+i+2)
We finally observe that:

ot m

r )by ,— -
(K+ ) I,n—1 SmaX{Kl,K{}Xal " ry P (X_al_l_x_pl)lll/pl

INk—oy+n+1)

_x(xl—n nZZ F(K+ 1)bl,i X1+i—p1 _Xocl—nnz:z F(K+ 1)bl,i —o+i+1
S T(k—p1+i+2) S T(k—oy+i+2) ’

and similarly,

F(K—l— 1)b27n,1
INxk—ay+n+1)

1 ko)
O —n+—r % —
2 1/2 p/2 Y2(

< max{Kz, K3} Ly ) P

—x‘”‘”niz L(k+1)by; x“"“’z—x‘“‘”nf L(k+ 1)by, "
S T(k—pa+i+2) S T(k—0p+i+2)

when ) — oo, we obtain the contradiction:

0<bj,1<0, j=1,2.
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3.5 Conclusion general

Studying differential inequalities involving fractional derivatives reveals just how deep
and complex the phenomena described by mathematics can be. Unlike classical deriva-
tives, fractional derivatives take into account the influence of the past, giving us tools to
understand processes that depend not only on the present moment but also on the full
history of a system.

This new perspective opens up wide horizons for real-world applications in physics,
biology, economics, and other fields. By analyzing these types of inequalities, we can
build more accurate and stable models that allow for a better understanding of complex
system behavior.

Although there is still a long way to go for researchers, the results achieved so far
are promising and encourage further exploration. They remind us how abstract mathe-
matical concepts can shed light on hidden aspects of the real world.
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